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Several plausible modeling strategies are available to develop numerical models for
simulating the dynamics of wind turbine blades. While the modeling strategy is typically
selected according to expert judgment, the “best” modeling approach is unknown to the
model developer. Thus, comparing plausible modeling strategies through a systematic and
rigorous approach becomes necessary. This manuscript departs from the conventional
approach that selects the model with the highest fidelity-to-data; and instead explores
the trade-off between fidelity of model predictions to experiments and robustness of model
predictions to model imprecision and inexactness. Exploring robustness in addition to
fidelity lends credibility to the model, ensuring model predictions can be trusted even
when lack-of-knowledge in the modeling assumptions and/or input parameters result in
unforeseen errors and uncertainties. This concept is demonstrated on the CX-100 wind
turbine blade in an experimental configuration with large masses added to load the blade
in bending during vibration testing. The finite element model of the blade is built with
shell elements and validated against experimental evidence, while the large masses are
modeled according to two different, but plausible strategies using (i) a combination of
point-mass and spring elements, and (ii) solid elements. These two modeling strategies
are evaluated considering both the fidelity of the natural frequency predictions against
experiments, and the robustness of the predicted natural frequencies to uncertainties in
the input parameters. By considering robustness during model selection, the authors
determine the extent to which prediction accuracy deteriorates as the lack-of-knowledge
increases. The findings suggest the model with solid elements offers a higher degree of
fidelity-to-data and robustness to uncertainties, thus providing a superior modeling
strategy than the model with point masses and stiffening springs.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
The wind energy industry in the United States has consistently observed the design of larger wind turbines, with blades
up to 61.5 m in length constructed in 2011. In anticipation of this continued trend, blades 100 m in length are already being
pursued for future wind turbine designs [1]. The behavior of wind turbines produced at this massive scale can be
economically and efficiently studied through modeling and simulation techniques, which enable designers to consider both
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aerodynamic and structural concerns early in the design process [2], and mitigate the increasing costs of full-scale testing
[3]. Finite element (FE) models calibrated against experimental data have gained acceptance for routine use in studying the
static and dynamic responses of wind turbine blades, as demonstrated by the inclusion of FE analysis in wind turbine design
standards [4]. Further, FE models are advantageous to study complex load cases that arise from in-service wind loading [5,6],
as compared to the idealized loads that are implemented in full-scale experiments [7].
Assumptions and simplifications are routinely implemented in FE models to reduce the computational demands of the
simulation. For instance, current computing resources and code capabilities prevent the simulation of plant performance
based on full-physics, full-coupling, three-dimensional representations of the structural response and air flow. Accordingly,
it has been proposed to simulate wind turbines using geometrically non-linear, one-dimensional beam elements when
coupling FE models of the wind turbine structural response with computational fluid dynamics models of the surrounding
airflow [8,9]. Here, the use of simplified, one-dimensional beam elements is selected according to expert judgment.
The main concern that arises is then the extent to which predictions of a numerical simulation can be trusted, given that the
modeling strategy is selected according to subjective opinion of the expert.
Aside from lack-of-knowledge in the optimal modeling strategy, a lack-of-knowledge also exists in the optimal values for
the input parameters that define the selected modeling strategy. In spite of this dual lack-of-knowledge, recent wind turbine
studies continue to consider a model good quality when model predictions match physical experiments by calibrating the
input parameters [5,10]. However, when the quality of numerical models is assessed solely by fidelity to experimental data,
the modeling strategy preference may lean towards overly complex models [11]. Model complexity, as defined by the model
form and the number of parameters used to define this model form, can affect the quality of model predictions [11–14].
For further reading, Refs. [13,14] offer discussions on the importance of model complexity in the context of model validation.
Overly complex models run the risk of over-fitting experimental data and at the cost of a poor generalization to non-tested
settings [11]. For this reason, it has been posited that numerical models should not only demonstrate fidelity to data, but
also be robust to lack-of-knowledge such that model predictions remain as consistent as possible as uncertainties in the
model are exercised. This concept has been discussed in the context of model calibration. An example is the application
provided in Ref. [15], where the propagation of a transient impact through a hyper-elastic material is simulated using an
info-gap model that represents the sources of uncertainty. The theoretical framework established by Ben-Haim and Hemez
[16] and rooted in info-gap decision theory [17] defines the trade-offs between fidelity, robustness and consistency
illustrated by this transient dynamics application.
When considering lack-of-knowledge in the input parameters, robustness often favors less complex models that
demonstrate lower variability in predictions as lack of knowledge is increased. Therefore, the predictive abilities of
alternative modeling strategies must be compared considering not only fidelity of model predictions to experiments but also
the robustness of model predictions to uncertainties in the corresponding input parameters. To the best knowledge of the
authors, the concepts developed in Ref. [16] have yet to be extended to the selection of a model form. Here we consider
ignorance in the knowledge of input parameters of competing model forms, and ask which model form provides the best
trade-offs between fidelity to data and robustness to lack-of-knowledge. Our focus is not on the calibration of a given model;
it is on the selection of the most robust model form.
This manuscript proposes a rigorous and quantitative model selection approach rooted in info-gap decision theory
(IGDT) [17]. The approach proposed herein deviates from other model selection methods (see Section 2) because it applies
to questions that are non-probabilistic in nature. It is emphasized that the suitability of the current approach depends on
information available and how the problem is formulated. Other methods, particularly those rooted in Bayesian inference
statistics, require the formulation of probability distributions to describe the uncertainty. Such information might not
always be available or might require the formulation of unwarranted assumptions. An info-gap model of uncertainty, on the
other hand, does not necessarily come as a probability law. This makes it amenable to represent many types of uncertainties:
variability, vagueness, conflict, assumption-making, etc. The basic premise behind the proposed approach is that a goodquality model should be able to reproduce the available measurements, and should also provide predictions that are as
insensitive as possible to uncertainties. The method proposed in this manuscript is well-suited toward model selection, after
which would follow model calibration, uncertainty quantification, and validation activities. Ref. [18] offers an overview of
these different activities and how they are related.
This approach is demonstrated on the bending vibration of the CX-100 wind turbine blade developed at the Sandia
National Laboratories (SNL). In three earlier studies, the FE model of the CX-100 blade has undergone rigorous Verification and
Validation (V&V) assessments to ensure the credibility of predictions using measurements conducted at Los Alamos National
Laboratory (LANL) and National Renewable Energy Laboratory (NREL) (see Mollineaux et al. [19] for model verification and Van
Buren et al. [20,21] for the model validation). For completeness, these earlier studies are briefly summarized in Section 3 (see
Fig. 1). More recently, the CX-100 blade was dynamically tested at the National Renewable Energy Laboratory (NREL) with
large masses used to load the blade in bending. The added masses are represented in two alternative configurations, using (i)
point masses and stiffening springs or (ii) high-fidelity solid elements. The model development of these competing strategies
is discussed in Section 4. In Section 5, the fundamental principles behind IGDT are presented, and the extent to which
predictions of these two competing models are robust to uncertainties in the model input parameters is quantified. Only two
model forms are considered in this proof of concept example, however, the model selection strategy can be generalized to
compare the robustness of more models. The main challenge is to handle the computational demands of estimating multiple
robustness curves, which grows linearly with the number of models evaluated.
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Experimental Campaigns

