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DOES FISCAL POLICY MATTER?
BLINDER AND SOLOW REVISITED

ROGER E. A. FARMER AND DMITRY PLOTNIKOV
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This paper uses the old Keynesian representative agent model developed by Roger E. A.
Farmer [Expectations, Employment and Prices. New York: Oxford University Press
(2010)] to answer two questions: (1) Do increased government purchases crowd out
private consumption? (2) Do increased government purchases reduce unemployment?
Farmer compared permanent tax-financed expenditure paths and showed that the answer
to (1) was yes and the answer to (2) was no. We generalize his result to temporary
bond-financed paths of government purchases that are similar to the actual path that
occurred during WWII. We find that a temporary increase in government purchases does
crowd out private consumption expenditure as in Farmer. However, in contrast to Farmer’s
experiment, we find that a temporary increase in government purchases can also reduce
unemployment.
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1. INTRODUCTION

Economists are still debating the causes of the Great Depression eighty years later.!
For thirty years after the publication of The General Theory of Employment, In-
terest, and Money [Keynes (1936)], the dominant theory attributed the Depression
to a lack of aggregate demand. Most contemporary interpretations of Keynes are
based on the idea that unemployment occurs because prices and wages adjust
slowly in response to monetary shocks [Clarida et al. (1999); Woodford (2003);
Gali (2008)]. In a series of books and papers, Farmer (2008a; 2008b; 2009; 2010b;
2010c; 2010d) develops an alternative interpretation of Keynesian economics that
does not rely on sticky prices. In (2010b) he raises the possibility, in a represen-
tative agent model with Keynesian unemployment, that a permanent increase in
government expenditure will be ineffective at restoring full employment.
Farmer’s paper (2010d) compared two steady state policies within the context
of the old-Keynesian model. In that model, confidence is an independent driving
variable that determines the amount that households are willing to pay for assets.
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Farmer studied what would happen if an exogenous drop in confidence were to
shift the economy from an equilibrium with full employment to a new equilibrium
with high unemployment. By assumption, confidence would remain low for all
future periods. He showed, in the context of that model, that a class of stationary
balanced budget fiscal policies cannot restore full employment.

In this paper we revisit that result by studying temporary increases in govern-
ment purchases. Our work is motivated by U.S. experience during World War II
when government purchases increased from 16% of GDP to 52% and government
debt climbed from 40% of GDP to 120% in the space of three years.

In the paper we prove two propositions. First, we generalize the crowding-out
result of Farmer (2010b, Proposition 6.3, p. 103) to nonstationary sequences of
government expenditures. Second, we study a stylized class of policies in which
there is a temporary boost to government expenditure of fixed duration. This class
mimics the experience of the United States during World War II. We prove, for
this class of policies, that unemployment falls temporarily during the period of
fiscal expansion. At the end of the boost, it falls back to the level that would have
occurred in the absence of the expansion.

We show that our model can quantitatively explain the movements in the un-
employment rate and consumption during WWII when we feed into the model the
actual paths of stock market wealth and government expenditures that occurred
during this period. In the conclusion, we discuss the implications of our results
for current economic policy.

2. KEYNESIAN ECONOMICS AND CROWDING OUT

In Farmer and Plotnikov (2010), we show graphical evidence that stock market
wealth was highly correlated with unemployment during the 1930s and again
during the last decade. According to Keynes, the drop in the value of the markets
caused the Great Depression. But even if we were to accept this explanation, we
would still be left with the puzzle of what generated the remarkable recovery that
occurred with the onset of World War II. From 1938 to 1950, the stock market
and unemployment were unrelated whereas unemployment fell from 20% in June
1938 to 1.2% in February 1944. An obvious candidate to explain the recovery is
the huge increase in the size of government that occurred as the economy geared
up for and entered World War II.

In textbook Keynesian analysis, fiscal policy works because consumption de-
pends on income. But research on the consumption function after World War II
[Dusenberry (1949); Friedman (1957)] found that consumption is better explained
by wealth. Milton Friedman developed the permanent income theory, in which he
explained how long-lived agents would plan to smooth out their consumption over
time. His theory predicts that households will expect an increase in government
borrowing to lead to future tax increases.

The permanent income theory predicts that increased government purchases
will crowd out private consumption expenditure. Crowding out reduces the
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stimulative effect of increased government purchases and, in the extreme case,
every dollar spent by government may cause households to consume one dollar
less. In this extreme case fiscal policy will have no effect on output or employment,
and Farmer (2010b) showed that this is exactly what happens in the old Keynesian
model if a fiscal expansion is permanent.

