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Do you remember when you first decided to be a 
teacher? What inspired you to make that decision? 

What do you know now that you wished you had known 
then? Along your road to certification, what ideas/
obstacles in mathematics did you confront? How did you 
persevere?  

This issue starts a column, Sam I Am. We will come 
to know Sam and his observations and thoughts about 
mathematics education, as he continues on his path to 
being an elementary teacher. His target: January 2016! 

I often reflect on my journey. I was five when I decided 
I wanted to be a teacher, 21 when I decided to become 
a high school math teacher, and after 32 years in the 
classroom decided to work with pre-service elementary 
and secondary math teachers. What can Sam help us 
better understand? 

How could you use the information gleaned from this 
new column and the Colorado Mathematics Teacher to 
demonstrate the following Colorado Teacher Quality 
Standards?
•	 Knowledge of mathematics and an understanding 

of how to promote student development in 
numbers and operations (Standard I).

•	 An analysis of student learning, development 
and growth and application of this learning to 
improve your practice (Standard IV).

•	 A contribution of knowledge and skills to 
educational practices and the teaching profession 
(Standard V).

•	 School leadership (Standard V). How can Sam 
inspire you to have a new vision of working with 
student teachers? 

Oh, the places we’ll go!

The second Sponsor Partner (SP) article, from Karen 
Fuson representing Houghton Mifflin Harcourt (HMH), 
appears in this issue. CCTM would like to thank Karen 
and future contributing authors, representing a SP 
company/organization, for helping us glean additional 
insights and connect the pieces of the Standards for 
Mathematical Practice. Link to the Sponsor Partner 
website directly from our CCTM main webpage to find 
additional ways they can be of support to you. 

Note:  I am planning on establishing a column, Thoughts 
from the Membership.  If you have used ideas or articles 
from CMT issues in your work with others, students or 
peers, let us know how they have impacted your work (i.e., 
How did you implement them? What changes or additions 
did you make? Other thoughts?)  Also, let us know if you 
have questions for the CCTM Board? You can address your 
thoughts to sandie.gilliam@coloradocollege.edu.

From the Editor’s Desk
Sandie Gilliam, Editor

mailto:sandie.gilliam%40coloradocollege.edu?subject=sandie.gilliam%40coloradocollege.edu
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Catherine Martin, CCTM President

T  his issue of the Colorado Mathematics Teacher 
continues the focus on the Standards for Mathematical 

Practice and highlights Math Practice 4: Model with 
mathematics. 

In searching the Common Core State Standards 
for Mathematics from kindergarten to high school, I 
find over 150 references to modeling, in both the 
practice standards and content standards. Examples 
include: concrete models, model with sets of objects, 
area models, visual models, models for decimals, 
probability model, linear model, exponential model, 
and model relationships. Further, the word model is 
used as both a verb and a noun. In all instances, the word 
model refers to what students do, rather than what 
teachers do.

The word, as you see from above, has various 
and different meanings. When we ask students to 
model with sets of object, we are asking them to 
demonstrate a concept or to act out a situation (e.g., 
with manipulatives). Further, model can also refer to 
using visual diagrams to present a mathematical idea. 
When asking students to use a linear model, we are 
focusing their attention on translating a situation into 
mathematics. Further, we might be referring to the 
modeling process as described in the Standards. The 
basic modeling process (see pages 72-73 in CCSS) begins 
with a problem and requires that students move fluidly 
between mathematical representations and the context 
of the real-world situation represented in the problem 
as they formulate, compute, validate, and interpret their 
results.

I encourage you to take a moment now to read an excerpt of 
Math Practice 4: 

Mathematically proficient students can apply the 
mathematics they know to solve problems arising 
in everyday life, society, and the workplace. . . . . 
Mathematically proficient students who can apply what 
they know are comfortable making assumptions and 
approximations to simplify a complicated situation, 
realizing that these may need revision later. They are able 
to identify important quantities in a practical situation 
and map their relationships using such tools as diagrams, 
two-way tables, graphs, flowcharts and formulas. They 
can analyze those relationships mathematically to draw 
conclusions. They routinely interpret their mathematical 
results in the context of the situation and reflect on 
whether the results make sense, possibly improving the 
model if it has not served its purpose. (CCSS, p. 7)

•	  Apply mathematics 
       to solve problems 
       arising in everyday 
       life,

•	  Make assumptions 
       and approximations,

•	  Identify important quantities, 
•	  Map relationships using tools, 
•	  Analyze relationships, 
•	  Interpret mathematical results, 
•	  Reflect on whether results make sense, and 
•	  Improve the model. 

These phrases, then, capture the essence of Math Practice 4.

If these are the behaviors we want students to engage 
in, with respect to the modeling practice, how do we 
support our students in developing their expertise in 
modeling? I suggest we begin by providing students 
with a variety of real-world problems or situations, 
support them as they try to make sense of the situation, 
and encourage students to represent these problems 
mathematically. As students mathematize the problems, 
provide opportunities for students to share solutions. 
Encourage students to justify why their model makes 
sense and construct a viable argument to support their 
reasoning. 

To prepare for this support for students, it is 
important to work with colleagues to anticipate what 
students might do in order to facilitate classroom 
discussions in which students share multiple ways of 
modeling problem situations. Through conversation 
with colleagues, you will want to focus on what would 
constitute a viable argument for a solution method 
and explore questions that would support and further 
student thinking. While teaching modeling may be 
a challenge, it directly connects the mathematics our 
students learn in school with authentic, real-world 
problems they may encounter outside of school.

Be sure to explore the many articles in this issue of the 
Colorado Mathematics Teacher that further develop the 
idea of mathematical modeling. Karen Fuson addresses 
Math Practice 4 through the eyes of elementary students 
and teachers. Ellen Whitesides, keynote speaker at our 
2013 CCTM conference, shares more on the practice of 
modeling. And, mark your calendars now for the 2014 
CCTM Conference: September 25–26, 2014. 

President’s Message 



Colorado Mathematics Teacher

4 CCTM Spring 2014

I f you say “Modeling” in a room full of people interested 
in mathematics education, chances are that not everyone 

is thinking of the same thing. When teaching mathematics 
we use the word modeling to mean different ideas. Which 
of these ideas is meant by the Standard for Mathematical 
Practice #4, Model with Mathematics, and how can 
we help our students work towards this mathematical 
practice?  

   
Many people in education in 

general use the word modeling 
when a teacher demonstrates 
something to students. When 
a teacher stands in front of the 
room and models how to solve 
a particular type of problem we 
correctly call this modeling. But 
this is not the type of modeling 
that is described in Standard for 
Mathematical Practice #4, Model 
with Mathematics.

When a student takes 
manipulatives in order to act-out 
a math problem using something 
tangible, we often call this 
modeling the problem. A student 
might show the problem of  
3 + 4 = 7 placing three blocks 
on the table and then adding 
another four blocks to the group. 
This is a correct use of the word 
modeling that is used especially 
often in lower elementary grades. But this is not the 
type of modeling that is described in Standard for 
Mathematical Practice #4, Model with Mathematics.  

Modeling with mathematics is the process of taking 
a real life situation, and using grade appropriate 
mathematics to describe, explain, and understand that 
situation. Many different professionals use this type 
of mathematical modeling including engineers and 
scientists that try to better understand a real problem 
in our world using the tools of mathematics. This is 

the type of modeling that is described in Standard for 
Mathematical Practice #4, Model with Mathematics.

This type of modeling can be done at any grade level, 
but can look differently depending on the assumptions 
specified, the data presented, and the amount of 
information included in any particular task. Modeling 

for a student in lower elementary 
school might include looking at 
a real world situation like the 
swing set. If there are 5 swings on 
the swing set, and three swings 
are empty, how many swings 
are full of kids?  Students could 
use the mathematical models 
in their own tool kit to solve a 
problem like this one, for example 
modeling it using a number 
sentence. Students might also use 
blocks to model the problem by 
setting out 5 blocks and placing 
3 counters on the empty blocks, 
then counting the remaining 
blocks. In this example students 
are using modeling as described 
in Standard for Mathematical 
Practice #4 because they are 
moving from a real life situation 
into a mathematical tool that they 
know (counting with blocks), as 
opposed to the situation above 
where students were using the 
blocks as manipulatives for 

mathematics. When we move from a real life situation 
into a mathematical explanation, that is MP #4; whereas 
when we start with the mathematics and move into 
real life, that is a different use of the word modeling, to 
mean working with manipulatives. Students in middle 
school and high school might try to model more complex 
problems with the mathematical tools that they have 
learned, perhaps explaining how many students can 
study in the library with a geometric model, or what kind 
of profits to expect at an upcoming bake sale.

