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ABSTRACT
We develop an optimal contracting model in which limited enforcement of financial
contracts generates dispersion in marginal products of capital across firms. We show
that the optimal contract can be implemented using state-contingent transfers and
a simple collateral constraint that limits the capital input of firms by a fraction of
the financial wealth of the firm owner. Compared to models with exogenous collat-
eral constraint and incomplete markets (for example Moll (2014)), we find that the
degree of measured misallocation is increasing in the persistence of the idiosyncratic
productivity shocks. Under the optimal contract, the possibility to transfer wealth
from high productivity states to low productivity states allows firm owners to trade
off efficient allocation of consumption against the efficient allocation of capital. We
show that for reasonable values of risk aversion, insurance needs more than offset
production efficiency concerns.
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1 Introduction

A vast empirical literature (see Hsieh and Klenow (2009) and several others) docu-
ments dispersion in marginal products of capital across firms for several countries.
These patterns are commonly interpreted as evidence of capital misallocation and
responsible for cross-country total factor productivity gaps. To account for the em-
pirically observed capital misallocation, several authors have proposed models of fi-
nancial frictions where entrepreneurs’ borrowing is limited by their wealth. However,
existing models typically do not provide an explicit micro-foundation for the financial
constraints. In addition, in applied work, these models have had limited success in
accounting for the large observed dispersion in marginal products. In this paper, we
develop an equilibrium model of investment where financial constraints are derived
from agency frictions. We demonstrate that the optimal contract in our setting can
be implemented using state-contingent transfers and a collateral constraint similar to
the one used in the previous literature. Compared to models with exogenous con-
straints, we show that our optimal contracting framework amplifies the degree of
capital misallocation.

Our environment consists of well-diversified intermediaries who offer long-term
contracts to entrepreneurs who own productive technologies but not (enough) wealth.
Entrepreneurs are risk averse and subject to idiosyncratic productivity shocks. The
optimal contract balances insurance against low productivity states as well as funding
investment for high productivity states. The agency friction we consider is limited
enforcement of financial contracts – entrepreneurs have an option to renege the current
contract, abscond with a fraction of the capital stock, and anonymously enter into a
new contract with a financial intermediary.

We obtain two main results in this environment. First, we characterize the optimal
lending contract and provide an implementation result. We show that the equilibrium
allocation with optimal contracts subject to limited enforcement can be implemented
using Arrow securities and a collateral constraint. The constraint is linear in the
financial wealth of the entrepreneur, and its tightness (or the slope parameter) is in-
dependent of idiosyncratic histories. Our implementation thus mimics the exogenous
collateral constraints widely used in applied work but allows entrepreneurs to transfer
wealth across states.

Second, we demonstrate that under the optimal contract, measured capital mis-
allocation is increasing in the persistence of idiosyncratic productivity shocks under
moderate levels of risk aversion. This result is in sharp contrast with that obtained
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in models with exogenous collateral constraints, where self-financing undoes capital
misallocation in the presence of persistent productivity shocks.

In a seminal work, Moll (2014) shows that in an economy where firm owners’
borrowing capacity is determined by their financial wealth and they can borrow and
save exclusively using a risk-free bond, the degree of misallocation is decreasing in the
persistence of idiosyncratic shocks. In the presence of collateral constraints, capital
misallocation occurs if owners of high productivity firms do not accumulate enough
wealth to finance the efficient level of capital. When productivity shocks are persis-
tent, owners of high productivity firms typically have experienced a long sequence
high productivity, and therefore would have saved out of their financial constraint.

Our result implies that the above intuition depends crucially on the assumption of
exogenously incomplete market, that is, the risk-free bond is the only financial asset
and entrepreneurs cannot allocate wealth across different productivity states. In our
setup, the only friction is limited enforcement; markets are otherwise complete. The
optimal contract allows firm owners to trade off the allocation of wealth to insure
against adverse income states versus the allocation of wealth to maximize productive
efficiency. On the one hand, insurance, i.e., consumption efficiency, implies that
entrepreneurs need to borrow from states with high productivity and transfer wealth
to states with low productivity. On the other hand, production efficiency requires
more wealth in high-productivity states to back the financing of a larger amount
of capital and less wealth in low productivity states. These two distinct motives
pull in opposite directions. For a given level of risk aversion, as shocks become
more persistent, the insurance motives are stronger. Entrepreneurs choose to enter
productive states with low levels of wealth; sacrificing productive efficiency in order
to attain better consumption insurance. This makes misallocation higher.