This paper asks a simple question in the same model: Can a reduction of
unemployment be explained by a temporary increase in government purchases
similar to the expansion that occurred in the United States during World War I1?

3. THE OLD KEYNESIAN MODEL

We assume that utility is logarithmic and that households have access to one-period
nominal bonds. Because there is no aggregate uncertainty, markets are complete.
The assumption that utility is logarithmic implies that the following Euler equation
holds in nominal terms:

1_ 8
G Ci

(1 +ip), @

where C; is the dollar value of consumption expenditure and i, is the nominal
interest rate.

Households’ assets are the liabilities of a competitive financial sector that holds
capital and government bonds. We assume that capital is nonreproducible and that
it is valued at the price py . Capital is rented to the firms for the rent rr,. The
no-arbitrage condition between investing in government bonds and investing in
capital implies that
Phi+1 + T4

Pkt .

The price of capital is not equal to the price of the consumption good because
capital and consumption are different goods. We assume that there is one unit of
nonreproducible capital.

We define Z, to be the money value of GDP. From the national income ac-
counting identity, this is equal to the sum of nominal consumption C, and nominal
government expenditure G;:

Z[ = C[ + G[. (3)

The structure of the labor market is explained in Farmer (2010b). Briefly, we
assume two technologies: one for producing goods and one for matching workers
with jobs. Firms take wages and prices as given and they allocate workers between
production and recruiting to maximize profit. Farmer shows that this leads to a
reduced-form technology,

y = QLK @
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where Q; is an externality that depends on the number of workers being hired in
the aggregate economy and y, is the real value of output measured in physical
units.”

This economy has the same two first order conditions as a standard neoclassical
economy. These are represented by

(—a)Z; = wiL,, (5)
oZ, =rr;, (6)

where Z; = p;y; is nominal GDP as defined earlier.

4. WAGES AND THE LABOR MARKET

The model we have developed looks a lot like a one-good representative-agent
model with a fixed labor supply. It behaves very differently. We assume that every
household sends a measure 1 of workers to look for a job every period and that L,
of them find jobs. To keep the labor market dynamics simple, we assume that the
entire work force is fired every period and the process starts again next period.

Because this is a general equilibrium model without money, we are free to
pick the numeraire. As in Farmer (2009), we choose the money wage to be the
numeraire by setting

w, = 1. @)

To map our model economy into the data, we will normalize nominal variables
by a measure of the money wage. The money wage grows because of inflation
and because of productivity improvements. By deflating GDP, consumption, and
government purchases by the money wage we are able to generate data series that
are stationary.

5. WHAT THE GOVERNMENT DOES

Households each supply one unit of labor and pay a labor income tax 7, L;. Because
labor is inelastically supplied, this tax is nondistortionary. We abstract from capital
taxes and sales taxes. We assume that government purchases G, dollars worth of
goods in period ¢ and that the service flow provided by these goods is separable
from private consumption in utility. Government chooses sequences {t;, G;, B;}
that satisfy the intertemporal budget constraint

nd 1

= 1 st ) s—t
;(1+i5> Gx+Bz(1+lt—l)=Z<l+is) (1—a)1,Z. 8)

s=t

Here, B, is nominal government debt, G, is nominal government expenditure, and
7, 1s the tax rate on labor income.
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6. CLOSING THE MODEL WITH BELIEFS

Most models of search are closed by assuming that firms and workers bargain to
determine the wage. Following Farmer (2010b), we assume instead that workers
and firms take the wage and the price as given. This leads to a labor market with one
less equation than unknown. To close the model, we assume that households form
a sequence of self-fulfilling beliefs about the value of assets. We operationalize
this assumption by taking the sequence {p; ;}°°, to be chosen exogenously.> We
call this sequence the state of expectations.
For any given state of expectations, our model contains the four equations

1 B
Z,— G, Zip — G

A+, ®

Z
|40 = Pka+1 + t+1’ (10)
Dkt
Li=0-a)Z, am

(o] o0

1 s—t ] l s—t
Z(]—I—lé) GY+Bt(1+lI_1):Z(1+lé> (l_a)fvzva (12)

s=t s=t

together with the initial condition,

B; = B,. 13)

A fiscal policy is a set of sequences {By+1, Gy, 7,}52,. If there exists a solution

to equations (9)—(13) that remains bounded for all #, we say that the fiscal policy is
feasible. A perfect-foresight equilibrium given the state of expectations {py 132,
is a feasible fiscal policy and a bounded set of sequences {Z;, i;, L} that satisfy
equations (9)—(13).