Ellen Whitesides, Illustrative Mathematics. Keynote Speaker at 2013 CCTM Fall Conference 

*Standard for Mathematical Practice 4: 
  Model with Mathematics

CONFERENCE AND PROFESSIONAL DEVELOPMENT
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Different types of tasks can foster modeling skills 
in students. Tasks can differ in the amount and 
nature of assumptions that students need to make in 
order to solve the task. Modeling tasks exist along a 
continuum from straight forward tasks that specify 
all the information that a student needs to solve the 
task, up to very open tasks that simply state the basics 
of a question or problem and ask students to make 
reasonable assumptions in order to work towards a 
solution. Tasks can provide varying levels of data, either 
real life data presented in the task statement, excess data 
that students need to sort through to determine what is 
useful, and even suggestions about what data is needed 
and instructions to the student to research and find the 
data needed themselves. Each of these types of tasks can 
be used for a different purpose in the development of a 
student’s modeling skills, and different types of tasks 
can be used by a teacher to hone in on a specific aspect 
of modeling that a teacher wants to develop in his or 

her students. A teacher might use a clearly specified 
modeling problem on an assessment to test student’s 
ability to apply the skills they have learned, and a task 
that involves more assumptions and research as a longer 
term project or even a small group project outside of 
class.

As we strive to develop Standard for Mathematical 
Practice #4 in our students, we can utilize different 
types of modeling tasks to get at different aspects of 
modeling that particular students need to practice more. 
By giving our students an opportunity to work within 
the modeling cycle at a level broadening their specific 
understanding, we can build the practice of Modeling 
with Mathematics and give our students tools they can 
use to solve problems they encounter in the world.

P lease save the date for the 2014 annual CCTM 
conference, “Toward Greater Focus and Coherence: 

Preparing for New Assessments,” on Thursday and Friday, 
September 24–25, 2014 at the Denver Mart, 451 East 58th 
Avenue in Denver.    

Teachers will have multiple opportunities for learning 
focused on the new standards and assessments. 
Conference pre-sessions will be offered Thursday 
afternoon and will provide information, activities, 
and chances to collaborate with other math 
teachers from across the state.  Our annual 
awards reception will follow the pre-sessions, 
and will include complimentary hors d’oeuvres, 
a cash bar, and a chance to celebrate teachers 
who contribute to excellent math instruction in 
Colorado.    

Friday’s full day conference includes concurrent 
sessions from 8:00 a.m.–4:30 p.m.  An exciting 
national keynote speaker has been tentatively 
confirmed! Teachers will be able to choose from 
sessions designed for specific grade bands, as 
well as those targeted at specific learning strands, 
such as supporting all students, coaching, 
formative assessment, technology, and other 
important ideas for teachers. Speaker proposals 

will be accepted via the CCTM website (cctmath.org) 
between April 1, 2014 and June 1, 2014.  

Keep your eye out for more information soon. We look for-
ward to seeing you at the conference!

Joanie Funderburk, Regional Representative and Conference Chair

CCTM 2014 Conference  
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Teachers think they are saving us an 
embarrassment by not calling on us.

Teachers think they are doing us a favor by always 
grouping us together.

Teachers avoid conflicts by ignoring students who 
tease us.

TTeachers give us identical assignments instead of 
accommodations for our needs.

Teachers assume that when we don’t raise our 
hands this means we don’t need help.  They also 
presume that help means translation.

But not calling on us makes us feel invisible.

We like to work together, BUT WE NEED to work 
with all of our classmates.

I can’t ignore teasing. Address it.

We need accommodations to help us meet YOUR 
targets.

WWe need your help—which can mean giving an 
example, explaining the question, defining the 
word, etc.

What ELLs Observe How ELLs Respond

We’ve all heard it—and perhaps even said it—in 
our discussions about effective practices for English 

language learners: That’s just good teaching!  Listening to 
Nora Ramirez describe teachers’ actions that go beyond 
good teaching . . . watching a video clip of an English 
language learner point to the table at which he and his 
partners were working, in response to their teacher’s 

question, Where is your table? about their math solution 
. . . using the guiding questions to plan a mathematics 
lesson specifically addressing the language demands 
of the mathematical task to support English language 
learners . . . I was inspired to face—head on—the 
challenge described on page 1 of Beyond Good Teaching: 
Advancing Mathematics Education for ELLs by Nora 
Ramirez and Sylvia Celedon-Pattichis: “A challenge that 
teachers constantly face is ensuring that the mathematical 
tasks that they pose to students are both challenging and 
accessible to ELLs. To meet this challenge, teachers need a 
multitude of strategies.” This book does just that; it offers a 
wealth of strategies and resources to support students who 
are developing skill in listening, speaking, reading, and 
writing in a second language while learning mathematics.

What do English language learners (students learning 
English as a second language) think, feel, observe, and 
recommend regarding better ways to address their 
needs? The comments below come from high school 
ELLs and, although the students’ comments are not 
specific to mathematics, their observations, feelings, and 
recommendations are profound (p. 5): 

Our role as teachers includes teaching English, 
even when our focus is mathematics. How do you 
teach ELLs to listen, read, write, and speak in English 
without neglecting the mathematics but teaching it 
simultaneously? (p. 6)

The following principles are specific for ELLs to engage 
in mathematics discourse communities that foster 
learning rigorous mathematics. (p. 21)

Guiding principles for teaching mathematics 
to English language learners 

P1.Challenging mathematical tasks: Students at 
all levels of English language development need 
challenging mathematical tasks made accessible 

Reviewed by: Juli Lenzotti

-Book Review 
Beyond Good Teaching—Planning Mathematics 
Lessons with English Language Learners (ELLs) in Mind                                                                                                                                             

-Equity: Math for ALL
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through supports that clarify their understanding 
of the task. Although the tasks may be the same for 
all levels, the teacher actions required for students 
to have access to them and to communicate their 
understanding often differ at each level.

P2. Linguistically sensitive social environment: 
Mathematical learning occurs in a linguistically 
sensitive social environment that takes into 
consideration linguistic demand and discourse 
elements and is characterized by teacher-support: 
ongoing, high-quality interactions that include all 
forms of communication between teachers and 
students and between students and students.

P3. Support for learning English while learning 
mathematics: Facility with the English language is 
acquired when ELLs learn mathematics through 
effective instructional practices, including support 
structures that scaffold students’ language 
development, engage students in mathematics 
discourse communities, make mathematics content 
linguistically comprehensible to them, and assess their 
progress in reaching predetermined linguistic and 
mathematical goals.

P4. Mathematical tools and modeling as resources: 
Mathematical tools and mathematical modeling 
provide a resource for ELLs to engage in mathematics 
and communicate their mathematical understanding, 
and are essential in developing a community that 
enhances discourse.

P5. Cultural and linguistic differences as intellectual 
resources: Students’ cultural and linguistic differences 
in the mathematics community should be viewed 
as intellectual resources rather than as deficits and 
should be used in the classroom to connect to prior 
knowledge and to create a community whose members 
values one another’s ways of engaging in mathematics.

Teacher actions that are imperative for every 
English language earner

Some actions are imperative for teachers to use 
consistently with all English language learners in 
mathematics. The following list (found on pp. 22–24) 
details these indispensable teacher actions and indicates 
in parentheses connections to the relevant guiding 
principles mentioned above. 

A teacher of ELLs:
1. Uses challenging problems and provides access (P1–

P5) by
a. Assessing students’ prior knowledge to 

determine their familiarity with the context of 
a task;

b. Integrating culturally relevant tasks;

c. Planning for the use of a variety of tools and 
mathematical models; and

d. Focusing on students’ understanding of both 
the mathematical and everyday language 
involved in the task by:
•	 Using strategies such as acting-it-out and 

displaying web-based pictures or videos.

•	 Explicitly addressing unfamiliar contexts and 
linguistic structures within the task.

•	 Using manipulatives, diagrams, models, and 
symbolic notations. 

2. Makes grouping decisions based on the cognitive 
demand of the task. Is aware that the higher the 
level of complexity, the more one uses his/her first 
language to think and reason.  (P1, P2) 

3. Carefully sequences activities and tasks to set 
students on a trajectory that continually develops 
facility with language while at the same time 
developing competence with mathematics.  (P3) 

4. Facilitates and guides the mathematical discourse in 
the classroom so that ELLs have the opportunity to 
engage in the Mathematics Discourse Community 
to develop conceptual understanding, and become 
mathematically proficient while simultaneously 
increasing their language proficiency.  (P2, P3) 

5. Structures opportunities that scaffold the complexity 
of the language demands in tasks.   
(P2, P3) 

6. Allows processing time recognizing that there is a 
difference in the mental requirements to speak, read, 
and write a new language.  (P2, P3) 

7. Provides opportunities for students to read and 
write about their mathematics learning, gives 
students written feedback that purposefully focuses 
on mathematical language development, and has 
students revise their writing. (P2, P3) 

8. Uses both rich mathematical contexts and 
sophisticated language as a practice to help ELLs 
advance in their linguistic development and their 
mathematical learning. (P2, P5) 

9. Writes mathematical terms so that they are visible 
in the classroom; explicitly refers to terms and their 
meanings often; and engages students in interacting 
with the visual chart by asking them to read, describe, 
model, and use orally and in writing.  (P3) 

10. Considers the level of cognitive and linguistic 
demands of participating in a new learning 
community and engaging in mathematical tasks and 
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plans for an appropriate amount of processing time.  
(P2) 

11. Facilitates the use of tools (e.g., tables, graphs, cubes, 
calculators, and electronic whiteboards) to enhance 
mathematical discourse and understanding.  (P3, P4) 

12. Consistently makes visual references to 
mathematical models in the environment while 
facilitating classroom discourse and interactions.  
(P3, P4) 
 

13. Highlights distinctions between the meaning 
of terms used in mathematics and everyday life.  
Emphasizes homonyms as needed to develop 
mathematical understanding.  (P2)  

14. Listens to, cares about, guides, and mentors students 
while advocating for their human and education 
rights.  (P2, P3, P5) 

15. Enhances teacher-student interactions by being 
linguistically sensitive and by learning about the 
students’ and their community’s culture, languages, 
differences in dialects, and ways of knowing and 
communicating.  (P2, P5) 

16. Understands the effect that acceptance of the 
student’s language and culture can have on student 
learning.  Explicitly models acceptance and interest 
in the culture and language in order for students to 
have a positive academic identify.  (P2, P5) 

17. Models making sense of written instructions during 
lessons rather than waiting to see these instructions 
on exams.  (P3) 

18. Recognizes that writing in cursive may add to the 
cognitive demands for some ELLs, but not for others.  
(P3) 

Planning a mathematics lesson with English 
language learners (ELLs) in mind

The Principles and Teacher Actions above provide 
a foundation for planning mathematics lessons.  The 
following guiding questions narrow the focus to support 
teachers as they plan a specific mathematics unit or 
lesson(s).