Our paper contributes to the literature on optimal contracting and capital misal-
location. The optimal contract setup with limited enforcement builds on the classical
contributions of Kehoe and Levine (1993), Alvarez and Jermann (2000) and Albu-
querque and Hopenhayn (2004). Kehoe and Levine (1993) and Alvarez and Jermann
(2000) consider risk sharing problems in endowment economies without production
decisions. Albuquerque and Hopenhayn (2004) study optimal lending contracts where
entrepreneurs are risk-neutral and focus on production decisions in the presence of
limited enforcement. Recently, Rampini and Viswanathan (2010, 2013) study the
implications of limited contract enforcement for risk management and capital struc-
ture also in the context of risk-neutral agents. There is a parallel literature that
studies the impact of limited commitment on consumption risk sharing, for example,
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Krueger and Perry (2006), Krueger and Perry (2004), and Krueger and Uhlig (2006).
In contrast, our setup features risk averse agents in a production economy and we
emphasize the trade-off between risk sharing and production efficiency. In addition,
our implementation result is novel and provides micro-foundation for the widely used
wealth-based collateral constraints used in the literature.

Our paper is related to the literature on capital misallocation. For instance,
Banerjee and Moll (2010); Buera et al. (2011); Buera and Shin (2011, 2013); Buera
et al. (2015); Midrigan and Xu (2014); Moll (2014). All these papers use a risk-free
bond and exogenously-specified collateral constraints. Our paper uses an optimal
contracting framework to show that the steady-state level of capital misallocation in
the aforementioned papers is to a large extent driven by the assumption of risk-free
bond.

On the methodological side, our paper is related to the literature of continuous-
time dynamic contracting, especially those focus on limited commitment. Using the
continuous-time methodology, Grochulski and Zhang (2011) solve an optimal risk
sharing problem with limited commitment in an endowment economy. Ai and Li
(2015) study the impact of limited commitment on CEO compensation and invest-
ment. Bolton et al. (2019) analyze the implications on limited commitment on cor-
porate liquidity and risk management.

The paper is organized as follows. Section 2 describes the environment and the
setup of the model. In Section 3, we present our decentralization result and show that
any equilibrium with long-term contracts can be implmented using Arrow securities
and a linear collateral constraint. In Section 4, we prove our main result on the rela-
tionship between persistence of idiosyncratic risk and capital misallocation. Section
6 concludes. The proofs and other details omitted from the main text are relegated
to the Appendix.

2 Model Setup

Preferences and Technology Time is continuous. The economy consists of a unit
mass of entrepreneurs and a unit mass of workers. Entrepreneurs are endowed with
an idiosyncratic productivity process θ and a technology that combines capital and
labor to produce output:

y = f(θ,K, L) = (θK)α L1−α, (1)
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where productivity θ follows a Levy process with

dθt = µ(θt)dt+ σ(θt)dMt,

where Mt is a (vector) martingale. In this section and the next, we assume Mt is a
standard Brownian motion to simplify notation. We will allow Mt to contain jumps
in general in Section 4. We assume that µ (θ) and σ (θ) satisfy appropriate conditions
so that θt has a unique stationary distribution with a compact support.

Entrepreneurs have expected utility with constant relative risk averion. That, is,
given a consumption sequence {Ct}∞t=0, the continuation utlity at time t, denoted Ut
is calculated as

Ut =
{
Et

[∫ ∞
0

e−βsβ
C1−γ
t+s

1− γ ds
]} 1

1−γ

. (2)

Workers are endowed with one unit of labor. They are hand-to-mouth, in the
sense that worker consume current-period labor income without maximizing any in-
tertemporal utility. This assumption is made for simplicity and for the convenience
of comparison to the existing literature which often makes the same simplifying as-
sumption.

Contracts For a prevailing wage w, an entrepreneur with productivity θ and capital
stock K generates an income

Π (θ,K;w) = max
L

{
(θK)α L1−α − wL

}
. (3)

There is a perfectly competitive financial intermediary sector that offers long-term
lending contracts to entrepreneurs. A contract specifies the sequence of consumption
for the entrepreneur, Ct and the process of cumulative investment It such that given
It, the process of capital is determined by

dKt = dIt − δKtdt,

where dIt is the amount of investment made at time t, and δ is the rate of depreciation.
Given a contract {Ct, It, Kt}∞t=0, the entrepreneur’s uitlity is computed using (2). For
an interest rate r, the financial intermediary’s profit is given by

E
[∫ ∞

0
e−rt {(Π (θt, Kt;w)− Ct) dt− dIt}

]
.

At any time t, an entrepreneur can default on the contract, abscond with a frac-

4



tion λ of the capital stock under operation, and anonymously enter into another
contract with a financial intermediary. Let Ū (θt, Kt) be the maximum utility that an
entrepreneur with productivity θ and capital stock K can achieve on the anonymous
market. Incentive compatibility implies that in order for the entrepreneur not to have
an incentive to default, the continuation utility promised to entrepreneurs satisfies

Ut ≥ Ū (θt, λKt) (4)

for all t.
We define V (θ,K, U) to be the maximum value a financial intermediary can

achieve by offering an incentive compatible contract with an initial promised util-
ity U to an entrepreneur with productivity θ and capital stock K. Because financial
intermediaries are perfectly competitive, the maximum utility an entrepreneur can
achieve on the competitive financing market is

Ū (θ,K) = max {U : V (θ,K, U) ≥ 0} . (5)

As is standard in the dynamic contracting literature, we use promised utility as
a state variable in the design of the optimal contract. Without loss of generality, the
optimal contract can be specified in two steps. First, we specify consumption and
investment as functions of the state variables: C (θ,K, U), I (θ,K, U). Second, we
specify the law of motion of continuation utilities as

dU =
[

β

1− γ
(
U − C1−γUγ

)
+ 1

2
G (θ, U,K)2

U

]
dt+G (θ, U,K) dMt,

where G (θ, U,K) is the policy function that specifies the sensitivity of continuation
utility with respect to the Brownian motion dMt.