7. STEADY STATE SOLUTION

Farmer (2010d) showed that a stationary equilibrium of the model for a given state
of expectations {py s};°, and a stationary sequence of government expenditures
Gs; =G fors =t---00 imply

1—
C,+G, =727, = ’Bpk, forall s. (14)
o

p

Two interesting facts follow from equation (14). First, one additional dollar of
government expenditure decreases private consumption by one dollar. This follows
because the RHS of equation (14) does not depend on government expenditure,
G,. Second, the stationary equilibrium value of GDP depends on the state of
expectations, py. Farmer (2010b) shows that p; can take any value in a bounded
set, and it follows from this fact that there is a continuum of stationary equilibria,
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each supported by a different stationary value of p; and each associated with a
different stationary unemployment rate.
Now consider the following experiment. Let the state of expectations fall from
Pk.1 10 pi.2, where
Pr2 < D1 (15)

In the new stationary equilibrium, GDP will be lower and the unemployment
rate will be higher. If expectations about the future prices of the assets in the
economy never recover, the economy will be in a new equilibrium with a higher
unemployment rate forever. But how does the economy behave if p; , and G, are
not constant sequences? Will the earlier result about crowding out hold? We turn
to that question next.

8. MAIN RESULTS

This section presents the main results of the paper. First, we show that increased
government spending lowers consumption. Second, we show that a temporary
increase in government purchases can increase employment in the short run.

The following proposition compares two economies: one with and one without
government intervention. We hold the state of expectations fixed. The proposition
states that there is a crowding-out effect: private consumption will be lower in the
economy with government spending.*

PROPOSITION 1. Consider two economies with the same state of expectations
{Prs}o2, but with different feasible nonnegative expenditure sequences {G4}2
and {Gs}fio. Let {Gs}fio be equal to zero for all s. Let there be a date T such
that Gy = O forall s > Tand G; > 0 for all s < T. Then there is crowding out
in the following sense: If {C}°, is the sequence of private consumption in the
first economy and if {(/:S}fit is the sequence of private consumption in the second
economy, then ¢, > C, foralls <T.

Proof. See Appendix A. [ ]

A statement about the exact effect of a government expansion on unemployment
is more difficult to prove. Ideally one would want to have a condition for each
sequence of government expenditures that would tell us, depending on parameter
values and the state of expectations, whether such a policy would decrease or
increase employment in the current and the following periods. We have not been
able to prove a statement with this degree of generality.

Instead, we focus on a specific class of nonstationary fiscal policies, inspired
by the experience of actual fiscal policy before and after WWII. Government
purchases were approximately 16% of GDP before WWIIL. During the war they
peaked at 52% and at the end of WWII they increased permanently to a new higher
level of 23% of GDP.

We characterize this policy by studying the class of fiscal expansions depicted
in Figure 1. We compare two economies with the same state of expectations
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FIGURE 1. Recovery from the Great Depression.

but different fiscal policies. In the control economy there is a predetermined
sequence of government expenditures G . In the treatment economy government
expenditure increases by a fixed factor A > 1 at time s = #;° and remains at
A - G, for t, — 1, periods. After period t,, expenditure reverts to the sequence G.
Figure 1 depicts a special case of this class where {G,} is constant for s < , and
increases to a new higher level after date 7,.

Given these policies, we prove that the change in fiscal policy reduces unem-
ployment during the expansion period at the cost of higher unemployment before
the expansion. If the policy is unanticipated, it reduces unemployment during the
expansion period with no cost. This corresponds to the case #; = 0.

PROPOSITION 2. Consider two economies with the same state of expectations
{Pr,s}o2, but with different feasible nonnegative expenditure sequences {G4}2
and {GS}AT’O:O in “treatment” and “control” economies. Let these sequences satisfy
the properties

G~5 l.fS <n
G, =1{1AXx G ifty <s <t where A > 1isa constant
G, ifty <s.