•	What are the big mathematical ideas of the 
lesson?  What will students say or do that shows 
they understand these ideas?  How can these ideas 
be connected to prior mathematical knowledge?  

•	What do ELLs need to understand about the 
context to have access to the problem?  What 

might work to verify that no misleading 
assumptions exist?  What might be connections 
to students’ lives, culture, and/or language?  How 
could this be determined?

•	What specific language may need attention 
so the ELLs can understand the problem and 
develop mathematical understanding?  What 
additional terminology is appropriate?  Are there 
any gestures that can be used?  What terms can 
be written on a chart that displays important 
terminology?  What opportunities will there be 
for students to practice using this terminology 
as they participate in the Mathematics Discourse 
Community?

•	 At what point will the ELLs work alone?  In pairs?  
In groups?  How will the students be groups?  
What is the purpose of that grouping?  How can 
you ensure that students actively participate, 
listen to each other, be respectful and inclusive of 
each other, and use each other as resources?  How 
will students be positioned as competent problem 
solvers?

•	 Are there explicit language and content objectives 
for specific ELLs?  What serves as a foundation 
for these objectives?  How do these objectives 
align with the trajectory planned for the specific 
students?  At what point might it be appropriate 
for the students to rehearse responses or 
presentations?

•	What are different strategies, tools and/or 
representations students might use to complete 
this task?

•	 How will the language demands (listening, 
reading, speaking, writing and representing) of 
the lesson vary?

•	What strategies will be used to assure that the 
ELLs have processing time?  At what point(s) in 
the lesson will this occur?

•	What opportunities are there for the students to 
communicate orally?  In written format?

*  Before working the problem

*  While working the problem

*  During discussion of solutions

*  During closure

By considering the Principles, Teacher Actions, 
and Guiding Questions for Planning, educators 
have opportunities to treat a student’s language as 
a resource—not a deficit—and address much more 
than vocabulary, supporting ELLs’ participation in 
mathematical discussions as they learn English. (p. xvi)
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Celedón-Pattichis, Sylvia and Nora Ramirez.  Beyond 
Good Teaching:  Advancing Mathematics Education for 
ELLs.  Reston, VA:  The National Council of Teachers of 
Mathematics, Inc., 2012.

“English language learners share a basic need—to 
engage, and be engaged, in meaningful mathematics. 
We’ll use guiding principles and instructional tools, 
together with classroom vignettes and video clips to 
consider how we go beyond good teaching to support 
ELLs in learning challenging mathematics while 
developing language skills. 

 Position your students to share the valuable 
knowledge that they bring to the classroom as they 
actively build and communicate their understanding.”

Would you like to hear more from Nora Ramirez and
Sylvia Celedón-Pattichis? Looking for a conference to attend this 
summer?

Check out: Conference TODOS 2014: Mathematics for All (June 
26–28 in Chandler, Arizona). For more information, go to:  
www. todos-math.org

http://www.todos-math.org
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T he Common Core State Standards (CCSS) specify 
a learning path of mathematical topics that begin 

in Kindergarten and build in each grade in a coherent 
and deep way. Students are to understand and explain 
mathematical concepts and operations, and students 
are to become fluent with crucial mathematical 
competencies. Eight mathematical practices (MP) are 
also an important part of the CCSS; these describe 
important aspects of how students should function 
mathematically. 

In this paper I will first overview a framework 
for understanding how teaching can move from 
understanding to fluency with the support of all 
of the mathematical practices. Then I will focus on 
the important Mathematical Practice 4: Model with 
mathematics. Examples of how students model with 
mathematics for the crucial domains of NBT (Number 
and Operations in Base Ten) and OA (Operations and 
Algebraic Thinking) will be discussed. How teachers 
can support such modeling in the classroom will be 
overviewed. This paper focuses on Grades K to 5 because 
it is crucial that modeling gets off to a great start in 
these grades. How modeling changes for older students 
is briefly discussed at the end.

The Classroom as a Math Talk Community
Recommendations of earlier national reports on which 
the CCSS depend can be viewed within the three phases 
of classroom teaching shown in Figure 1. All reports 
including the CCSS emphasize the importance of a 
classroom functioning as a math talk community in 
which students make sense of mathematics and discuss 
and explain their own mathematical thinking.  Coherent 
visual learning supports are vital for the functioning 
of the math talk community.  Description of a math 
talk community and advice from teachers about how 
to build a math talk community are summarized in 
Hufferd-Ackles, Fuson, & Sherin (2014), and in Fuson, 
Atler, Roedel, & Zaccariello (2009). Aspects of such a 
community are described in a webcast where examples 

of math talk are given (Math Talk Community Part 1), 
and examples and discussion of building and extending 
such a community are provided in Part 2 of this webcast 
(Math Talk Part II).
 
For each new mathematical topic, a teacher begins by 
eliciting and discussing student methods (Phase 1). The 
teacher then rapidly moves on to deeper discussions 
in which research-based mathematically-desirable and 
accessible methods are elicited from or made available 
to students.  Students move from their more primitive 
methods to understanding and explaining these Phase 2 
methods.

The eight mathematical practices were formed into 
four pairs and given names. These pairs and names are 
shown in Figure 2. These pairs enable the CCSS teaching 
task to be summarized into a single sentence:  Today 
did I do math sense-making about math structure using 
math drawings to support math explaining? Can I do a bit 
better tomorrow? Use of these mathematical practices 
within the math talk community enables students to 
understand, explain, and eventually become fluent with 
a compact method.

Mathematical Practice 4: Model with Mathematics:
Mathematically proficient students can apply the 
mathematics they know to solve problems arising in 
everyday life, society, and the workplace. In early grades, 
this might be as simple as writing an addition equation to 
describe a situation. In middle grades, a student might apply 
proportional reasoning to plan a school event or analyze a 
problem in the community. By high school, a student might 
use geometry to solve a design problem or use a function to 
describe how one quantity of interest depends on another. 
Mathematically proficient students who can apply what 
they know are comfortable making assumptions and 
approximations to simplify a complicated situation, realizing 
that these may need revision later. They are able to identify 
important quantities in a practical situation and map their 
relationships using such tools as diagrams, two- way tables, 

Karen C. Fuson, Northwestern University

*CCSS Mathematical Practice 4: 
Model with Mathematics

SPONSOR PARTNER FEATURE

Editor’s Note:  Because at times the tables and figures were too large to nicely embed within the text, or references in the article came 
too close together to fit the graphic, the decision was made to use a hyperlink to enable you to toggle back and forth between text and 
table or figure. Clicking on the underlined table or figure within the text will take you to the referenced table or figure. Clicking on the 
underlined matching table/figure will bring you back to the text. The tables & figures are located at the end of the article.

http://www.brainshark.com/hmhsupp/vu%3Fpi%3DzIkzajQvYzBDrqz0
http://www.brainshark.com/hmhsupp/vu%3Fpi%3DzHDzYG1dXzBDrqz0
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graphs, flowcharts and formulas. They can analyze those 
relationships mathematically to draw conclusions. They 
routinely interpret their mathematical results in the context 
of the situation and reflect on whether the results make sense, 
possibly improving the model if it has not served its purpose. 
(CCSS, p. 7)

In Table 1 you can see the content standards from 
each grade that show how MP4 also appears within 
specific standards. These examples are from the major 
problem solving domain, OA:Operations and Algebraic 
Thinking, and from the two major numerical domains, 
NBT: Number and Operations in Base Ten and NF: 
Number and Operations-Fractions.  Other examples 
appear in the standards for these and the other domains. 
These exemplify how central MP4 is in mathematical 
functioning.

Modeling with mathematics requires students to 
mathematize a situation: To focus on the specific aspects 
that are mathematical. Students then represent the 
situation with a math drawing and/or an equation 
or other mathematical form that highlights the 
mathematical relationships involved. This modeling 
requires moving back and forth between the situation 
and the mathematical representation, modeling that 
situation in order to ensure that the mathematical model 
makes sense.

Math drawings or diagrams are crucially important math 
models in grades K to 5. They continue to be summarized 
in Table 2.