Equilibrium with limited enforcement Formally, an stationary competitive
equilibrium with limited enforcement consists of i) an interest rate r and a wage rate
w; ii) individual policy functions {C (θ,K, U) , I (θ,K, U) , L (θ,K) , G (θ,K, U)}; iii)
outside option Ū (θ,K); and iv) the stationary distribution Φ (θ,K, U), such that:

1. Given the equilibrium wage w, the outside option Ū (θ,K), and the equilibrium
interest rate r, the policy functions {C (θ,K, U) , I (θ,K, U) , L (θ,K) , G (θ,K, U)}
solves the optimal contracting problem subject to the limited enforcement con-
straint (4).
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2. The equilibrium outside options are determined by the perfect competition con-
dition (5).

3. The goods market, the labor market, and the capital market clear:
∫

[C (θ,K, U) + δK + wL (θ,K, U)] dΦ (θ,K, U) =
∫

(θK)α L (θ,K)1−α dΦ (θ,K, U) ;∫
L (θ,K, U) = 1;∫

[dI (θ,K, U)− δK] dΦ (θ,K, U) = 0.

In the first equation, C (θ,K, U) is the consumption of the entrepreneur, δK is
investment, which equals depreciation in steady state, and wL (θ,K, U) is the
consumption of the hand-to-mouth workers. We normalize the total supply of
labor of the economy to 1 and the third equation requires investment equals
depeciation for the steady state.

4. The stationary distribution Φ (θ,K, U) is consistent the law of motion of state
variables implied by the optimal contract.

3 Decentralization

In this section, we decentralize the equilibrium with optimal contracts using Arrow
securities and collateral constraints.

Let At denote the financial asset of an entrepreneur at time t, the utility maxi-
mization problem of an entrepreneur can be written as:

max
Ct, gt,Kt

E

[∫ ∞
0

e−βtβ
C1−γ
t

1− γ dt
]

s.t. dAt = [rAt + Π (θt, Kt;wt)− Ct] dt+ gtAtdMt,

Kt ≤ λAt. (6)

In the above formulation, entrepreneurs make consumption (Ct) and production (Kt)
decisions subject to the collateral constraint, Kt ≤ λAt. We allow the entrepreneur to
save at the risk-free interest r and purchase a vector of Arrow securities denoted by
process gt. Note that the above problem is almost identical to the one typically mod-
eled in the literature of capital misallocation with collateral constraint, for example,
Moll (2014), with only one difference. Here, we allow the entrepreneur to purchase
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a vector of Arrow securities whereas the model of Moll (2014) assumes exogenous
incomplete markets, which corresponds to the restriction of gt = 0 in our setup.

We now define a stationary competitive equilibrium with Arrow securities and
collateral constraints.

Equilibrium with Arrow securities and collateral constraints For a given
constant risk-free interest r, the above utility maximization problem can be formu-
lated recursively using (θ, A) as the state variables. We denote {C (θ, A) , K (θ, A) , g (θ, A)}
as the policy functions of the entrepreneur’s maximization problem. A stationary
equilibrium with Arrow securities and collateral constraints consists of i) prices, which
include interest rate r and wage rate w; ii) policy functions {C (θ, A) , L (θ, A) , K (θ, A) , g (θ, A)};
and iii) the stationary distribution of types Ψ (θ, A), such that:

1. Given the equilibrium wage w and the equilibrium interest rate r, the policy
functions {C (θ, A, ) , L (θ, A) , K (θ, A) , g (θ, A)} solve the optimal consumption
and production problem in (6).

2. Consumption, labor and capital markets clear.

3. The stationary distribution Ψ (θ, A) is consistent the law of motion of wealth
implied by the optimal policies.

The main result in this section is that any equilibrium with limited enforcement
and long-term contracts can be implemented by an equilibrium with Arrow securi-
ties and collateral constraints. To state our main result, we start with a stationary
equilibrium with limited enforcement, which we denote as E . We show that for any
E , there exists a competitive equilibrium with Arrow securities and collateral con-
straints, denoted E, such that prices and allocations in E can be constructed from
E.