These assumptions imply that the treatment economy undergoes a fiscal expansion
during the time interval {t,...t}. Let {Uy = 1 — Ly} and {U; = 1 — Ly} be the
unemployment rates in the two economies. There exists an integer T > 1, where
tr=1t + T, such that

Part 1. Uy = Uxfors > 1.
Part 2. Uy > U fors < ty.
Part 3. Uy < ﬁj,for Hh<s=<hth.
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Proof. See Appendix B. [ ]

Part 3 of Proposition 2 implies that a temporary fiscal policy expansion will
reduce unemployment, and it provides a basis for understanding why the boost
in government purchases that occurred in 1941-1945 resulted in the end of the
Depression. This proposition implies that a boost to fiscal spending will be effective
at increasing employment for a finite time.

Our next proposition discusses the effect of changing the length of the expansion
period on the effectiveness of fiscal policy. One might think that government would
want to increase the length of the fiscal expansion in order to exploit the benefit
of an increase in government expenditure on the unemployment rate. Proposition
3 implies that a permanent increase in government expenditure at time s = f,
will have no effect on the unemployment rate. Moreover, the positive effect on
the unemployment rate at the beginning of the expansion becomes smaller at an
exponential rate as the anticipated length of the expansion increases.

Because we are interested in the asymptotic behavior of GDP, we need to specify
what happens to government expenditure in the limit. We will focus our analysis
on the case where the share of government expenditure in GDP is constant as
t, — 0o. We distinguish two cases. As r, — o0,

lim, o0 B (1 + cxp%) =B(1+ax) <1,
‘ (Condition A)

lim, o0 B (1 +aAfks_) =B +ahx) > 1,

or

lim;_, o0 B (1 —i—a%) =0 +ax) <1,
‘ (Condition B)
lim,_, o0 B (1 —i—aA%) =B +ahx) <1.

The first inequality, which is common to Condition A and Condition B, is
necessary for the expenditure plan {G,} to be feasible, given that households hold
expectations {py ;}. The second inequality of Condition A will be satisfied if the
increase in government purchases, represented by A, is large enough. In this case
Proposition 3 implies that a boost to fiscal spending will only be effective at
increasing employment for a limited time.

The second inequality of Condition B implies that the fiscal expansion is rel-
atively small. Proposition 3 states that in this case an expansion in government
spending, which is known to end at a some future date, will lower unemployment
for an arbitrarily long period of time. But the longer the policy is expected to last,
the less effective it will be when it is first implemented. Moreover, effectiveness
at date #; decreases exponentially as t, — o0.

PROPOSITION 3. Consider two economies with the same state of expectations
{Pr,s}2, but with different feasible nonnegative expenditure sequences {G4}2,,
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and {G}2, in “treatment” and “control” economies. Let these sequences satisfy
the properties

G, ifs >n
G,={AxG, ifti<s<t, A>1
G~X l:fS<l‘1.

Let {Uy} and {U,} be the unemployment rates in the two economies and let A > 1
and x > 0 be constants. Then

(1) Uy, =U,fors > t,.
2) U, > U, fors < t,.
(a) If Condition A holds then there exists an integer T > 1 such that
G) Iflt,—t;| < T thenUy < Uy fort) <s <.
@Gi) If|lt,—t)| > T thenU; > Uxfortl <s<tb—-TandU; < Uxfortz—T <s <t
(b) If Condition B holds then U; < U, forty < s < tp, but for all fixed 5 € [t,, 1),
U; — Us ast, - 00 monotonically at an exponential rate.

Proof. See Appendix C. [ ]

Note that as a special case, Proposition 3 states that if Condition B holds and if
ty = oo, then U, = U for all s > t;. In other words, the fiscal expansion has no
effect on the unemployment rate.

9. AN APPLICATION TO THE DATA

Our theory predicts that movements in the unemployment rate are caused by
movements in aggregate demand. To address the plausibility of our explanation,
we took the observed movements in wealth and government purchases from the
data and we used them to infer the implied movements in consumption from our
model.

We used government purchases from the NIPA accounts and the S&P 500 and
we deflated both series by a measure of the nominal wage. The wage series was also
constructed from NIPA data using the methodology described in Farmer (2010b).
Using these series, we fixed Cr, where T = 1947, and we calculated the implied
consumption series by setting « = 0.33, f = 0.96 and using the actual values
of the series on government expenditure and the stock market {G;, pi.s} 311417929 by
solving Equations (9)—(13). The result of this experiment is graphed in Figure 2.