MP 4 Modeling for Multi-digit 
 Computations (NBT) 

In the CCSS NBT standards, learning to add, subtract, 
multiply, and divide multi-digit numbers is a sense-
making endeavor in which students develop and explain 
written numerical methods connected to drawings or 
objects. The visual models help students focus on the 
quantities involved (hundreds, tens, and ones) and 
understand the written numerical methods as involving 
different multi-unit quantities, rather than just the 
single digits that students write.  In Figure 3 research-
based visual models I used in classrooms for more than 
ten years are shown on the left followed by written 
methods for each operation. The written methods in 
the middle are Phase 2 methods (see Figure 1 for the 
three phases) that are accessible to students and are 
mathematically desirable. Current Common methods 
are shown on the right. These methods are sometimes 
called standard algorithms, but in fact there is no agreed 
upon single standard algorithm in this country. There are 
written variations of the standard algorithmic approach 
(see the discussion in Fuson & Beckmann, 2012/2013).

Students use MP4—they model with mathemat-
ics—when they make math drawings like those shown in 

Figure 3 or make other visual models that show the place 
value meanings of the digits as quantities of hundreds, 
tens, and ones. Figure 4 shows how useful MP4 is to a 
student explaining her method to her classmates. Such 
mathematical visual models also help her classmates 
understand her explanation and her written method. 
In step a, the math drawings show the hundreds, tens, 
and ones and support students to see that they need to 
add like quantities to each other: hundreds to hundreds, 
tens to tens, and ones to ones. In steps b and c the math 
drawings help students see and understand composing 
ten of a unit to make one of the next larger unit to the 
left. With these visual models, students draw quanti-
ties in 5-groups that allow them to see easily how many 
more they need to make ten. This supports the mental 
method of making a ten that can be used when students 
become fluent and no longer draw the models:  9 + 7 is 
thought of as “7 gives 1 to the 9 to make ten, leaving 
6 to go with the ten, so 16.”  Step d is the final step of 
adding the hundreds. The written method shows three 
1s in the hundreds column to add, but the visual model 
makes clear that two of these 1s come from the original 
hundreds quantities and the bottom 1 comes from the 
composed ten tens.  
 

After an explanation, it is helpful to ask if anyone has 
any questions. Here we can see from the questions that 
the explainer’s classmates paid close attention to her 
explanation, and they looked at how the drawing was 
related to the written method.  
 

When students just begin to participate in a math talk 
community, the teacher will need to model and extend 
student explanations. But many students can explain in 
detailed ways such as you see here. Other students can 
help the explaining be clear with questions or suggested 
edits of explanations. It is helpful for teachers to stand 
at the side or back of the room so that the explainer 
will look at classmates while also looking at the teacher. 
Teachers need to wait while students think and not jump 
in and explain for the student. My teachers call this 

“biting your tongue” and they find that it is very difficult 
to wait for the math talk to emerge. But it will emerge if 
the classroom feels safe and classmates help each other 
explain. We can see how all of the mathematical prac-
tices work together to support each of them.  Students 
improve the math modeling as they explain their reason-
ing and listen to and make sense of math models of other 
students.

MP 4 Modeling for Operations and Algebraic Thinking 
(OA)
The OA standards include the learning paths for single-
digit addition/subtraction in Kindergarten through 
Grade 2 and for multiplication/division in Grade 3. We 
already saw MP 4 in action for OA in the math drawing, 
explanation, and questions when adding 9 ones and 
7 ones to make 16 ones and when adding 5 tens and 
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8 tens to make 13 tens. Children move through three 
conceptual levels in adding. They initially count all of the 
things for both addends, such as counting from 1 to 9 
ones and then continuing the count with the 7 ones as 
10 to 16. But early in Grade 1 children can conceptually 
embed the addends within the total, so they can see the 
9 ones and 7 ones drawn there as embedded within the 
16 total ones. So they can begin the final total count 
by pretending they have already counted the 9 ones 
and then count on the 7 ones.  So the explainer could 
have found her answer and said, “I counted on from 9 
seven more: 9, 10, 11, 12, 13, 14, 15, 16, pointing to 
each of the 7 ones as she counted them within the final 
count of the total or keeping track with fingers or with a 
rhythm.” But this is a Grade 2 addition problem, so many 
students add with the level three make-a-ten method of 
recomposing the given addends into an easier problem: 
9 + 7 becomes 10 + 6. So we can see that MP 4 operates 
for these single-digit operation aspects of the OA 
standards much as it does for the NBT standards 
for multi-digit operations because what students are 
modeling is the units in the quantities.

The other major content for the OA standards is the 
kinds of situations that give meaning to the operations 
adding, subtracting, multiplying, and dividing, 
regardless of the nature of the quantities involved (e.g., 
multi-digit numbers, fractions, decimals, measures). 
These situations are specified by name within the 
standards and are summarized in Tables 1 and 2 on 
pages 88 and 89 of the standards document (Common 
Core State Standards Initiative, 2010).  Each of the three 
types of addition-subtraction problems and each of the 
three types of multiplication-division problems involve 
three quantities. Each of these quantities can be the 
unknown. The types differ in how the three quantities 
are related to each other in the situation in the real 
world.  

Math drawings for all of these situations are shown 
in Figure 5 circle orange. These math models of the 
situations give a sense of each problem type. Addition-
subtraction types are shown across the top, and 
multiplication-division types are across the bottom. The 
grade level at which students begin work with a given 
type is shown at the top right of each drawing. Students 
begin with the easiest unknown and progress toward 
the more difficult unknowns and difficult problem 
language. Students can make their own math models 
for the situation. But I found that as numbers got 
larger, students drew all of the quantities. They instead 
needed help mathematizing the situation to focus on the 
relationships among the quantities. The math drawings 
shown in Figure 5 are the result of ten years of research 
in classrooms identifying and testing out the best 
drawing for each problem type. These math drawings can 
be used for any quantities:  small numbers, multi-digit 

numbers, fractions, decimals, or measures. So they 
provide continuity across the grades as students think 
about, represent, and solve increasingly difficult problem 
situations.

Let us now look at students engaging in MP 4 for 
a difficult type of addition problem, Add To Start 
Unknown. The problem and the math models of three 
second-grade students are given in Figure 6. The student 
at the top left has written a situation equation, labeled 
the parts of the equation to relate them to the parts 
of the situation, and has also drawn quantities to the 
right.  We call this a situation equation because it shows 
the mathematical relations in the situation: We don’t 
know how many Yolanda had to start, so a mystery 
box with no number in it is written first. Eddie took 
7, so – 7 is written next. We know that Yolanda had 5 
left at the end, so the equation finishes with = 5. The 
student can see from the equation that the beginning 
total has been broken apart to make 7 and 5. So adding 
7 and 5 will make that beginning total. These students 
are used to making their math models using groups of 
5, just as in the drawings we saw for the 3-digit addition 
problem. The student drew 5 circles and then 7 circles, 
so he is moving backwards in the equation to make the 
beginning total. The answer 12 is written in the equation 
and on the problem answer space.

The second student math model shown on the top right 
uses the drawing at the top middle of Figure 5 to show 
that the 7 and 5 are put back together. The student also 
wrote this in words below the drawing to explain the 
model. We would need to watch the student explanation 
to see how the student actually added the 7 and 5 to get 
12.

The third student did not represent the situation but 
instead wrote a solution computation. She represented 
the situation mentally, realized that she had to add 
the two addends to make the total, and wrote that as a 
computation. She did label her computation to relate it 
to the situation.

Together these math models show us a lot about how 
students represent and solve word problems. Students 
begin by understanding the situation and then 
mathematize the situation to focus on the mathematical 
relationships. Many students naturally write situation 
equations to represent the problems with the more 
difficult unknowns. Or they might write a situation 
computation to represent the situation, such as a vertical 
subtraction with a mystery box at the top, -7 below, 
and 5 as the answer. Or they might write a break-apart 
drawing to show the total-addend-addend relationships. 
Once students have represented the situation, they 
look at their situation representation to see how to 
solve it to find the answer. For this, it is important 
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that they understand which quantity is the total and 
which quantities are the addends. Students use their 
understandings about these relationships to decide 
which operation to carry out.  

What I have just described is algebraic problem solving. 
To solve an algebra problem, we first understand and 
represent the situation, often with an equation. Then 
we use algebraic techniques to solve for the answer. 
We see that the situated problem solving students can 
experience with the problem types in Figure 5 (those 
in the CCSS) allows them to solve equations without 
knowing the algebraic techniques. We also see that 
students represent and solve a given problem in different 
ways. Seeing the math models drawn and labeled and 
explained by classmates helps students make more 
relationships among the situation and various math 
models. It helps students make equations meaningful 
and understand where the total and addends are in 
various math models including equations. 

One can see the problem solving phases more clearly 
with difficult unknowns such as start unknown. But even 
with the simplest problem situations solved by Kinder-
garten children, students first represent the situation 
and then find the solution. An example Add To Result 
Unknown problem is 3 dogs were barking. Then 2 more 
dogs started barking. How many dogs are barking in all? 
Children may draw 3 circles and then draw 2 more circles. 
This represents the situation. It is now simple to answer 
the question because all of the dogs are represented in 
the math model, and they just need to be counted. But 
the same problem solving steps exist from the beginning 
of problem. Children need to be helped to focus on the 
mathematical aspects of the situation. They may need 
help understanding the problem text. Teachers can sup-
port understanding with actions such as the following:

•	 Act out the situation.
•	 Say it in your own words. 
•	 Tell the situation in different words.  
•	 Ask the same question but use different math 

words (e.g., in all, altogether, the total).
•	 Tell the same situation but about different things.