Steps of the Model Development

Free-free Modal Testing
(No Added Mass) [33]

Original FE Model
(No Added Mass) [19,20]

Clamped-free Modal Testing
(Bookend Fixture) [33]

Mesh Refinement Study of the
Original FE Model [19]

Fixed-free Modal Testing
(7-ton Steel Frame) [34]

Calibration of the
Original FE Model [20]

Fatigue and Vibration Testing
(With Added Masses)

Robustness Analysis
for Model Selection

Re-calibration of the FE Model
(New Fixed-free Boundary Condition) [21]

Modified FE Model
(With Added Masses)

Fig. 1. Flowchart of previously performed work and manuscript contributions. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

The strategy that implements high-fidelity solid elements is found to be both more accurate and robust compared to the
strategy that uses point masses. The practical implication of these findings is that predictions, and their accuracy, can be
trusted even if model input parameters upon which the solid-element FE model relies upon are uncertain. The vibration
analysis of the FE model with three-dimensional solid elements is however significantly more expensive than the model
with point masses. Another objective of the investigation is then to understand the extent to which the point-mass model is
able to deliver a similar accuracy and robustness as the solid-mass model, at lower computational cost.
2. Related literature
As lack-of-knowledge arises in identifying an appropriate modeling strategy in almost every engineering application,
model selection has been a widely pursued research topic [22]. In the last decade, methods rooted in the Bayes theorem
have been widely pursued to select a model from a family of available models with techniques such as Bayes factor, Bayesian
model averaging, and Bayesian linear models. Bayes factor compares the likelihood of two models, using a zero-one loss
function for model selection [23]. Consideration of the Bayes factor has led to the Akaike information criterion and Bayesian
information criterion, which evaluate models based on their maximized likelihood function and number of parameters
using different weights on the latter component, thus providing a subjective choice that can affect results [24]. Bayesian
model averaging compares the weighted average of the posterior probabilities each model under consideration [25], but is
often difficult to solve due to the evaluation of complicated integrals, and is computationally expensive when a large
number of models are under consideration. To rectify computing demands associated with Bayesian model averaging,
Occam's window algorithm can be used to eliminate models, or Markov chain Monte Carlo algorithm can provide an
approximation of the posterior probability. The development of Bayesian risk-based decision theoretic methods has been
proposed for model validation in Reference [26]. It is noted that these methods can be applied to the problem of model
selection with minor modifications. Bayesian linear models are formulated in the frequentist approach to incorporate prior
information to find one or a few “best” models [27]. Despite the convenient framework offered by Bayesian approaches, it
has been shown that the formulation of defensible priors is often difficult and can influence the model selection outcome
[28]. Further, Bayesian strategies can be challenging due to the high computational burden needed to explore largedimensional spaces if the analyst in unable, or unwilling, to formulate assumptions about the likelihood functions and
probability distributions. Such assumptions can simplify an implementation to the point where Bayesian inference only
involves learning the values of a few hyper-parameters of the posterior probability law. The other extreme is to explore an
unknown posterior probability law using a combination of statistical sampling and search algorithm, which can be
computationally demanding.
Non-Bayesian methods that depend on frequentist approaches have also been proposed for model selection. For
example, cross-validation tests are used to compare the quality of models using hold-out experimental data [29], which can
be computationally prohibitive and sensitive to the implemented data-splitting techniques. To efficiently determine the
parameters to use in a model, the backward elimination and forward selection methods use the F statistic to determine
whether eliminating or adding parameters to the model provides an improvement, however, these methods were originally
developed for variable selection and are not guaranteed to select the optimal model [30]. Regression statistics are also useful
to compare models, but is unable to promote a fair comparison between models of different sizes. The Cp statistic mitigates
this problem by using the residual sum of squares for a model and the error variance based on the full model for model