Because the S&P is an index number, the units of our real wealth variable are
only defined up to a scalar multiple, where the weight attached to each data point
reflects money prices at the inception date of the index. We normalized the value of
the index by scaling the S&P series by 579, a value that implies that the economy
was in a steady state in 1929. This scaling factor, u , is defined by the steady state
relationship

= Ciog9 + Giog  Bo

. 16
Prise (1 —p8) 16
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FIGURE 2. Consumption in the data and in the model.

The model predicts that consumption is related to wealth. Because the S&P is
only a partial measure of all tangible assets, our model is unlikely to capture all
of the movements in employment and consumption in the data. We would hope,
however, that the model is capable of capturing the movements in the consumption
series implied by changes in government expenditure and in stock market wealth.
The fact that the actual and model series for consumption move relatively closely
gives us some encouragement that the theory is on the right track.

In Figure 3 we plot the unemployment rate in the data and the unemployment
rate implied by our model using Equation (11), where Z, is the sum of the actual
government expenditure series and the consumption series implied by our model.

‘We have more confidence in the movements of this series than in its level, which
is sensitive to a normalization constant that defines the supply of labor. Notice
that our model is able to capture the reduction in the unemployment rate as the
U.S. economy gears up for WWII, which occurs as a result of the huge increase
in government purchases that began in 1941.

Because our model assumes that capital is fixed, we are unable to discuss the
effects of government purchases on investment. Barro (2008) has argued that
these effects were substantial and that consumption moved very little in response
to a fiscal expansion during WWII. Our own analysis [see Farmer and Plotnikov
(2010)] finds a measurable impact of government purchases on consumption when
series are measured in wage units. Part of the discrepancy with Barro’s findings
is caused by this difference in the deflator. We chose the model with fixed capital
because it allows us to discuss, in a relatively simple model, what happens to
unemployment in response to a change in the relative price of capital. In the
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FIGURE 3. Unemployment in the data and in the model.

one-good real business cycle model this relative price is always one, and that is
not a good framework for thinking about stock market movements.®

We can also use our model to ask a second question: What would have happened
to the unemployment rate in the early 1940s if the government had not increased
expenditures from 16% to 52% of the economy and if the stock market had
followed the same path that we observed during this period? To answer this
question, we took the same series for py ,, but we fed in a different series for
government expenditures for the years 1941-1945 by assuming that government
spending during these years remained at the 1940 level. Because we are treating
the state of expectations as an independent variable, that is a legitimate question
within the context of the model. Figure 4 presents the results of this experiment. The
actual unemployment rate is plotted on the left axis and the model unemployment
rate on the right.

The model predicts that without a large fiscal stimulus, and conditional on the
actual path of the stock market, the unemployment rate would have increased
dramatically in the early 1940s. These findings are consistent with Propositions
1 and 2, which show that a temporary increase in government expenditure is
predicted to crowd out consumption and reduce unemployment.

10. CONCLUSION

To summarize, this paper studies the effect of an expansionary fiscal policy on
output and employment in the economy, using Farmer’s (2010b) old-Keynesian
framework. We find that expansionary fiscal policy increases economic activity
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FIGURE 4. Predicted unemployment without a fiscal stimulus.

and reduces unemployment in the short run at the cost of reduced consumption. If
the stimulus is foreseen, there will be an additional cost of reduced employment
in the years leading up to the increase in government purchases.

Given its simplicity, the model does a good job of fitting actual data for the period
of the Great Depression and the early years of World War II. It is encouraging
that the dynamic version of the model can explain why a fiscal stimulus increased
employment in the 1940s, because the steady state version of the same model
implies 100% crowding out of consumption and no effect on the unemployment
rate.

But the fact that a temporary fiscal stimulus can be shown to increase employ-
ment does not mean that it is the right policy to cure a depression. The crowding
out of consumption that occurs in the model implies a substantial welfare loss
associated with increased government expenditure unless the government pur-
chases goods that have a significant social value. That clearly was the case in
WWII, because the United States was fighting for its survival. Most of the newly
employed people were directed to the war effort, either directly by enlisting in the
army or indirectly by producing munitions.

The case for fiscal stimulus in the current crisis is less clear. If the economy
is not self-correcting, as Keynes believed, a large fiscal expenditure may not be
the best way to restore full employment. In the model we have outlined in this
paper, it is critical to increase confidence in the value of private wealth in order to
permanently restore jobs.