Children can be successful problem solvers if they use 
one major strategy: Understand the situation, and make 
a math model to help. The math model can be a math 
drawing, an equation, or both. Labeling the math model 
to connect it to the situation is very helpful.

The addition and multiplication comparison situations 
shown on the right of Figure 5 have particularly complex 
language that needs to be learned and practiced. The 
multiplication-division problem types are actually easier 

for many students than the more difficult unknowns 
in the addition-subtraction problem types. The main 
difficulties are with learning all of the single-digit 
multiplications and divisions (see Sherin & Fuson, in 
press, for an overview of such learning). Some 2-step and 
3-step problems can be represented with one equation or 
drawn math model. But some problems are clearer with 
two equations or two or more drawn math models.

MP 4 Modeling for Other Math Domains and for Older 
Students
Geometry uses visual models that are different from the 
quantity and situational models we have been discussing. 
Seeing accurate 2D and 3D models of geometric shapes 
is necessary for students to decompose shapes into 
their component parts to understand and categorize 
them.  Students can sketch math models to help them 
in geometric problem solving, but they also learn how 
to use tools to make more accurate representations of 
geometric shapes and situations. 

Measurement and data modeling involve learning to 
focus on the measure attributes and relationships and 
to use measurement tools and data display tools. Under-
standing length units is crucial for much of this model-
ing. Students are often misled by the numbers on rulers 
and graph scales because these are at the end of length 
units but look as if they are just labeling the point at 
which they occur. Having students slide a finger along 
each length unit as it is counted, or drawing long ovals 
around each length unit, can help students understand, 
use, and make these models accurately.

The meaningful bases for much of later mathematics 
can be built in grades K to 5. Later topics involve more 
complex or abstract problems, relating different math 
concepts, and using technological tools to model these 
more-advanced problems. But the fundamental approach 
to mathematics teaching and learning is still captured 
by our sentence about the four pairs of mathematical 
practices:  Today did I do math sense-making about math 
structure using math drawings to support math explaining? 
Can I do a bit better tomorrow?

Math drawings might now be done on a graphing cal-
culator, but hand sketches as a basis for math modeling 
and thinking still play a role. If teachers support well the 
central role of MP 4 Model with Mathematics within the 
eight mathematical practices in the early grades, stu-
dents can be capable math modelers all of their lives.

Additional Resources
I developed over 10 hours of webcasts to explain the 
CCSS-Math and show visual supports for student 
understanding. The examples come from my research-
based Kindergarten to Grade 6 math program Math 
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Expressions published by Houghton Mifflin Harcourt, 
but these webcasts can be used by teachers using any 
math program. Visual supports are very important in 
the CCSS-Math, so these webcasts can help teachers and 
other educators or parents understand the CCSS-Math 
and how students can be learning in the classroom. You 
can move around within a webcast by clicking on the 
slide titles on the left. MP 4 model with mathematics is 
used frequently in these webcasts to explain CCSS-Math 
concepts. The links to these webcasts are listed under 
Projects on my Northwestern University webpage:
http://www.sesp.northwestern.edu/profile/?p=61 

The following books, developed for teachers by NCTM, 
are also helpful about using math models. Their titles 
refer to the focal point document, but they are consistent 
with the CCSS which extended the focal point document:

•	 National Council of Teachers of Mathematics 
(NCTM) (2009).  Focus in Grade 5:  Teaching with 
Curriculum Focal Points.  Reston, VA:  NCTM.

•	 National Council of Teachers of Mathematics 
(NCTM) (2010).  Focus in Kindergarten:  Teaching 
with Curriculum Focal Points.  Reston, VA:  NCTM.

•	 National Council of Teachers of Mathematics 
(NCTM) (2010).  Focus in Grade 1:  Teaching with 
Curriculum Focal Points.  Reston, VA:  NCTM.

•	 National Council of Teachers of Mathematics 
(NCTM) (2011).  Focus in Grade 2:  Teaching with 
Curriculum Focal Points.  Reston, VA:  NCTM.
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FIGURE 1:   Three Phases of Classroom Teaching 

TABLE & FIGURES 

This figure is an extension of Fuson, K. C. & Murata, A. (2007). Integrating NRC principles and the NCTM Process Standards to form a Class 
Learning Path Model that individualizes within whole-class activities. National Council of Supervisors of Mathematics Journal of Mathematics 
Education Leadership, 10 (1), 72-91.  This model summarizes several National Research Council Reports. 
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Common Core Mathematics Practices

Math Sense-Making about Math Structure using Math Drawings to support Math Explaining 
Teachers observe daily student use of these mathematical practices of desirable behavior.

Math Sense-Making:  Making sense and using appropriate precision
1 Make sense of problems and persevere in solving them.
6 Attend to precision.

Math Structure:  Seeing structure and generalizing
7 Look for and make use of structure.
8 Look for and express regularity in repeated reasoning.

Math Drawings:  Modeling and using tools
4 Model with mathematics.
5 Use appropriate tools strategically.

Math Explaining:  Reasoning and explaining
2 Reason abstractly and quantitatively.
3 Construct viable arguments and critique the reasoning of others.

FIGURE 2:  Pairing the Practice Standards to Better Summarize the Teaching Tasks.

Here is one example from each grade level:

K.OA.2. Solve addition and subtraction word problems, and add and subtract within 10, e.g., by using objects or drawings 
to represent the problem.

1.OA.11. Use addition and subtraction within 20 to solve word problems involving situations of adding to, taking from, 
putting together, taking apart, and comparing, with unknowns in all positions, e.g., by using objects, drawings, and 
equations with a symbol for the unknown number to represent the problem.

2.NBT.7. Add and subtract within 1000, using concrete models or drawings and strategies based on place value, properties 
of operations, and/or the relationship between addition and subtraction; relate the strategy to a written method.

3.OA. 3. Use multiplication and division within 100 to solve word problems in situations involving equal groups, arrays, and 
measurement quantities, e.g., by using drawings and equations with a symbol for the unknown number to represent the 
problem.

4.NBT. 5. Multiply a whole number of up to four digits by a one-digit whole number, and multiply two two-digit numbers, 
using strategies based on place value and the properties of operations. Illustrate and explain the calculation by using 
equations, rectangular arrays, and/or area models.

5.NF. 4. Apply and extend previous understandings of multiplication to multiply a fraction or whole number by a fraction. 
a. Interpret the product (a/b) x q as a parts of a partition of q into b equal parts; equivalently, as the result of a sequence 
of operations a x q ÷ b. For example, use a visual fraction model to show (2/3)x 4 = 8/3, and create a story context for this 
equation. Do the same with (2/3) x (4/5) = 8/15. (In general, (a/b) x (c/d) = ac/bd.)

Table 1. Model with mathematics appears in many central standards
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Math drawings are simplified drawings that show quantities (e.g., 238 or 6 dogs) and relationships in simple ways 
(e.g., drawing 2 hundreds-squares, 3 tens-sticks, 8 circles for 238 or drawing 6 circles for the 6 dogs).

•	 Young children aged 2 through kindergarten benefit from using physical objects to show mathematical ideas. But 
they also need experience with 2-D representations on paper (like math drawings) to help understanding pictures 
and drawings in books. 

•	 Manipulatives are important for introducing some math ideas for older students (e.g., making fraction strips by 
folding unit fractions). 

•	 But many ideas beginning in grade 1 benefit from having students make math drawings and relate the drawings 
to the formal math symbols.  

Many students take pride in their math drawing creations and use care in making and in editing their drawings. They 
have a product at the end of their solution.

Student math drawings of problem situations and/or solution methods can be made or reflected onto the classroom 
board or wall so that everyone can see them.  They enable students to explain their thinking more clearly and explicitly 

•	 by pointing to parts of their drawing as they explain; 
•	 by labeling parts of the drawing to relate those parts to the problem situation;
•	 by using an arrow or other means of relating a step with quantity drawings (e.g., making 1 new ten from ten 

ones) to that same step in the numerical method (e.g., writing the new 1 ten in the tens column). 

These aspects enable listeners to understand because of the relating of hearing and seeing.

Math drawings are windows into the minds of students that allow teachers to understand student approaches and 
errors on homework and classwork. They enable teachers to do continual assessment for instruction. Teachers can 
always follow up on a math drawing by asking a student to explain it, but this frequently is not even necessary to 
understand student thinking.

Math drawings remain after the problem is solved and can be a record of the whole action, whereas actions with 
manipulatives may be over by the time the teacher gets to a particular group or only show the current step. The teacher 
can collect math drawings made on paper after class to reflect on student methods shown that day. This cannot 
happen with manipulatives.

Math drawings are easier to manage than are manipulatives. They are not dropped on the floor, thrown at other 
students, lost, mixed up, taken from the school by last year’s teacher, or lost during summer school.