Our construction relies on a mapping between promised utility and wealth. We de-
note this mapping as U = U (A| θ) and the inverse of the mapping as A = A (U | θ) ≡
U−1 (U | θ). That is, for every θ, U ( ·| θ) is a mapping from wealth to promised utility,
and A ( ·| θ) is the inverse of the mapping. A equilibrium with long-term contracts E is
a collection of prices {r, w}, policy functions {C (θ,K, U) , I (θ,K, U) , L (θ,K) , G (θ,K, U)},
entrepreneurs’ outside option, Ū (θ,K), and distribution Φ (θ,K, U). Given E, we can
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construct E by letting

K (θ, A) = λA if θ = θH , 0 otherwise, (7)

L (θ, A) = L (θ, K (θ, A)) , (8)

C (θ, A) = C (θ, K (θ, A) , U (θ, A)) , (9)

g (θ, A) = G (θ, K (θ, A) , U (θ, A)) , (10)

and we show that {r, w}; {C (θ, A, ) , L (θ, A) , K (θ, A) , g (θ, A)}; Ψ (θ,K, U) is a sta-
tionary equilibrium for some . We complete our contruction by demontrating that E
can be recovered from E using the following procedure:

C (θ,K, U) = C (θ, A (U | θ)) , (11)

dI (θ,K, U) = K (θ, A (U | θ))−K, (12)

L (θ,K, U) = L (θ, A (U | θ)) , (13)

G (θ,K, U) = g (θ, A (U | θ)) . (14)

We summarize our result by the following proposition.

Theorem 1. Given a stationary equilibrium with long-term contracts,

E =
{
{r, w} , {C (θ,K, U) , I (θ,K, U) , L (θ,K) , G (θ,K, U)} , Ū (θ,K) ,Φ (θ,K, U)

}
,

there exists a one-to-one mapping U = U (A| θ) such that

E = {{r, w} , {C (θ, A, ) , L (θ, A) , K (θ, A) , g (θ, A)} ,Ψ (θ, A)}

is a competitive equilibrium with Arrow securities and collateral constraints, where
the policy fucntions {C (θ, A, ) , L (θ, A) , K (θ, A) , g (θ, A)} are given by (7)-(10). Fur-
thermore, E can be recovered from E using (11)-(14).

Given the above proposition, we will focus on the competitive equilibrium with
Arrow securities and collateral constraints for the rest of the paper. For a given
equilibrium, we can define the efficient level of output as

Y ∗ = max
∫

(θiKi)α L1−α
i di

subject to :
∫
Kidi ≤

∫
KdΦ (θ,K, U) ;

∫
Lidi ≤ 1.
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The efficiency ratio is defined as

EF =
∫

(θK (θ, A))α L (θ, A)1−α dΨ (θ, A)
Y ∗

.

4 Misallocation and persistence

Our main interest is to characterize equililbriums with collateral constraints and in-
vestigate the relationship between EF and the persistence of the productivity shock
θt. To derivation closed form solutions, in this section, we assume that θt follows a two
state Markov chain with state space {θH , θL} and with an instantaneous switching
rate of κ. Formally, the law of motion of θ can be described as

dθt = (θH − θL) [−IH (θt) dNH,t + IL (θt) dNL,t] . (15)

where Iθ
(
θ̃t
)
is the indicator function that takes value of 1 when θ̃t = θ, and the pro-

cesses {dNθ,t}θ are independent Poisson processes with a common intensity κ. Given
these assumptions, 1− κ is a measure of one-dimensional measure of the persistence
in θ. Furthermore, changing κ keeps the unconditional distribution of θt unchanged.
This will be useful when we do comparative statics with persistence.

Given sequences of prices {rt, wt}, the entrepreneur whether or not to operate the
technology, factor choices capital and labor, a (non-negative) consumption process ,
and a portfolio of Arrow securities {gHL,tWt, gLH,tWt}. The process gHL,t represents
the fraction of wealth Wt that is carried from state θt = θH to state θt = θL, and
gLH,t is the fraction of wealth that is carried from state θt = θL to state θt = θH . The
entrepreneurs value

Vt (θ,W ) = max
Ct, gH,t, gL,t

Et

[∫ ∞
t

e−β(s−t)u (Cs) ds
]

s.t. dWt = [rtWt + Π (θ,W ;wt, rt)− Ct] dt+ IH (θt)WtgHL [dNH,t − κdt]

+IL (θt)WtgLH [dNL,t − κdt] .

The drift (“dt”) term budget constraint is the change in wealth coming from risk-
free financial return, business profits net of entrepreneurial consumption and the
state-contingent returns arise from the terms multiplying the martingale [dNθ,t − κ].
The next lemma summarizes the optimal consumption savings plan in a stationary
equilibrium.
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Lemma 1. The value function V (θ,W ) and the profit function Π (θ,W ;w, r) satisfy

V (θ,W ) = 1
1− γH (θ)W 1−γ

Π (θ,W ;w, r) = Wπ (θ; r, w)

with

H (θ) =
{

1
γ

[β + (γ − 1) (r + πθ (r, w)) + γκ (1− ω)]
}−γ

πθ(r, w) =
α(1− α

w

) 1−α
α

θ − r − δ

+

λ

and the optimal consumption and portfolio rules are given by

C (θ,W )
W

= x(θ) = H (θ)−
1
γ , gHL = ω − 1, gLH = ω−1 − 1

with ω =
[
H(θH)
H(θL)

]− 1
γ .