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subset selection [31]. It is important to note, however, that calibrating the model chosen with the Cp statistic can result in
selection bias.
Myung [11] compares the performance of several model selection techniques; with the conclusion that model
complexity must be taken into account to ensure that an overly complex model is not selected. Robustness is able to
account for the complexity of a model, because the effect of parameter variation provides a measure of the model
complexity by evaluating how much the model degrades as uncertainty is exercised.
3. Model development and experimental campaign
This section briefly reviews the FE model development for the CX-100 blade following the in-depth discussions provided
by Mollineaux et al. [19], Van Buren et al. [20], and Van Buren et al. [21]. For clarity and conciseness, references are provided
and only essential details are discussed in Section 3.
Model development is articulated around three distinct phases. The first phase, summarized in Section 3.1, is the
definition of the FE model without any added mass. The reader is referred to Ref. [19] for the mesh refinement studies of the
nominal model. Likewise, the vibration tests are discussed in Refs. [33,34], and the model calibration procedure and results
obtained are discussed in Refs. [20,21]. The second phase, summarized in Section 3.2, briefly discusses the vibration tests
performed with added masses and a different cantilever condition; it is documented further in Reference [34]. In the third
phase, Section 4 then discusses the modification of this calibrated model to define the configuration with added masses
used in this work and perform the robustness analysis.
The flowchart in Fig. 1 is useful to summarize previously published work and contributions of the present manuscript.
The left-side branch of the figure summarizes the experimental campaigns while the right-side branch summarizes
successive steps of model development. Pertinent references are inserted in boxes that represent previously published
work, and contributions of the current manuscript are shown in the dashed blue boxes.
3.1. Development of the FE model of CX-100 wind turbine blade without added masses
The geometric model of CX-100 blade is built in NuMAD preprocessor [32] according to the accurate description of the
design specifications, and imported into ANSYS version 12.1 with Shell-281 elements. The mesh discretization is based on an
element size of Δx¼8 cm, which produces an overall solution uncertainty of 1.78% for the prediction of first three flapwise
bending modes of the blade. This mesh size is justified by the fact that the resulting numerical uncertainty is comparable to
a 3-s experimental variability of 1.62%, estimated from free-free modal testing performed at the Los Alamos National
Laboratory (LANL) [33].
Six independent sections are defined in the development of the FE model: shear web, root, spar cap, trailing edge,
leading edge with balsa, and leading edge without balsa wood. With the exception of the shear web, which it is located
inside the cross-section of the blade, these sections are illustrated in Fig. 2. Isotropic materials with smeared cross-sectional
properties are used to define the material for these sections.
Modal testing performed in three configurations is used for calibration and validation studies. The first two
configurations are obtained from testing at LANL and include free–free condition, where the blade is suspended with
straps, and clamped-free condition, where a 250-kg steel bookend fixture is used to fix the base of the blade. The third
configuration is obtained from testing at NREL, where the blade is attached to a 6300 kg (7-ton) steel frame, effectively
providing a fixed-free boundary condition. The boundary condition provided in the NREL testing is therefore different from
that of the LANL testing [20,21]. The model parameters are calibrated to the free–free, clamped-free, and fixed-free
experimental natural frequencies in a three-step procedure [20,21]. To mitigate the uncertainty in the fixity at the base of
the blade, fictitious springs are introduced and calibrated against the natural frequencies. Details of the calibration exercises
can be found in Refs. [20,21]. The mode shape vectors are used to validate the FE model, in which the modal assurance
criterion is estimated to quantify the agreement of simulation results to the experimental data. An overall correlation of 84%
is observed for the free-free modes, 94% for the clamped-free modes, and 93% for the fixed-free modes.
3.2. NREL modal testing of the CX-100 wind turbine blade
To load the CX-100 wind turbine blade in bending, a 582-kg mass and 145-kg mass are added at the 1.60-meter and 6.75meter locations, respectively. The significant mass loading in NREL testing supplies a different configuration of the CX-100
wind turbine blade.
Leading Edge