Table 2.  Advantages of Student Math Drawings of Problem Situations and/or Solution Methods
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FIGURE 3:  Written Variations of the Standard Algorithms
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FIGURE 4: Using Visual Models to Explain One’s Thinking 
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FIGURE 5: CCSS Addition (top row) and Multiplication (bottom row) Word Problem Situation and Math Expressions 
Diagrams for Each
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FIGURE 6: Second Graders Modeling of a Situation Equation
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 B eginning next year, students in the state of 
Colorado will be taking the PARCC assessments. As 

we work to prepare our students for these assessments, 
and more importantly to use mathematics to solve the 
problems they encounter in the world, the practice of 
modeling will be critical.  

The basic modeling process is described in the 
Colorado Academic Standards on pages 15–16 of the 
high school mathematics standards. Whether you teach 
kindergarten or calculus, these two pages are worth 
a careful read. The modeling process described is the 
basis by which students can develop models for simple 
additive situations or more complex trigonometric 
situations.  

As you familiarize yourself with the modeling process, 
the Performance Level Descriptors from PARCC provide 
a grade level specific, holistic rubric of the process. 
Subclaim D describes how students at each grade level 
might apply the basic modeling process to real world 
situations and grade level appropriate scaffolding. For 
example, students at the high school level need to not 
only determine the best model for a given situation, but 
also identify and define the key variables in a situation. 
Fourth graders, on the other hand, might have the 
key variables defined for them, but would still need to 
formulate an appropriate model.   

In addition, it may be helpful to examine the type 
III sample test items for several grade levels. The 
rubrics for these items are analytical and show how the 
modeling process will be assessed. As you build your 
bank of modeling resources, I recommend examining the 
California Mathematics Project for both K–8 and high 
school resources designed for teachers and students.  

As the quote by Dr. Stanley Gudder reminds us, the 
essence of mathematics is to make the complicated 
things simple, and modeling is at the heart of the 
simplification process.    

Colorado District Sample Instructional Units
On March 31st CDE will release full instructional 

units based on the Colorado Academic Standards. Over 
100 full instructional units from all ten content areas, 
authored by teams of educators representing Colorado 
school districts, will be posted on the CDE Standards 
and Instruction website. These units will include learning 
experiences, teacher and student resources, assessment 
ideas, and differentiation options. Based on select unit 
overview samples, there will be one unit for each grade 
(K–8) mathematics; and one Algebra I unit and one 
Mathematics I unit at the high school level.

If you have any questions or comments please feel free to 
email me at: pittman_m@cde.state.co.us

Mary Pittman, Mathematics Content Specialist, Colorado Department of Education

*Model with Mathematics

– Dr. Stanley Gudder

COLORADO DEPARTMENT OF EDUCATION 

❝The essence of mathematics is not to 
make simple things complicated, but to 

make complicated things simple.❞

http://www.parcconline.org/parcc-assessment
http://www.cde.state.co.us/sites/default/files/documents/comath/documents/math_hs.pdf
http://www.parcconline.org/plds
http://www.parcconline.org/samples/item-task-prototypes
http://www.parcconline.org/samples/item-task-prototypes
https://www.sites.google.com/a/cmpso.org/caccss-resources/home
http://www.cde.state.co.us/standardsandinstruction
http://www.cde.state.co.us/standardsandinstruction
mailto:pittman_m%40cde.state.co.us?subject=pittman_m%40cde.state.co.us
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One of the mathematical 
practices in the Common 

Core mathematics standards 
is to Model with Mathematics. 
Even though all the practices 
are related to each other and 
connected to the content, 
the Common Core authors 
provided a possible structuring 
of these mathematical practices 
(http://commoncoretools.
me/2011/03/10/structuring-the-
mathematical-practices/). In 
this structuring, mathematical 
practices 4 (Model with 
Mathematics) and 5 (Use 
Appropriate Tools Strategically) are grouped together to 
highlight the use of mathematics learned in problem 
solving. This particular idea can be observed in the 
wording of mathematical practice 4: “Mathematically 
proficient students can apply the mathematics they know 
to solve problems arising in everyday life, society, and 
the workplace. […] a student might apply proportional 
reasoning […] a student might use geometry to solve a 
[…]” (CCSSI website http://www.corestandards.org/Math/
Practice/MP4)

In addition to applying prior knowledge to everyday 
problems, this practice also highlights the importance 
of making assumptions, using multiple representations, 
making revisions, and drawing conclusions that are 
appropriate to the situation. In this article I share 
some ideas that I implemented in my college courses 
and in-service professional development sessions to 
engage the learners to practice these highlighted ideas. 
More precisely, I present a task that is modified from 
a ‘traditional’ word problem, and highlight how such 
modifications possibly help the implementation of the 
Model with Mathematics practice. 

Task 
I believe it is very important to provide an appropriate 

task in order to engage learners to model with 
mathematics. The task needs to be related to learners’ 
lives, and to situations they could potentially encounter 

or could relate to with their experiences (in 
school or at home). While this facilitates 
student motivation, it is also important 
to have an appropriate level of challenge 
(requiring higher cognitive demands). 
There are many resources that connect 
the mathematical practices with the 
content standards for appropriate grade 
levels. Some of these resources are the 
Mars website (http://map.mathshell.org/
materials/stds.php#standard1164); the 
Illustrative Mathematics project (http://
www.illustrativemathematics.org/); and 
the Inside Mathematics website (http://
www.insidemathematics.org/index.php/
standard-4). Furthermore, Dan Meyer 

(http://blog.mrmeyer.com/) provides ideas on how to 
create rich tasks to promote higher-cognitive skills that 
may be lacking from traditional textbooks. 

 As you read the task below, you might first 
think that it is a typical story problem asking students 
to graph a situation (or translate from a verbal 
representation to a graphical one). However, once you 
start working on the task, you notice that there is 
missing information. Before reading further, I suggest 
that the reader work on the task:

Your friend is curious about how much she 
exercises during her daily walk with her dog. You 
suggest that using graphical representations 
of distances and times could help her. To 
demonstrate your idea, you suggest graphing 
her recent walk: Your friend went for a walk with 
her dog on a beautiful Saturday morning. For 
the first ten minutes, they strolled along together 
peacefully, 4½ blocks down the road, until the 
weather changed drastically and it started to 
snow. They stopped for a minute to decide if your 
friend needed her coat. She decided that they 
could speed up and continue their walk since it 
was not too cold. They walked for another three 
blocks when another dog jumped out in front of 
your friend and her dog. The dogs started to chase 

Gulden Karakok, Assistant Professor, School of Mathematical Sciences, University of Northern Colorado

*Modifying Tasks to Promote the    
Model with Mathematics Practice

FROM COLLEGE TO THE CLASSROOM

http://commoncoretools.me/2011/03/10/structuring-the-mathematical-practices/
http://commoncoretools.me/2011/03/10/structuring-the-mathematical-practices/
http://commoncoretools.me/2011/03/10/structuring-the-mathematical-practices/
http://www.corestandards.org/Math/Practice/MP4/
http://www.corestandards.org/Math/Practice/MP4/
http://map.mathshell.org/materials/stds.php#standard1164
http://map.mathshell.org/materials/stds.php#standard1164
http://www.illustrativemathematics.org
http://www.illustrativemathematics.org
http://www.insidemathematics.org/index.php/standard-4
http://www.insidemathematics.org/index.php/standard-4
http://www.insidemathematics.org/index.php/standard-4
http://blog.mrmeyer.com
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each other for two minutes: they went forward 
and back, forward and back about a block each 
time, before the owner of the other dog found 
him to take home. It took your friend and her 
dog another three minutes before your friend 
could persuade the dog to go back. By that time, 
they were late for lunch and hurried back home 
arriving breathless 35 minutes from the time that 
they set out.

As you finish reading and working on this problem, 
you will notice that, unlike traditional mathematics word 
problems, the problem statement does not appear at 
the end with a question mark. The problem is asking to 
translate the given verbal information into a graphical 
representation, as stated in the second sentence. This 
ambiguity was deliberate so that students have to reread 
the problem, start talking to each other, and discuss how 
to approach the task. Furthermore, the problem does 
not explicitly state what to graph; the students could 
choose to graph what they think is appropriate. For 
example, students could choose to plot a distance versus 
time graph with two possible options: (1) total distance 
travelled or (2) distance from home. This particular 
aspect of the task helps students to evaluate each other’s 
graphs and identify important aspects in the given 
context. In other words, it helps students to “routinely 
interpret their mathematical results in the context of the 
situation and reflect on whether the 
results make sense,” as stated in the 
Modeling Practice.

Another aspect of the task 
is that it is ‘ill-defined’ due to 
the fact that the task is written 
in a way so to have missing 
information (either distance 
or time), and forces students to 
find the different speeds to make 
reasonable assumptions that are 
appropriate for the missing parts 
of the problem. For example, when 
students read: “She decided that 
they could speed up and continue 
their walk since it was not too 
cold. They walked for another three 
blocks…,” they realize that they 
need to figure out how long it 
will take to walk another three 
blocks, but faster then strolling. 
They need to incorporate the 
previous information of strolling 
10 minutes for 4½ blocks to decide 
a reasonable faster walking speed. 
Some students would use the same 

“strolling speed” or make a random guess of the time. In 
such situations the teacher’s actions become crucial to 
create a discussion on making appropriate assumptions. 