NOTES

1. Monetary explanations of the Great Depression include the work of Friedman and Schwartz
(1963) who blame the Fed for failing to prevent a collapse of the money supply, and Bernanke (1983),
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who points to the effects of banking panics. Real explanations include the work of Temin (1978),
who cites an autonomous drop in consumption, Ohanian (2009), who blames Herbert Hoover’s labor
policies, and Cole and Ohanian (2004), who argue, using a neoclassical model, that the industrial policy
of President Roosevelt’s New Deal made an ordinary recession much worse. McGrattan and Ohanian
(2010) have used the same model to study the role of fiscal policy in aiding the recovery. Our paper
is most closely related to that of Harrison and Weder (2006), who use a model with an indeterminate
steady state to explain the Great Depression. In contrast, our model is one with a continuum of steady
states.

2. This assumption generalizes to an economy with many different consumption goods and multiple
capital goods. See Farmer (2010b).

3. Farmer (2010a) shows how to operationalize the idea of animal spirits by defining a belief
function. He estimates a three-equation old-Keynesian model and shows that it fits the U.S. data better
than a three-equation new-Keynesian model.

4. It is easy to extend this result to the case where expenditure is positive in the second economy
but lower than in the first economy in every period. The extension of the proof is straightforward and
is omitted.

5. This experiment makes sense if G, > 0, which we assume from now on.

6. We are currently working on an extension of these results to models that allow for investment
by incorporating a cost of adjustment and more realistic labor market dynamics.

7. This is identical to the statement that government purchases constitute a constant share of GDP
because in the long run GDP itself is proportional to py .
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APPENDIX A: PROOF OF PROPOSITION 1

To prove Proposition 1 we first prove
LEMMA 1. If there exists a date s for which C, > Cyyy, then ¢, > C,.

Proof. From combining equations (1), (2), and (6), it follows that {C, }22, satisfies the
equation
1 prs s
Py _ gy Phe (A1)
ﬁ Cs Cx-H

and {C,}2, satisfies

1 Pk.s Pk s+1 G.H—]
— = o

a4+ + ) (A.2)
ﬁ Cx Cs+1 Cs+l
Dividing (A.2) by (A.1) and defining
1
foy =2 g, (A3)
B x
we have
C, C, G,
FE) _ Lo (1+a—“). (A4)
f(Cy) Cin1 Pk,s+1
Because f(x) is decreasing in x, it follows that if
o} G,
as (1 +a—“) > 1, (A.5)
Cx+l Pk.s+1

then C; > Cyy1. [ ]
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Proof of Proposition 1. Note that C‘T+] = Cry1 and {G; = 0}2;,, because the

economies are identical from date T + 1 onwards. It follows from (A.1) and (A.2) that
Cr = Cr. Because G;/prs > 0fors <T,

o} G
=T (1 +a—T> > 1. (A.6)
Cr DPi.T

But then, it follows from Lemma 1 that C, > C, fors < T. |

APPENDIX B: PROOF OF PROPOSITION 2

Proof. It follows from equation (11) and the definitions of U, and U, that
Uy < Uy = Z, > Z,. (B.1)

Thus, instead of proving a statement about a relationship between unemployment rates, we
can prove an equivalent statement about GDP.

Combining (1) and (3) gives the following expressions, which must hold in each
economy:

1 s s Gs CS
1 Pk, _ Pk,s+1 T +1+ Csq1 7 (B.2)
/3 Cs Cs+l Cs+l

1 Pk,s Pk,s+1 Gs+1 + és-H
— = +a = .

(B.3)

ﬂ C.v Cx +1 CS +1

Proof of Part 1. By assumption, the sequence of government expenditures is the same
in both economies for s > 1,. It follows that

C,=C, Vs>n. (B.4)

Combining equation (B.4) with the national accounting identity for s > #,, we obtain
that Z, = Z, Vs > 1,. This proves Part 1.