Trailing Edge

Leading Edge
with Balsa

Root

Spar Cap

Fig. 2. Illustration of the ANSYS model showing different sections of the blade.
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Modal testing is performed with a roving impact hammer test procedure under two different setups: first, in a fixed-free
condition, and second, with large masses clamped to the blade. Four uni-axial accelerometers and one tri-axial
accelerometer are used to collect data for hammer impacts at 65 locations: 47 in the flapwise directions, and 18 in the
edgewise directions. Three test replicates are linearly averaged with 150 Hz sampling frequency. The acceleration response
is collected with 4096 sampling points without a window function due to the relatively long sampling period of 11 seconds
[34]. The experimental setups and base fixture are shown in Fig. 3, and the first three flapwise frequencies are listed in
Table 1.
4. Development of the FE model of CX-100 wind turbine blade with added masses
The FE models of the CX-100 wind turbine blade with added masses are developed using the fixed-free model discussed
in Section 3.2. The two models pursued in this section are developed with different assumptions and simplifications using
(i) a system of fictitious point masses and stiffening springs, and (ii) three-dimensional solid elements that represent the
geometry of the added masses with high fidelity.
4.1. Development of the point mass model
A point mass is added to the centroid of the cross section of the shell model of the CX-100 wind turbine blade to
approximate the added masses at the two locations using Mass-21 elements in ANSYS. The point masses are then connected
by fictitious springs, using Combin-14 elements, to the nodes of the blade to reflect the interaction between the blade and
added masses as shown in Fig. 4. The use of springs is necessary as the point masses connected directly to the shell model
introduce lower-order mode shapes with local deformations at the cross-sections. This modeling strategy therefore, offers a
compromise between low computational time-to-solution and an approximate representation of the vibration mechanics.
The parameterization of this simplified modeling strategy results in the use of only six new model parameters (Table 2).
In this modeling strategy, the parameter values used for the point masses (parameters 3 and 6) correspond to the
measured weights. However, the parameter values of the springs (parameters 1, 2, 4, and 5) are highly uncertain and thus,
need to be calibrated. To determine the values to use for the spring stiffness constants, a parametric study is performed to
evaluate the effect of the spring stiffness on frequency predictions.
Fig. 5 shows the frequency predictions as the spring stiffness values are varied from 10 N/m to 10 þ 10 N/m. As the spring
stiffness is increased, the natural frequencies also increase, due to the change in interaction between the blade and point
masses. Around a value of 10 þ 6 N/m, the natural frequencies begin to plateau to values that consistently under-predict the
experimental natural frequencies, indicated by the solid horizontal lines in Fig. 5. A calibration of the model parameters

Fig. 3. Experimental mass-added (left) configuration, and base fixture (right).

Table 1
Results of the experimental modal analysis.
Mode

Mass-added frequency (Hz)

1st flap bending
2nd flap bending
3rd flap bending

1.82
9.23
12.72
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Fig. 4. Illustration of the blade cross-section with added point masses and springs.

Table 2
Parameters used to develop the point mass representation.
Parameter

Description

(1; 2)
3
(4; 5)
6

(Translation; rotation) springs at the 1.60-m section
Point mass at 1.60-m section
(Translation; rotation) springs at 6.75-m section
Point mass at 6.75-m section

Fig. 5. Effect of spring stiffness coefficients on the first three bending frequencies.

Table 3
Comparison of experimental and simulated frequencies for the mass-added model.
Mode

Experimental (Hz)

Simulated (Hz)

Difference (%)

1st Flap
2nd Flap
3rd Flap

1.82
9.23
12.72

1.45
8.85
11.59

# 20.3
# 4.1
# 8.9

would therefore, converge to the upper bound of the spring stiffness values as the FE model with point masses is unable to
form an envelope around the experimentally obtained natural frequencies (Fig. 5). Therefore, the value of 10 þ 8 N/m is
chosen for the spring stiffness, indicated by the vertical black line in Fig. 5.
Table 3 compares the natural frequencies measured experimentally to those predicted by the mass-added FE model.
Again, the frequencies are consistently under-predicted by the model, due to the minimal calibration activities performed
after the model was modified to include the added masses.
4.2. Development of the solid mass model
The second modeling strategy is to represent the added-mass configuration of the blade with a higher degree of
geometrical fidelity. Three-dimensional, solid elements are utilized to represent the geometry of the experimental setup,
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1.6-meter
wooden form
6.75-meter
wooden form

1.6-meter
offset masses

Fig. 6. Second modeling strategy that includes solid elements to represent the added masses.