Proof. See Appendix

The derivation of the optimal policies comes from a standard Merton-like problem.
The explicit solutions arise thanks to the homotheticity properties of preferences and
technology. Since πH > πL, consumption smoothing across states is achieved by
committing more wealth to states with low business income, i.e., set gHL > gLH .

Let us suppose for now that both types produce in the stationary equilibrium. The
next lemma shows that a sufficient (distributional) statistic for the degree of misallo-
cation is the ratio of aggregate wealth of entrepreneurs with type θH to entrepreneurs
with type θL.

Lemma 2. Suppose a stationary equilibrium exists with πL(r, w) = 0. The degree of
misallocation is given by

1− EF = 1−
[
θL (η(r, w) + 1− λη(r, w)) + θHλη(r, w)

θH (η(r, w) + 1)

]α
(16)

where η(r, w) ≡
∫
WdΦ(W |θH ;r,w)∫
WϕdΦ(W |θL;r,w) .

Proof. For an entrepreneur who is operating with non-zero capital, factor demands
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are linear in wealth and given by

K (W, θ) = λW

L (W, θ) =
(1− α

w

) 1
α

θλW

Let ϕ be the fraction of θL entrepreneurs who are active. Substituting the factor
demands, we get

EF =
∫

(θiKi)α L1−α
i di

θαH (
∫
Kidi)α (

∫
Lidi)1−α

=
∫ (1−α

w

) 1−α
α λθLWiI{θi,t=θL}ϕdi+

∫ (1−α
w

) 1−α
α λθHWiI{θi,t=θH}di

θαH
[∫
λWiI{θi,t=θL}ϕdi+

∫
λWiI{θi,t=θH}di

]α
· 1

=

(
1−α
w

) 1−α
α λ (θLWLϕ+ θHWH)

θαHλ
α (WLϕ+WH)α =

(1− α
w

) 1−α
α

λ1−α θLWLϕ+ θHWH

θαH (WLϕ+WH)α

=
(1− α

w

) 1−α
α

λ1−αW 1−α
L

θLϕ+ θHη

θαH (ϕ+ η)α

=
[
θL (η + 1− λη) + θHλη

θH (η + 1)

]α
.

In view of Lemma 2, we only need to characterize how the aggregate wealth
shares evolve in the stationary equilibrium. Let WH,t =

∫
WiI{θi,t=θH}di and WL,t =∫

WiI{θi,t=θL}di. A heuristic derivation of the dynamics of dWθ,t is as follows. At time
t+ ∆, e−κ∆ fraction of entrepreneurs will remain at θt+∆ = θH . Conditional on being
in state θH , that is, conditioning on dNHt = 0 over the interval (t, t+ ∆),

dWH,t = WH,t [r + π (θ; r, w)− x (θH)− κ (ω − 1)] dt

from the flow budget constraint. At the same time,
(
1− e−κL∆

)
fraction experience

a regime switch and transition from θL → θH and when they become θH , their wealth
WL,t → ω−1WL,t. Putting both of these together, and taking limits as ∆→ 0, we get

dWH,t = [r + π (θH ; r, w)− x (θH)− κω]WH,tdt+ κω−1WL,tdt (17)
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The law of motion of the wealth share of type θL is obtained analogously and we have

dWL,t =
[
r + πL (θL; r, w)− x (θL)− κω−1

]
WL,tdt+ κωWH,tdt (18)

Since we study the steady-state equilibrium, stationarity requires

dWH,t

WH,t

= dWL,t

WL,t

= 0. (19)

From the capital market clearing condition, dKt = dWH,t + dWL,t and therefore we
get

0 = [r + π (θH ; r, w)− x (θH)]WH,tdt+ [r + π (θL; r, w)− x (θL)]WL,tdt

which can be simplified to obtain

η(r, w) = −r + π (θL; r, w)− x (θL)− κω−1

κω
.

In the final part of this section, we show that for sufficiently high risk aversion,
misllocation is increasing in persistence. Given our discussion above, this is true if
and only if ∂η

∂κ
> 0. To formally prove our claim, we need to make the following

technical assumption that restrict the parameter space for the economy:

Assumption 1. λ ∈

1,min

2, 2β
δ

(
θH
θL
−1
)

 and 2β

δ

(
θH
θL
−1
) > 1.

The next theorem states our main result.

Theorem 2. Under assumption 1, ∃ γ̄ such that for ∀γ > γ̄, ∂η
∂κ
> 0 for all κ > 0 .