Some guiding questions that I use are: Is your assumption 
reasonable when compared to the first part of your graph? 
What would be your friend’s walking faster speed if it takes 
them 10 minutes to stroll 4½ blocks? How do you show these 
different speeds on your graph?  

This task at first glance is not very different from a 
traditional textbook one, and you can create a similar 
task by removing some of the information given 
in a textbook problem to allow students to make 
assumptions and discuss which assumptions are 
appropriate in the given context. 

Once students finish their graph (either graphing total 
distance travelled or distance from home over time), 
the discussion of which graph is more appropriate to 
answer, “How many total blocks did your friend walk?” 
Furthermore, discussions on how to graph “they went 
forward and back, forward and back about a block each 
time,” and why the graphical representation of this part 
looks different on the different version of the graphs, 
highlight what mathematical relationship is analyzed 
and represented in each graph.

In addition to engaging the learners in making 
assumptions, establishing and making connections 
between representations, evaluating and reflecting on 
one’s and other’s work, and drawing conclusions, this 
task is connected to the content of linear functions 

and understanding and 
interpreting the meaning 
of slope and its properties 
(e.g., positive versus negative 
slope, and meaning of 
constant slope). The Finding 
Our Top Speed activity 
(NCTM, Illuminations 
webpage–http://
illuminations.nctm.org/
Lesson.aspx?id=1011) or the 
Lines and Linear Equations 
lesson (Mars materials, 
http://map.mathshell.
org/materials/lessons.
php?taskid=440#task440) 
could be used as an 
introduction to the 
relationship between 
distance, walking speed, and 
time, and to the concept 
of slope in this particular 
context, prior to the Walking 
the Dog task. 

Note: I would like to thank Dr. Corinne Manogue at Oregon State 
University who created the original version of this task, Walking 
the Dog, and graciously shared it with me to implement in my 
classrooms.

http://www.illustrativemathematics.org
http://www.illustrativemathematics.org
http://www.illustrativemathematics.org
http://map.mathshell.org/materials/lessons.php?taskid=440#task440
http://map.mathshell.org/materials/lessons.php?taskid=440#task440
http://map.mathshell.org/materials/lessons.php?taskid=440#task440
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I am a junior in college and have wanted to become an 
elementary teacher since I realized teaching as my path 

toward making meaningful change in the lives of others. 
Some of the people who have been most influential and 
positive motivators in my life have been teachers. I am 
forever grateful to one of my 8th grade teachers, who 
showed me a profound message through his teaching 
which: prioritizes meaningful learning through hard and 
effortful work, focuses on building relationships with 
those near and far, and creates learners who are prepared 
to face personal and world dilemmas with the appropriate 

attitude. So 
personally influenced 
by this teacher, who I 

feel I owe most of my 
academic perseverance 

and success to, I intend 
to carry forward these same 
notions in my own teaching. 
Working closely along some 
of the most experienced, 
compassionate, and successful 

teachers in my college years, 
I have grown to accept the 

opportunity of teaching as a 
means to fulfill my due to society 

through imparting powerful 
lessons in academia and ethical 
morality to my students.  

I attended an elementary school that encouraged and 
believed in the importance of a math curriculum that 
was based in conceptual understandings of math. Until 
last month, I never learned how to be proficient in the 
algorithmic ways of addition, subtraction, multiplication, 
and division: the rules and steps of this way had no 
personal meaning or connection in my brain. Rather, 
when faced with such a math problem, I always returned 
to the strategy I found most comprehendible, which was 
manipulating numbers into simpler, base ten forms. 

 
After learning the 
algorithmic procedures for various 
problems, already having a conceptual understanding 
of the operations that these procedures carry out, I 
was able to justify and comprehend why each step is 
mathematically correct. I then wondered how important it 
is to know the algorithmic formulas and their rules. After 
all, I believe the only benefit of the algorithmic procedures 
is efficiency. The problem with this is that students who 
often take the more efficient way are at more risk of 
making a mechanical error in a single step that may throw 
off the rest of their answer. Therefore, if teachers are able 
to encourage conceptual and meaningful understanding 
of operations and numbers prior to introducing 
algorithms, students will be better prepared to succeed 
with math in future classes and the rest of their lives.

Sam I Am: My Journey to Learning Algorithms
Samuel Friedman, Colorado College
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 In my elementary years, I built my mathematical 
computation skills on strong foundations of base ten 
understanding. For example, my elementary math mind 
would compute a division problem such as 463 ÷ 17 
through the following steps: 

 
1. 463 ÷ 17 = (400 ÷ 17) + (60 ÷ 17) + (3 ÷ 17). 
2. In order to then compute these pieces of the 

problem, I would add base ten (ones, tens, 
hundreds, etc.) multiples of the denominator, until I 
reached the closest value to the numerator.
a. For example, in computing 400 ÷ 17, I know 

that 17 x 10 = 170; therefore  
17 x 20 is 170 + 170 = 340; 17 x 23 is (17 x 20) 
+ (17 x 3), which equals 340 + 51, or 391. So 
twenty-three 17’s will go into 400, leaving a 
remainder of 9. 

b. Following the same procedure for 60 ÷ 17, I 
know that 17 + 17 + 17, or 17 x 3 = 51; so there 
are three 17’s in 60 with a remainder of 9.

c. Simple number sense tells me that 17 does not 
go into 3 at least once, so 3 ÷ 17 can be viewed 
as zero 17’s with a remainder of 3. 

3. Going back to (400 ÷ 17) + (60 ÷ 17) + (3 ÷17), 
I can add the multiples of 17, and then the 
remainders I found through computing these base 
ten pieces. Therefore, 463 ÷ 17 = 23 + 3 + 0, with a 
remainder of (9 + 9 + 3) or 21.

4. This remainder of 21 can then be divided by 17 to 
equal 1 remainder 4.

5. Adding up what I have: (23 + 3 + 0 + 1) + a 
remainder of 4 gives me 27 r 4.

6. Therefore, 463 ÷ 17 = 27 r 4. 

In considering my own past experience in math and 
the success it has provided me in deepening my content 
knowledge as a teacher candidate, I feel it is important 
that educators teach math conceptually. We all must be 
aware of the importance of teaching math in a way that is 
conceptual and open to individual interpretation, so as to 
not compromise the potential of a student’s ability to excel 
in math. Through prioritizing conceptual problem solving 
strategies that provide meaning to numbers through a 
myriad of representations and manipulations, as opposed 
to procedural and “rule” following algorithms, our 
students will be better prepared to apply their knowledge 
to future problem solving at classroom, community, and 
world levels. 
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E ven after 15 years of teaching Math for Elementary 
Teachers courses to college students, I still find 

myself surprised that many of my students do not know 
what factors and multiples are. It concerns me that they 
went through K–12 mathematics coursework without 
a solid grasp of these basic terms. They all took some 
sort of algebra course, in which they undoubtedly did 
a lot of factoring of expressions, all without a sound 
understanding of why that process is called factoring, and 
why the resulting quantities are called factors.

As with other mathematical words, I try to provide 
meaning for my students, drawing sometimes on the 
etymology of the words, pointing out similar words 
in other languages with which my students might be 
familiar (usually Spanish), and sometimes making 
connections to other uses of the words, in everyday 
English language, that the students might know.

For example, the word quotient is quite peculiar to 
most students when they first encounter it. In fact, it 
seems to some as nothing more than a random collection 
of letters to be memorized and pronounced correctly. 
Just a quick look in a dictionary, though, shows that the 
word comes directly from Latin, and literally means “how 
many times.” There is also a connection between the 

“tient” portion of the word and the Spanish word tiempo 
and the French word temps, both meaning time. Our 
English words tempo and temporal also come from the 
same Latin root.

Staying with the operation of division, why do we use 
the word divide to describe that mathematical operation? 
Again, it takes just a few seconds to find out that the root 
of the word, videre in Latin, means “to separate.” This 
same root gives us the English word widow.

Factor comes from the Latin word facere, meaning “to 
do” or “to make.” Our English words fact and factory 
share this origin. Product comes from the Latin word 
productum, meaning “something made.” The Spanish 
and French words for factor and product are very similar 
to the English ones. We also use factor and product in 
other contexts. For example, we might say, “One factor 
that contributes to student success is regular class 

attendance,” or “This student’s success is a product of 
her fluency with numbers and her insatiable curiosity.” 
Connecting the mathematical meanings of the words to 
uses in other contexts help students develop meaningful 
understandings of the terms. The word multiple is 
also commonly used in many contexts other than 
mathematics. The beginning, multi, means many. Of 
more interest to me is the root of the suffix of the word. 
It comes from the Latin plus, meaning fold. This root also 
gives us the English word ply. Some of my students who 
may have experience with fiber arts know that plying 
various strands of yarn together makes for a stronger 
yarn. Many of my students are rock climbers and are 
familiar with climbing ropes that are plies of individual 
strands. Still other students may be familiar with the 
term plywood. This gives us the sense that the word 
multiple means “many numbers folded together.” I am 
certain that helping students develop sensible (to them) 
meanings of mathematical terms (and connections to 
other words and concepts they already know) results 
in an increased level of comfort with the terminology 
and an increased likelihood that they will remember the 
terms and use them appropriately.