Comparison of
offset masses

Fig. 7. Close-up of the offset mass modeled at the 1.60-m station.

implementing Solid-186 elements in ANSYS. Four sections are used to define the added masses. The sections are labeled as
the 6.75-meter mass, 1.60-meter mass, and two 1.60-m offset masses in Fig. 6.
Four sections are used to model the added masses onto the blade, as shown in Fig. 6: one section for the wooden form
attached to the blade at the 1.60-m station, two symmetric sections for the hydraulic actuator system at the 1.60-m station,
and one section for the wooden form attached to the blade at the 6.75-m station. The wooden forms are modeled using the
geometry of the masses obtained from design specifications. The geometry of offset masses of the hydraulic actuator system
at the 1.60-m station is simplified into homogenous rectangular solids, thus providing a more accurate description of reality
than the point mass model. A comparison of the experimental configuration and finite element modeling of the offset
masses is provided in Fig. 7.
The parameters used to develop the solid-mass representation are listed in Table 4. The parameterization includes the
geometry of the outset masses, represented by the center of gravity coordinates that define the masses, which influences the
ability of the blade to bend in torsion. The imperfect knowledge of these parameters introduces parametric uncertainty in
the prediction of vibration response. Moreover, the imperfect knowledge of the center of gravity coordinates also introduces
numerical uncertainty as the mesh changes each time that a different location of the center of gravity is implemented. The
re-meshing step in the propagation of uncertainties significantly increases the computational cost of the analysis.
With the masses represented using solid elements, the density is back-calculated such that the weights of masses
implemented in the FE model correspond to the weights of masses obtained experimentally. The elastic modulus of the
wooden forms is assumed based on the documented value for balsa wood. The agreement between predictions of the FE
model and experimental measurements is listed in Table 5.

5. Analysis of robustness to uncertainty applied to models of the CX-100 wind turbine blade
This section discusses the conceptual framework and implementation of IGDT to evaluate the robustness to uncertainty
of model predictions. Further details of IGDT are provided in Reference [17]. This reference is one of the main publications on
the topic where readers can find a detailed description of the methodology, its mathematical foundation, as well as several
application examples in mechanics and structural dynamics. By establishing robustness, we demonstrate the extent to
which the predictions remain sufficiently accurate, even if modeling assumptions and parameter values used in the
simulation are incorrect. On the other hand, lack-of-robustness indicates that the expected level of accuracy obtained, for
example, through calibration, may not be maintained if the assumptions and parameter values happen to be incorrect.
Ensuring the robustness of the FE model does not necessarily translate into a reduction of prediction uncertainty. Instead,
robustness analysis aims to identify a potentially alarming situation whereby the predictions, and their accuracy, are
sensitive to aspects of the modeling that may be unknown and/or uncontrolled.
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Table 4
Parameters used to develop the solid-mass representation.
Parameter

Description

(1; 2)
(3; 4)
5
(6; 7)

(Elastic modulus; density) of 1.60-m section
Center of gravity (X; Y) coordinates of 1.60-m offset mass
Density of 1.60-m offset section
(Elastic modulus; density) of 6.75-m section

Table 5
Comparison of experimental and simulated frequencies for the solid-mass model.
Mode

Experimental Frequency (Hz)

Simulated Frequency (Hz)

Difference (%)

1st flap
2nd flap
3rd flap

1.82
9.23
12.72

1.44
9.29
13.22

# 20.9
0.7
3.9

5.1. Overview of info-gap decision theory
Supporting a decision using IGDT, irrespective of the discipline or application area, necessitates the combination of three
attributes. The first attribute is a model, the second one is a performance criterion, and the third one is the representation of
what is unknown about the decision using an info-gap model. These three attributes of IGDT are briefly introduced in this
section to explain the formulation of decision-making in the context of model selection.
Let's assume that a numerical model, M, represents the relationship between the input parameters, u, and output
response of interest, y
y ¼ MðuÞ

ð1Þ

Herein, the uncertainty of concern resides in the input parameters upon which the FE model formulation relies. It is noted
that the formulation of the problem naturally handles the case where the input parameters, u, include assumptions of
discrete modeling or numerical choices that are arbitrary or uncertain. We acknowledge that IGDT can be used to address
robustness to other sources of uncertainty such as, but not limited to, measurement errors, experimental data variability,
human errors, numerical uncertainty, and model form uncertainty. The current study is restricted to a single type of
uncertainty and focuses on the robustness of prediction accuracy to uncertainty in input parameters of two competing
modeling strategies.
The performance criterion of IGDT is defined as the accuracy of model predictions. Performance is mathematically
defined with a user-defined norm of error between simulation predictions, y, and experiments, yexp, and is deemed
acceptable when a critical level of accuracy, RC, is fulfilled
RðuÞ ¼ jjy# yexp jj rRC

ð2Þ

Finally, the info-gap model, U(α;u0), describes how the unknown input parameters, u, of the model vary with respect to
their nominal values or settings. The nominal values, u0, denote the best-available knowledge that is used as the starting
point of the analysis. The “distance” between the current knowledge u0 and hypothetical settings u that could be selected for
decision-making, is parameterized using a single scalar α denoted as the horizon-of-uncertainty:
Uðα; u0 Þ ¼ fu : ju #u0 j rαg; α Z0