Proof. See Appendix

The intuition for the result is as follows. Our economy features a trade off be-
tween production efficiency and insurance. To maximize production in presence of a
collateral constraint, the entrepreneur would want to bring more wealth in the high
productivity states, i.e., states with θt = θH . This would make the constraint less
likely to bind. On the other hand, to smooth consumption across states, the en-
trepreneur would like to borrow against states of the world with θt = θH and transfer
wealth to states with θt = θL. Thus insurance concerns force an allocation of wealth
across states in a way opposite of what is desired for production efficiency.
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For a given level of risk aversion, as shocks become more persistent, they amplify
insurance requirements. The entrepreneur would want to bring a larger fraction of
wealth to θt = θL to insure against the adverse shock in a present value sense. Since
this means a lower wealth in states which θt = θH , more entrepreneurs will be con-
strained and aggregate misallocation will be larger. We term this the “stock effect”
of increasing persistence. There is another “flow effect” which has to be acknowl-
edged. More persistent shocks, mean that productive entrepreneurs earn high profits
for longer duration and on this account will accumulate more wealth. Theorem 2
asserts that the flow effect is not sufficiently strong for large values of risk aversion.
More generally, the degree of misallocation will be an inverse U-shaped function of
persistence. For a given value of risk aversion and low levels of persistence, misalloca-
tion increases with persistence due to the stock effect but eventually when shocks are
very persistent, the flow effect dominates. The persistence that generates the highest
degree of misallocation is a function of the level of risk aversion and it moves towards
κ = 0 (or when θt approaches a unit root) for a finite but “large” value of γ.

A natural question is how large is “large”. We approach using numerical analysis in
two ways. Here, we study how the two shock calibrated economy behaves for a range
of (κ, γ) and in section 5, we use a Ornstein-Uhlenbeck process with a reflecting barrier
as in Moll (2014) and compare allocations in both complete markets and incomplete
markets (bond) economy. We set β = δ = 0.05. We calibrate θH = 1.2, θL = 0.8 to
hit match the unconditional volatility of productivity to 4%. Then for λ = 1.2, we
plot 1− EF for several values of κ and γ.

In the left panel of Figure 1, we see that for risk aversion of as low as 5, misllocation
is increasing for almost all feasible values of 1 − κ. The magnitude of misallocation
ranges between 2% – 6%. These results and insights can be contrasted with an
economy where only the only asset is a risk-free bond. In our setup, this would mean
adding an additional constraint

gHL,t = gLH,t = 0.

Keeping all the parameters the same, we solve for the stationary equilibrium and
measure misllocation using the same way, i.e., 1 − EF in the bond economy. In
right panel of Figure 1, we plot the misallocation as a function of persistence for
several values of γ. The plots show that patterns are quite different. In the bond-
economy steady-state misallocation is always decreasing in persistence. This should
be expected given the analysis in Moll (2014). In absence of state-contingent returns,

13



0.2 0.4 0.6 0.8 1

3

4

5

6

κ

1
−
E
F

(%
)

Misallocation: complete mkts

γ = 2
γ = 3
γ = 7

0.2 0.4 0.6 0.8 1
1

2

3

4

κ

Misallocation: incomplete mkts

γ = 2
γ = 3
γ = 7

Figure 1: Misallocation for several values of risk aversion, γ ∈ {2, 3, 7} in the two-shock
CRS economy. The left panel has a complete market structure and the right panel has a
single risk-free bond market structure.

the only response to more persistent shocks is to self-insure and save more. But more
wealth also relaxes the collateral constraints. Thus the insurance requirements go in
the same direction as production efficiency.

5 Calibrated Economy

In the previous section, we used a simplified shock process where θt took only two
values. This helped us with closed-form characterization of the wealth distribution
and all equilibrium quantities. However, the insights are more general. In this section,
we study them numerically using a more “standard” process for θt. We demonstrate
that our main take-away that for reasonable levels of risk aversion, the patterns of
misallocation in the complete markets version are diametrically opposite to those in
the incomplete markets version.

The productivity θ follows

dθt = µ (θt) dt+ σ (θt) dBt,

where
µ (θ) = 2κ

(
θ̄ − θ

)
; σ (θ) =

√
κσ (θH − θ) (θ − θL) .

The process has several desirable properties. The support of θt is bounded in

14



Discount factor β 0.05
Capital share α 1/3
Depreciation δ 0.05
Collateral constrain λ 1.2
std. of idio risk σ 0.6
Persistence κ (0.01,0.95)
Risk aversion γ {2,3,5,7,9}

Table 1: Calibration

[θL, θH ]. The parameter κ fully determines persistence and stationary distribution is
independent of κ.

We follow Moll (2014) to calibrate our economy. See Table 1 for the parameter
values . In figure 2, we plot the resulting misallocation as a function κ for several
values of γ for our economy and the economy with only a risk-free bond (or the
market structure assumed in Moll (2014) ). Qualitatively we see the same patterns
as in Figure 1, confirming our main insights.