Once I provide students with these layers of meaning 
for the mathematical terms factor, product, and multiple, 
we then turn our attention to using these terms correctly 
while exploring elementary number theory concepts.

Most of the students come to my course believing 
that they understand the operations of multiplication 
and division. They can all answer correctly if I ask if 4 
goes into 24. If I follow up by asking, how many times, 
again they can answer correctly. (They assume that 

“goes into” means that there is no remainder. I start by 
using the terminology that they are accustomed to from 
elementary school.) But if I ask if 49 goes into 49 · 71, I 
get fewer answers, and still fewer correct ones. Once we 
agree that the answer is “yes,” I might follow up with, 
how many times? Often, their response is “once.” The 
fog thickens if I ask if 49 goes into  26 · 57 · 715 · 133.
This kind of confusion—and I have seen it in my classes 
semester after semester—has led me to believe that 
many students do not really have a solid understanding 
of factors and multiples. After many attempts to help 

Pamela K. M. Smith,  Associate Professor, Fort Lewis College, Durango, Colorado.

Exploring Elementary Number Theory 
(and some Etymology!) with Pre-Service Elementary Teachers

IN THE FIELD
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students with these misconceptions, I came up with 
an activity in which these ideas are explored. It is 
introduced after we have studied the ideas of prime 
numbers, prime factorizations, and divisibility rules. A 
sample worksheet is included in Figure 1.

We start this way:
Suppose d = 216.311.75.1312.194.2310.  p, where p is prime and p > 23.

It takes some coaxing to convince students that they 
need not be worried that they don’t know the values of 
p or d and that d is quite an unwieldy number. (Indeed, 
this is one theme that recurs in my Math for Elementary 
Teachers courses—that students need to get past 
their initial reactions of discomfort with unpleasant 
numbers.) Part of the goal of this exercise is to have 
students realize that they can say a lot of things about p 
and d, even though they 
don’t know their values. 
Students are asked to 
examine statements 
relating to the initial 
supposition and to 
determine whether each 
statement is true or false. 
I purposely make use of 
language to which they 
might be accustomed 
(“p goes into d”), but 
also use more formal 
terminology (“p is a 
factor of d”). Additionally, 
connections are made 
with ideas that students 
might remember from 
elementary school (e.g., 
If we count by 7s, we will 
get to d exactly).

Because students do 
not know the values 
of p or d, and because 
d is written in an 
unfamiliar way, they 
often get tripped up 
when identifying which 
value (p or d) goes into 
the other. Students need 
to proceed through the 
statements carefully 
and thoughtfully. We 
usually first do this as a 
whole class activity, with 
a lot of discussion. Next, 
they might do a similar 
activity in small groups—
again, with a lot of active 

discussion and vigorous debate. Similar exercises are 
given as homework assignments.

An exploration of the meanings and origins of the 
words of multiplication, followed by tackling and 
struggling with this activity, help my students build 
a deeper grasp of multiplicative relationships and 
elementary number theory concepts that they need in 
order to help their future K–6 students develop sound 
understandings of multiplication concepts.

Note:  
Your feedback about this article or the worksheet referenced 
therein is most welcome. You can contact me at  
smith_p@fortlewis.edu.

 

mailto:smith_p%40fortlewis.edu?subject=smith_p%40fortlewis.edu
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A   challenge facing both teachers and students is 
how to meaningfully connect the Common Core 

State Standards for Mathematics, the Common Core 
State Standards for English Language Arts, and the Next 
Generation Science Standards (NGSS). A first step in this 
direction is to look at the type of practices advocated for 
students in mathematics, language arts, and science:

A group of DPS teachers participated in a professional 
development activity in which they were asked to 
analyze these practices. In small groups, teachers were 
given cards with each of the practices color-coded by 
content and the Venn diagram shown below. Teachers 
were asked to place each card in the appropriate place, 
showing any overlap between practices in the content 
areas.

Next, groups posted their work and used a gallery walk 
to see what others had come up with. After the activity, 
we discussed the implications that these overlaps have 
for both teachers and students. One benefit is coherency 
across content areas: students will hear the same 
language in language arts, mathematics, and science—
which is crucial for our English Language Learners. We 
also discussed the implications for teachers: should there 
be cross-curricular planning? A benefit of this would be 

that teachers would intentionally plan for the common 
language that students use in classrooms, perhaps using 
common sentence frames to guide students’ discussions 
and writing. With these common practices, we see 
the need for students to engage in listening, speaking, 
reading, and writing.  

Literacy is now more than ever a shared responsibility. 
As we move forward, we need to intentionally plan 
around the language used to communicate and critique 
information, ideas, and concepts in mathematics, 
language arts, and science classrooms.

Jennifer Yacoubian, Coordinator, ELA Math and Science, Denver Public Schools (DPS)

Making Connections among  
Mathematics, Science, and English Language Arts

IN THE FIELD
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Classroom routines are the 
foundation of any classroom, building 

structure, predictability, and comfort for 
students and teachers. More importantly, 
consistently used routines can make student 
learning easier and increase achievement. 
The master and novice teacher could 
benefit from High-Yield Routines (McCoy, 
Barnett, Combs, 2013). This light read 
provides numerous ideas for implementing 
structure into any mathematics classroom. 
Each chapter provides the reader with 
multiple examples of how to use the routine 
including: assessment techniques, student 
work samples, and connections to the CCSS 
Math practices.

One of our favorites is chapter five: 
Quick Images. The examples provided in this chapter 
show how the Quick Images routine can be implemented 
in grades 1–6. In the 1st and 3rd grade examples, 
students are quickly shown an arrangement of dots, 
asked to identify how many dots they see, and told 
to explain how they know. By creating opportunities 
for students to subitize, they can strengthen their 
knowledge of order in relationships, which allows them 
to develop more sophisticated counting techniques.
(p.47) A 6th grade example is also provided showing a 
geometric shape, asking students to draw and explain 
what they see. Other uses of the Quick Image routine 
may include geometric shapes, graphs, or other algebraic 
representations to encourage students to “analyze those 
relationships to draw conclusions” (CCSS-M.MP.4). The 
limitations of the Quick Image routine lie only within the 
limits of one’s own creativity, offering opportunities in 
all grade levels, mathematical domains, and topics.

Examples of Quick Images:

Highlighted here is only one of the 
routines demonstrated in High-Yield 
Routines. As a part of this book study, 
we would like to ask that you share 
your favorite routine, implementation 
strategy, and success in the classroom. 
Although this book is targeted for K–8, 
these routines offer great flexibility 
with opportunities to include modified 
versions of many of the routines in any 
grade level. Please join us at  
comath.ning.com to join our book 
discussion and share your lessons with 
other Colorado educators.

Sneak Peek: 
Chapter 4: The Number Line.
.... “The number line is a powerful, 

coherent, and unifying model that maybe used across 
multiple grade levels to develop number sense and 
computational proficiency” (p. 32)....

Example: Fifth grade students finding 3/5 on a 
number line and explaining.

Reviewed by Cassie Gannett and Christy Pruitt , CCTM Regional Representatives

 *High-Yield Routines
THE CCTM BOOK CLUB

http://comath.ning.com
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The Colorado Council of Teachers of Mathematics is proud to do our part in recognizing outstanding teaching 
and leadership in mathematics in the state of Colorado. Each year, CCTM honors math teachers and leaders 
(from each of our seven regions) who display excellence in their craft. Each of the awardees will be recognized 
at an awards reception on September 25, 2014 and receive $200, a plaque, one-year CCTM membership, and 
complimentary conference registration for that year.

Here’s how the process works:

1. Nominate by April 30! Access nomination forms on our main website, and check out the accomplishments of 
our 2013 winners at: http://www.cctmath.org/page/awardees2013.htm  

2. May 10 – Nominees are contacted with an application packet.
3. June 30 – Completed applications are due.
4. July and August – Applications are reviewed.
5. September 1 – Awardees are informed.
6. September 25–26 Celebration!  Awardees are honored at the CCTM Conference. 

Please help us by sending your nominations for excellent teachers and leaders from your district or community. 

Fast Connections

RECOGNIZE OUTSTANDING MATHEMATICS 
TEACHING AND LEADERSHIP    

Rachel Risley, Awards Chair

SPRING ELECTION 2014    
Stacy Larson, Elections Chair

Check out the CCTM website, where you will find an expanded version of the announcements 
or important information listed below.

Spring Election 2014
Stacey Larson, Elections Chair

The time has come for CCTM elections. Here is the slate of candidates for 
the open positions:

•	President – Joanie Funderburk 
•	Vice President – Shelly Parsons
•	Secretary – Julie Schmalz
•	NCTM Representative – Angela Calvin, Janet Oien, and Thomas 

Sullivan
•	Region 1 Representative – Joseph Bolz and Ann Summers
•	Region 4 Representative – Cindy Ritter
•	Region 7 Representative – Cassie Gannett  

Check out the CCTM website to learn more about each candidate, their 
experiences, and why they want to be a part of the Board. Then vote 
on-line!

Elections will run from April 1st to April 20th.  

http://www.cctmath.org/page/awardees2013.htm