ð3Þ

When α¼0, the uncertain parameters remain fixed at their nominal settings, u¼u0. As the horizon-of-uncertainty increases,
more values of input parameters u need to be taken into consideration. Each setting u considered leads to a different model
whose prediction quality is evaluated against the performance criterion (2).
With these three attributes defined, an info-gap analysis of robustness searches for the parameters u that, while they
deviate from the best-available knowledge u0 by the greatest amount α, still provide a model whose predictions satisfy the
accuracy requirement (2). Such a model is the robust-optimal choice because it tolerates the largest modeling error, as
quantified by Eq. (3), but delivers the expected level of accuracy RC.
Conceptually, the robustness function of an info-gap analysis quantifies the degradation of performance as the horizonof-uncertainty α increases, while the opportuneness function quantifies the potential improvement in performance. The
^ is the greatest value of the horizon-of-uncertainty for which the performance requirement is satisfied and the
robustness, α,
^ is the smallest deviation from the nominal parameters u0 that provides windfall success:
opportuneness, β,
Robustness; α^ ¼ max fα : requirement always satisfiedg
Opportuneness; β^ ¼ min fα : sweeping success is possibleg

ð4Þ
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Mathematically, these functions are defined as:
(
)
max
α^ ¼ max α :
RðuÞ r RC ; α Z0
u A Uðu; αÞ
(
)
min
^β ¼ min α :
RðuÞ r RC ; α Z 0
u A Uðu; αÞ

ð5Þ

In practical terms, the robustness describes the worst-case scenario, given a fixed horizon-of-uncertainty α, and the
opportuneness describes the best-case scenario. In engineering analysis and design, the best-case performance is typically
disregarded while the worst-case scenario is used to define design constraints. For this reason, the remainder of the
discussion emphasizes the robustness function.
The practical implementation is briefly outlined next. Eq. (5) indicates that calculating the robustness α^ involves two
nested optimization problems, which is computationally challenging. Our algorithm bypasses this difficulty by focusing on
the inner optimization. First, a horizon-of-uncertainty α is selected, which defines lower and upper bounds for the model
parameters u, as shown in Eq. (3). Second, the worst-case performance R(u) that satisfies constraint (2) is searched given
that the parameters u vary between their lower and upper bounds. This step solves the inner optimization problem of
^ these two steps are repeated for increasing levels of the horizon-of-uncertainty α until
Eq. (5). To identify the robustness α,
the performance constraint (2) can no longer be satisfied.
In the context of model selection however, instead of defining a priori performance level, RC, varying this value allows
exploration of the trade-off between performance, or maximum level of prediction error of a model, and robustness (see
Section 5.4). Herein, robustness refers to the maximum level of lack-of-knowledge that can be tolerated in the definition of
model parameters u relative to their best-available, nominal values u0.
5.2. Conceptual demonstration of robustness analysis
In the following paragraphs, a conceptual illustration is provided with a unit-less α and fidelity based performance
metric to describe the evaluation of the robustness of the competing FE models to the uncertainty in their corresponding
model input parameters.
Consider a model defined using two uncertain parameters, u1 and u2. Fig. 8a describes the nominal performance of
the model, where u1 and u2 are defined using initial, best guesses or nominal values. As uncertainty, α, is increased, the
parameters are allowed to vary within a range of permissible values (see Section 5.3 for how the bounds are chosen for the
parameters in our application). As a result, parameters are varied from their nominal settings to become ũ1 and ũ2. Herein,
the allowable range of variation of ũ1 and ũ2 is referred to as the uncertainty space. It is represented as a two-dimensional
rectangle of size (α1)2 in Fig. 8b and c. With such changes in input parameters, the model performance either improves or
degrades. IGDT, therefore, explores the best and worst achievable performances as ũ1 and ũ2 are allowed to venture away
from their nominal values but remain within the uncertainty space defined by the parameter α1. The improvement of the
performance obtained from the model is described as the opportuneness, and the degradation of performance is the
robustness. At any level of uncertainty α, the opportuneness and robustness points are obtained by solving two global
optimization problems that search for the best and worst performances, respectively within the space of allowable values
for ũ1 and ũ2. Fig. 8b and c illustrate the development of the robustness and opportuneness functions.
If the uncertainty space is defined to have nested intervals for increasing values of α, as suggested in Fig. 8d, then the
opportuneness and robustness curves will be monotonic functions since the global optimizations are performed within
ever-growing spaces. Fig. 8e then shows the resulting opportuneness and robustness curves, developed from the evaluation
of best and worst performances at three levels of uncertainty. A particular focus is placed on the robustness curve, and its
slope “Δα/ΔR”, which is useful to evaluate the worst-case performance of the model under increasing uncertainty bounds.
A “steep” robustness curve indicates that as the uncertainty is allowed to increase, “Δα,” the accompanying model
predictions remain consistent, resulting in a small change in model performance, “∆R.” Such an observation would be
welcome as it would reinforce our conviction that the model can be applied with confidence even if the model parameters
used for its development are questionable. On the other hand, a robustness curve with small slope, which denotes a small
increase in uncertainty “Δα” relative to a change in performance “ΔR,” indicates that the model predictions are sensitive to
the values of ũ1 and ũ2 used in the simulation. Such a lack of robustness would decrease the level of trust placed in the
model input values upon which the model relies.
5.3. Rationale for the definition of uncertainty
The input parameters are varied in such a way that the effect on bending frequency predictions of the maximum
parameter variation is consistent with the difference between the competing models at their nominal setting. Doing so
ensures that the effect on predictions of the allowable range of parameter variation is consistent with the effect on
predictions of varying the model forms of the competing modeling strategies. Herein, model selection is only concerned
with the way in which the masses are modeled onto the existing shell representation, thus, the info-gap analysis is
restricted to the model parameters used to define the added masses.
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Fig. 8. Illustration of the successive steps of an info-gap analysis of robustness. (a) Analysis of nominal performance. (b) Development of the robustness
function. (c) Development of the opportuneness function. (d) Increased uncertainty space for α3 Zα2 Z α1. (e) Robustness and opportuneness curves.