6 Conclusion

This paper shows that factor misallocation is closely tied to the risk-sharing avenues
available to firm owners. In contrast to the commonly studied bond-only economy
with collateral constraints (for example Moll (2014)), we find that keeping fixed the
nature of financial frictions, the degree of misallocation is increasing in persistence of
the idiosyncratic risk when firms have access to state-contingent contracts. Allowing
the possibility to transfer wealth from states where productivity is high to states
where productivity is low generates a force that works against efficient allocation of
capital. We show that for reasonable values of risk aversion, insurance needs more
than offset efficiency concerns. A rigorous empirical examination of the extent of
explicit and implicit insurance available to entrepreneurs will require us to study
consumption patterns of firm-owners. We leave this for future work.
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Figure 2: The left panel plots the degree of misallocation in the economy with optimal
contracts. The right panel plots the degree of misallocation in the economy with a
risk-free bond. The lines blue, red and black are settings with different values of risk
aversion.
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A Proof for Lemma 1

With the constant returns to scale technology, given the interest rate r and wage w,
entreprenurs’ profits are

Π (θ,W ; r, w) = max
K,L

{
(θK)α L1−α − wL− (r + δ)K

}
(20)

0 ≤ K ≤ λW.

where the first order conditions imply that

L (W, θ) =
(1− α

w

) 1
α

θK (W, θ) , K (W, θ) = λW or 0.

Therefore, the profits are linear in wealth:

Π (θ,W ; r, w) = Wπ (θ; r, w)

where

π (θ; r, w) =
α(1− α

w

) 1−α
α

θ − r − δ

+

λ.

Due to the homogeneity of value function, we assume

V (θ,W ) = 1
1− γH (θ)W 1−γ

By applying Ito’s Lemma, the HJB equation can be written as

β
1

1− γH (θH)W 1−γ = 1
1− γCH

1−γ +H (θH)W 1−γ
[
r + πH −

CH
W
− κgHL

]

+κ
[

1
1− γH (θL) ((1 + gHL)W )1−γ − 1

1− γH (θH)W 1−γ
]

;

β
1

1− γH (θL)W 1−γ = 1
1− γCL

1−γ +H (θL)W 1−γ
[
r + πL −

CL
W
− κgLH

]

+κ
[

1
1− γH (θH) ((1 + gLH)W )1−γ − 1

1− γH (θL)W 1−γ
]

;

Denote x (θ) as the consumption-wealth ratio

x (θ) = C (θ,W )
W

,

20



and the first order condition implies

x (θ) = H (θ)−
1
γ ; 1 + gHL =

[
H (θH)
H (θL)

]− 1
γ

1 + gLH =
[
H (θL)
H (θH)

]− 1
γ

.

Combing the policy functions and HJB equations, we can derive

ω = β + (γ − 1) [r + πH ] + 2γκ
β + (γ − 1) [r + πL] + 2γκ (21)

where we define ω =
[
H(θH)
H(θL)

]− 1
γ .

Given r, the value function and policy function can be constructed as:

H (θH) =
{

1
γ

[β + (γ − 1) (r + πH (r)) + γκ (1− ω)]
}−γ

;

H (θL) =
{

1
γ

[
β + (γ − 1) (r + πL (r)) + γκ

(
1− ω−1

)]}−γ
;

x (θ) = H (θ)−
1
γ ; gHL = ω − 1; gLH = ω−1 − 1. (22)

where ω is defined in equation (21).

B Proof for Theorem 2

Lemma 3. Under assumption 1, among the firms which receive θL, the fraction of
producing belongs to (0, 1) for ∀γ > γ̄, where γ̄ is defined in the theorem 1.

We will verify the Lemma 3 later during the proof of Theorem 1. Now assume
Lemma 3 holds, then the economy is determined by the following five equations:

r = α
(1− α

w

) 1−α
α

θL − δ

ω = β + (γ − 1) [r + πH ] + 2γκ
β + (γ − 1) [r + πL] + 2γκ

η = −r + π (θL; r, w)− x (θL)− κω−1

κω

ϕ = η + 1− λη
λ

where η is fraction of firms produce when they receive θL.
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x (θH) η + x (θL) + δ (η + 1) = α
(1− α

w

) 1−α
α

λ [θHη + θLϕ]

After the algebra, we can find the economy is determined by the following three
equations:

ω = 1 +
(γ − 1) (r + δ)

(
θH
θL
− 1

)
λ

β + (γ − 1) r + 2γκ (23)

η = β − r + γκ

γκω
(24)

r = β − (r + δ)
(
θH
θL
− 1

)
λ+ γκ (β − r)

β − r + γκ
(25)

Assume the limit of ω, r and η exists and finite. Taking the limit of (23), (24), and
(25) with respect to γ,

ω̄ = 1 +
(r̄ + δ)

(
θH
θL
− 1

)
λ

r̄ + 2κ
η̄ = 1

ω̄

r̄ =
2β − δ

(
θH
θL
− 1

)
λ

2 +
(
θH
θL
− 1

)
λ

Later on we are going to characterize the sufficient condition when this economy is
well defined.

