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Abstract. The flux of vorticity from a piston-cylinder vortex generator is commonly approximated using a model in which the fluid efflux is treated as a uniform slug of fluid with
negligible boundary layer thickness. Shusser et al. (2002) introduced a correction to the slug
model that accounts for boundary layer growth within the cylinder. We show that their implemented boundary layer solution contains an error, leading to an underestimate of the calculated
boundary layer growth. We present a corrected model that agrees more closely with experimental measurements of starting jet vorticity flux and vortex ring core thickness.
Key words: boundary layers, slug model, vortex rings, starting jet, vorticity flux

1 Introduction
When describing the formation of vortex rings from a piston-cylinder apparatus, a slug model for the fluid
efflux is often utilized. It is assumed that the starting jet possesses a thin boundary layer so that the velocity
at the edge of the boundary layer is approximately equal to the piston velocity [5]. The vorticity flux can then
be computed as
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where the integration is taken in a meridian (x, y) plane across the boundary layer, Γ is the circulation in the
flow, ωφ is the azimuthal component of vorticity, u is the axial fluid velocity component, and Up is the piston
speed.
A substantial discrepancy has persisted between empirical measurements of vorticity flux in pistongenerated starting jets and theoretical models based solely on parameters of the vortex generator. These
models commonly underestimate the vorticity flux by up to 40 percent at large piston stroke length-todiameter ratios. A portion of the inconsistency between the slug model of vorticity flux and laboratory
measurements can be attributed to boundary layer growth at the inner surface of the cylinder during fluid
ejection. As the boundary layer grows, fluid continuity demands a concomitant increase in the jet velocity
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Fig. 1a,b. Comparison of slug models of vorticity flux with DPIV measurements. (a) L/D = 4; (b) L/D = 12

from the piston to the nozzle exit plane of the vortex generator. To incorporate this effect in the slug model,
Shusser et al. (2002) implemented a Rayleigh–Stokes solution for an infinite plate in the following form:


y
u = Up erf √
,
(2)
νt
where ν is the kinematic viscosity of the fluid and erf is the error function. Using this velocity profile and the
continuity equation, the jet velocity at the nozzle exit plane Ue is given by

 
L
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Ue = Up 1 + √ √
,
(3)
π Re D
where L is the piston stroke length, D is the nozzle exit diameter, and Re is the Reynolds number based on
the piston velocity and nozzle exit diameter. The exit velocity in (3) then replaces the piston velocity in the
slug model equation (1).
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2 Revised correction
Closer examination of the boundary layer correction by Shusser et al. (2002) reveals that the implemented
solution in (2) above is not a solution to the boundary layer equations. To be sure, the source which they cite
for the solution includes an additional factor of two in the denominator of the error function [4]:


y
u = Up erf √
.
(4)
2 νt
Equation (4) is a solution to the boundary layer equations, and implementing this in favor of (2) results in
a small but crucial correction to (3) above:
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,
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where the second term in parentheses has increased by a factor of two.
Figure 1 plots the circulation growth predicted by this new correction, along with the classical slug
model, the errant correction, and experimental data. The slope of the new curve – the vorticity flux – is very
nearly matched to experimental data measured using digital particle image velocimetry (DPIV, cf. [7]) at
piston stroke length-to-diameter ratios of 4 and 12. The deviation from experimental data at later times for
the stroke ratio of 12 is due to breakdown of the assumption that the boundary layer thickness is negligible
relative to the curvature of the cylinder. This assumption was necessary for development of the analytical
model, but neglects the accelerated growth of the boundary layer (and concomitant increase in exit fluid velocity) due to the cylinder curvature. Indeed, an accelerated increase in vorticity flux at longer stoke lengths
is apparent in the change of slope beyond stroke length-to-diameter ratio 8.5 (i.e. time T > 3.8 s) in Fig. 1b.
The revised correction additionally affects the predicted non-dimensional Norbury (1973) vortex core
thickness  of fully-formed vortex rings after pinch-off [1]. Specifically, the revised correction shifts the
curves in Fig. 10 of Shusser et al. (2002) upward, so that the core thickness consistent with the vortex ring
formation number is reduced by 25 percent, to 0.3. This is in agreement with the experimental results of
Gharib et al. (1998).

3 Conclusions
An important correction to the slug model boundary layer correction proposed by Shusser et al. (2002) has
been discovered. The new result significantly improves agreement with experimental measurements of starting jet vorticity flux and vortex ring core thickness. The observed overestimation of vorticity flux by the
revised correction at early times is related to the dynamics of flow initiation, during which nozzle exit overpressure has been observed to play an important role [2]. Nonetheless the current result demonstrates the
significant effect of boundary layer growth, especially for the longer piston strokes needed to generate thick
vortex rings.
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