The two models at their nominal configuration exhibit a 20% average percent variation in the first three flapwise
frequencies. Only the common parameters between the two models, i.e. weights of the masses, are considered in order to
demonstrate how each model is affected by varying the same modeling component. The models are held at their nominal
configuration while the masses are allowed to vary using the mass parameter for the point mass model, and the density
parameter for the solid mass model.
The average percent variations of predictions obtained by varying the masses are plotted in Fig. 9. The observed
difference between behaviors of the two curves can be attributed to the combined effect of parameter variation and model
form on frequency predictions. Fig. 9 demonstrates that an approximately 20% variation in masses is necessary to achieve
the 20% variation observed between the two models at nominal configuration. Thus, the lower and upper bounds of the
variation corresponding to α¼1 are defined to allow the mass parameters to vary up to 720%. Similar prescriptions for the
bounds of uncertainty are applied to the remaining parameters, such that each level of alpha corresponds to a uniform level
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Fig. 9. Comparison of frequency prediction variation due to mass-only variation.

of parameter uncertainty. Having defined the parameter variations corresponding to any value of α, the info-gap analysis can
be used to address the question of model selection.
5.4. Selection of the mass added models
In the info-gap analysis, the uncertainty space is a hyper-cube defined from the lower and upper bounds for the vector of
parameters ũ. The parameters considered in the info gap analysis are the unit masses and stiffening springs for the point
mass model, and the material properties and x,y coordinates of the offset masses for the solid mass model (see Tables 4
and 6). The size of the uncertainty space increases monotonically depending on the level of uncertainty considered, α:
~
uðαÞ
¼ ð1 7 0:2 & αÞu

ð6Þ

The robustness and opportuneness functions are evaluated in increments of α¼0.5 according to Eq. (6). Note that α is
multiplied by 0.2, to accommodate a 20% variation in parameters when α¼1. For each level of uncertainty evaluated, the
fmincon optimization solver of MatlabTM is used to search for the set of parameters that produces the worst-case and bestcase performance within the family of all possible models, for robustness and opportuneness, respectively. A two-level fullfactorial design of experiments is evaluated before initiating the optimization routine. The optimization is then initiated
using the combination of model parameters that yields the maximum or minimum performance of the full-factorial design.
Doing so increases confidence that the optimization is initiated close to the global solution, such that the fmincon algorithm
can avoid getting trapped in a local maxima or minima.
A new input deck, that includes re-meshing in the case of the solid element model, is generated and submitted to ANSYS
each time that a combination of model parameters is evaluated during the optimization. Results of the ANSYS analysis are
then uploaded in MatlabTM memory. This strategy requires significant computational resources, but avoids the development
of statistical emulators that may introduce unwanted approximations.
Model performance is defined as the root mean squared error of natural frequencies for the first three flapwise bending
modes:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R¼

3

∑ ðωsim;i #ωexp;i Þ2 ;

i¼1

ð7Þ

where R denotes the model performance metric, and ωsim and ωexp are the numerical prediction and experimental
measurement of natural frequencies.
Tables 6 and 7 define the parameters associated with the competing models, along with the ranges of variation specified
for the info-gap analysis at the level of uncertainty of α¼1. Note that the center of gravity parameter in Table 7 affects the
mesh definition in the solid mass representation. Thus, in the FE model with solid masses, the uncertainty parameter, α,
influences both the material behavior (density, elastic modulus) and numerical uncertainty of FE predictions.
Fig. 10 presents the results of the info-gap analysis performed on the competing FE models. The nominal performance,
associated with a level of uncertainty of α¼0, clearly demonstrates that the solid mass model better reproduces the
experimental data compared to the point mass model. Further, as the uncertainty parameter increases, the solid mass model
remains the preferable modeling strategy. It can be stated that the solid mass model provides a higher degree of accuracy at
any level of modeling uncertainty, α. In fact, the robustness slopes of the competing models are comparable despite the
different representations of reality. The result of this analysis demonstrates unambiguously that the solid mass model is the
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Table 6
Range of variation for the parameters used in the point-mass model.
Parameter