Taking the partial derivative with respect to κ for equations (23), (24), and (25) :

∂ω

∂κ
=

(γ − 1)
(
θH
θL
− 1

)
λ
[
(β + 2γκ− (γ − 1) δ) ∂r

∂κ
− (r + δ) (β + 2γ)

]
(β + (γ − 1) r + 2γκ)2 (26)

∂η

∂κ
=
−γκω ∂r

∂κ
− (β − r + γκ) γκ∂ω

∂κ
− (β − r) γω

(γκω)2 (27)

∂r

∂κ
= γ (β − r)2[

1 +
(
θH
θL
− 1

)
λ+ γ2κ2

(β−r+γκ)2

]
(β − r + γκ)2 > 0 (28)
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Assume the limit of ∂ω
∂κ
, ∂η
∂κ

and ∂r
∂κ

exists and finite. Taking the limit, and we can find

lim
γ→∞

∂ω

∂κ
= 1

(r̄ + 2κ)2

[(
θH
θL
− 1

)
λ (2κ− δ) lim

γ→∞

∂r

∂κ
− 2 (r̄ + δ)

(
θH
θL
− 1

)
λ

]

lim
γ→∞

∂η

∂κ
= 1
ω̄2 lim

γ→∞

∂ω

∂κ

lim
γ→∞

∂r

∂κ
= 0

Therefore,

lim
γ→∞

∂η

∂κ
=

2 (r̄ + δ)
(
θH
θL
− 1

)
λ

ω̄2 (r̄ + 2κ)2 > 0

since
r̄ + δ = 2β + 2δ

2 +
(
θH
θL
− 1

)
λ
> 0

Therefore, ∃ γ̄1 such that for ∀γ > γ̄1, ∂η
∂κ
> 0 for all κ.

Now we are going to show the economy is well defined. First, the wage is positive
since

w̄ = 1− α(
r̄+δ
αθL

) α
1−α

> 0

Next, we show the fraction of firms which receive θL and produce in the economy
belongs to (0, 1).

ϕ̄ = η̄ + 1− λη̄
λ

It’s easy to show

ϕ̄ = η̄ + 1− λη̄
λ

= η̄ + 1− λη̄ − λ
λ

+ 1 = (1− λ) (η + 1)
λ

+ 1 < 1

when λ > 1.

Now we need to show ϕ̄ = η̄+1−λη̄
λ

> 0⇔ η̄ < 1
λ−1 . Since λ ∈

1,min

2, 2β
δ

(
θH
θL
−1
)



and κ > 0,

r̄ + 2κ =
2β − δ

(
θH
θL
− 1

)
λ

2 +
(
θH
θL
− 1

)
λ

+ 2κ >
2β − δ

(
θH
θL
− 1

)
λ

2 +
(
θH
θL
− 1

)
λ

> 0
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, which implies

ω̄ = 1 +
(r̄ + δ)

(
θH
θL
− 1

)
λ

r̄ + 2κ > 1

. Therefore,

η̄ = 1
ω̄
< 1 < 1

λ− 1 , ∀λ ∈
1,min

2, 2β
δ
(
θH
θL
− 1

)



which implies that ϕ̄ ∈ (0, 1). Therefore, ∃ γ̄2 such that for ∀γ > γ̄2, ϕ ∈ (0, 1) and

w > 0, i.e. the economy is well defined for all κ > 0 when λ ∈
1,min

2, 2β
δ

(
θH
θL
−1
)



and 2β
δ

(
θH
θL
−1
) > 1. The condition is exactly the assumption 1, which proves Lemma

3.
We can conclude, under assumption 1, ∃ γ̄ = max {γ̄1, γ̄2} such that for ∀γ > γ̄,

∂η
∂κ
> 0 for all κ > 0.

C Details for Numerical Algorithm

1. An initial guess r

2. An initial guess wage w

3. Find the cutoff by α
(

1−α
w

) 1−α
α θ = r+ δ and the the policy functions: the labor,

capital, marginal profit function

4. Solve the HJB equation and find the optimal consumption and portfolio choice.

βV (θ,W ) = max
Ct, gθ,t

C1−γ

1− γ + Vθ (θ,W )µ (θ) + VW (θ,W ) (rtWt + Π (θ,W )− Ct)

+1
2Vθθ (θ,W )σ2 (θ) + 1

2VWW (θ,W ) (Wgθ,tσ (θ))2 + VθW (θ,W )Wgθ,tσ
2 (θ)

(29)

The first order condition implies that

C = (VW (θ,W ))−
1
γ ; gθ,t = − VθW (θ,W )

VWW (θ,W )W
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5. Solve the stationary distribution Φ (θ,W ) from

0 = − ∂

∂θ
[µ (θ) Φ (θ,W )]− ∂

∂W
[(rW + Π (θ,W )− C) Φ (θ,W )]

+1
2
∂2

∂θ2

[
σ2 (θ) Φ (θ,W )

]
+ 1

2
∂2

∂W 2

[
(Wgθσ (θ))2 Φ (θ,W )

]
+ ∂2

∂θ∂W

[
Wgθσ

2 (θ) Φ (θ,W )
]

6. Compute the aggregate consumption/capital/labor/output.

7. Check whether the labor market clears:
∫
Lt (θ,W ) dΦt (θ,W ) = L

if not, go to step 2; until the labor market clears.

8. Check whether the consumption goods market clears
∫
Ct (θ,W ) dΦt (θ,W ) + δ

∫
Kt (θ,W ) dΦt (θ,W ) = α

∫
yt (θ,W ) dΦt (θ,W )

if not, go to step 1; until consumption goods market clears.
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