Proof of Part 2. Note that, by assumption, there is a fiscal expansion in the treatment
economy during the period [#;, #,]. It follows from Proposition 1 that

C, <C, Vs<t. (B.5)

But G, = G, if s < ;. It follows from the national income accounting identity that
Z, < Z,, Vs < t,. This proves Part 2.
Proof of Part 3. We must show that if |, — t;| < T, where T is a fixed number, then

C,+G,>C,+G, Vyy<s<t. (B.6)

Suppose first that T = |t, — #;| = 1. Because Cr = Cr, and Gy > G, it follows
immediately that Z; > Z7, and hence a one-period increase in government expenditure
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increases GDP. To establish that 7" may be greater than 1, consider the following change of
variables. Divide both sides of equation (B.6) by G, and define

~ Gs _ Gs (B 7)
yl - CS ' yx N C.Y ' )
Because we assume that, fort; < s < t,,
G,
—=A>1, (B.8)
some simple algebra establishes that inequality (B.6) is equivalent to the statement
1
- + 1 1 v
AsE = T (B.9)

=

s

forallt, <s < t,, where g(s) = ¥,/y,. To establish (B.9), we will show (1) that ¥; and y;
each satisfy a nonautonomous quasi-linear difference equation; (2) that J;, = y, fors > t,;
(3) that g(t + 1) = 1; and (4) that g(s) < g(s + 1) for #;, < s < f,. Together, these
statements imply that f(, +1) = 1 < A and that f(s) is increasing as we move backward
in time from #,. Because (B.9) is equivalent to (B.6), for all s for which f(s) < A, a fiscal
expansion increases GDP and reduces unemployment. We now turn to the properties of
f(s) by showing that (1)—(4) hold.
(1) Define two exogenous variables,

G, G,
X = , Xg = ) (B.10)
Pk,s Pk.s
and let
A =P ( s + (xxs> , 0y = afx,, (B.11)
Xs+1
and ~
io=p ( aLE ax) . 6, = aps,. (B.12)
Xs+1

Using these definitions, it follows from equations (B.2) and (B.3) that {y,} and {7} are
characterized by the following simple recursions:

Vs = AsYsy1 + 0s, (B.13)

and

Vs = AyPyr1 + 0y (B.14)

This establishes (1).
(2) Notice that from date t, + 1 onward both economies are identical and hence

Vn+1 = Yo+1- (B.15)

This establishes (2).
(3) Because J,,+1 = 1,11, it follows from the definition of g(s) that g(#, + 1) = 1. This
establishes (3).
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(4) Notice that fort; <s <1,

0, = Ab, > 6,, and i, > A,. (B.16)
Fors =1,
Ay = ARy > A, (B.17)
whereas fort; <s < 1,
Ay =B(1+aAx,) > B (1+ax,) =17k, (B.18)

Moving backward in time from 1,, it follows from (B.13)—(B.18) that for; <s < 1,

Vs Vs
s o Ys

= (B.19)
Ys+1 YVs+1
and hence
ys‘ ys+l
g =—<—7—=g@G+1). (B.20)
Vs Ys+1
This establishes (4).
We have established that f (1,) = 1 < A andthat f(s) is increasing as s moves backward
in time from #,. It follows that there exists a 7 > 1 such that f(s)|s € {to — T,...5} <
A. |

APPENDIX C: PROOF OF PROPOSITION 3

Proof. Using the notation from the proof of Proposition 2, there are two possible cases:
eitheratsomes =1, —7, f(s) > A,or f(s) — Aass — —oo. The first case corresponds
to Condition A and the second corresponds to Condition B. It follows from Condition A
that for sufficiently small s,

A =B (x + ozA)?S) > 1 (C.1)
Xs+1
and
- Xy N
A= B <~ +(xxs) < 1. (C.2)
Xs+1

These inequalities imply that the gap between ¥, and y, will grow as s decreases from
t,, and hence there must be a T such thatat s =, — T, f(s) > A. At this point the fiscal
expansion will lower output and increase unemployment. This establishes that 7 is finite if
Condition A holds.

Now suppose that Condition B holds. Recall (B.9), which we restate here:

1 ~
sl 145
I TR

= f(s). (C.3)
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We established in the proof of Proposition 2 that y, and J satisfy the recursions

Vs = )»s)’m + 95,

and
Vs = AsPsu1 + 0y,

and because we restrict ourselves to the case where x;, — x as s — —o0,’ it follows from
Condition B that Ay, Ay, 6, and 6, are constants in the limit and that A, and A, are both
positive and less than one. Hence as s — —o0,

0
; =— c4
Yo > Y =T (C4

and .
0

V==
From the definitions of A, A, 0, and ; and the definition of f (s) one can establish that
as s — —o00,
1-8
f) = 5 =A. (C.6)

-8
afA-X

Because establishing that f (s) = A is equivalent to showing that (B.6) holds as an equality,
we have shown that a fiscal expansion that is expected to persist for an arbitrarily long period
will have an arbitrarily small effect on GDP and employment. |