Description

Nominal value

7 Variation

1
2
3
4
5
6

Translation springs at 1.60-m section
Rotation springs at 1.60-m section
Point mass at 1.60-m section
Translation springs at 6.75-m section
Rotation springs at 6.75-m section
Point mass at 6.75-m section

10 þ 8
10 þ 8
582.46
10 þ 8
10 þ 8
144.7

10 þ 6.4–10 þ 9.6
10 þ 6.4–10 þ 9.6
465.97–698.95
10 þ 6.4–10 þ 9.6
10 þ 6.4–10 þ 9.6
115.76–173.64

Table 7
Range of variation for the parameters used in the solid-mass model.
Parameter

Description

Nominal value

7 Variation

1
2
3
4
5
6
7

Elastic modulus of 1.60-m section
Density of 1.60-m section
Center of gravity X coordinates of 1.60-m offset mass
Center of gravity Y coordinates of 1.60-m offset mass
Density of 1.60-m offset section.
Elastic modulus of 6.75-m section
Density of 6.75-m section

8 & 10 þ 9
636.1
0.224
0.480
229.0
8 & 10 þ 9
1644.5

6.4 & 10 þ 9–9.6 & 10 þ 9
508.88–763.32
0.179–0.269
0.384–0.576
183.2–274.8
6.4 & 10 þ 9–9.6 & 10 þ 9
1315.6–1973.4

Fig. 10. Info-gap robustness and opportuneness curves of the two modeling strategies.

preferable modeling strategy to utilize, despite the lack-of-knowledge associated with the modeling assumptions and
parameters used in the simulation.
Fig. 11 combines the results in Fig. 10 to provide the range of predictions that are obtained at each level of uncertainty.
The difference in behavior of the two curves is due to both the varied parameter values, and the model forms that are
employed by the competing modeling strategies. The solid mass model is able to provide a smaller range of predictions as
uncertainty, α, is increased. Again, the solid mass model is superior to the point mass model, due to the fact that the
predictions for the solid mass model deviate less than the point mass model as uncertainty is accounted for.
6. Conclusion
This manuscript discusses a decision analysis methodology for model selection that considers the trade-offs in the ability
of a numerical simulation to, first, replicate the experimental data and, second, provide predictions that are robust to the
uncertainties in model input parameters. Understanding the trade-offs between fidelity and robustness is important for the
development of numerical models because it is the very mechanism through which the trustworthiness of predictions can
be established.
Modeling assumptions are typically formulated when developing numerical simulations, such as the use of fictitious
boundary springs or implementing smeared properties for composite materials instead of attempting to define the
individual layers. Although such assumptions have become commonplace, their effect on model predictions often remains
unknown. Another common practice is to consider that a model achieves sufficient “predictability” as long as its predictions
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Fig. 11. Range of predictions of the two modeling strategies.

reproduce the experimental measurements. Our contention is that assessing models based only on their fidelity-to-data
while ignoring the effect that the modeling assumptions may exercise on predictions is not a sound strategy for model
selection.
The methodology discussed in this study is applied to competing models used to simulate an experimental configuration
of the CX-100 wind turbine blade in which masses are added to the blade. Experimental data obtained from a fixed-free
modal analysis performed at the National Renewable Energy Laboratory, with and without added masses, are utilized. The
wind turbine blade is bolted to a 6300-kg steel frame to define the fixed-free configuration. Masses are added at the 1.60-m
and 6.75-m sections to define the mass added configuration that enhances the flapwise bending vibrations. The finite
element (FE) model of the blade, developed from a previous verification and validation study, is first calibrated to
measurements of the fixed-free configuration. Calibration results show that the FE model is able to replicate the
experimental frequencies within an average 2% error. Two modeling strategies are then considered for implementing the
masses onto the existing FE model, using (i) point masses and stiffening springs and (ii) high-fidelity solid elements. To
examine the predictive capability of the mass-added FE models, limited calibration exercises are performed past the initial
calibration to the fixed-free configuration. At their nominal configurations, the point mass model reproduces the
experimental data to within 11.1% average error, and the solid mass model is within 8.5% average error for the first three
flapwise bending natural frequencies.
An info-gap analysis is performed to address the question of model selection. An advantage of info-gap is that the
formulation of prior probability distributions can be avoided because the analysis substitutes numerical optimization to
statistical sampling. Further, the robustness to our lack-of-knowledge about the modeling assumptions and parameter
values is accounted for when evaluating the model performance. The info-gap analysis is performed through parameter
variation, where the maximum range of variation is chosen such that the change in model predictions is consistent with the
change induced by the differing modeling strategies. It is observed that the solid mass model is not only more accurate, but
also provides better behavior in robustness to modeling assumptions and unknown parameter values. Even though the solid
mass model is a more complex representation of reality, and comes with higher computational cost, the analysis concludes
unambiguously that it is the preferable modeling strategy for this application.
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