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Abstract The focus of nuclear fuel design and maintenance has been shifting from a primarily empirical endeavor
to that of highly advanced simulations characterized by
experiment-based calibration, validation and uncertainty
quantification. The experimental data available for calibration and validation, however, is limited by the availability
of resources. This limitation poses difficulties especially
if the model is to be executed to predict at different settings and/or regimes within a domain. To assure that the
model exhibits predictive maturity throughout the domain
of applicability, a sufficient number of experiments must
be conducted to explore this domain. Given the limited
resources, it is therefore crucial to design validation experiments to maximize the improvement in the predictive
capability of the physics-based numerical models. This article contributes to the recent developments in the optimal
design of validation experiments by evaluating the performance of several experiment selection criteria that specify
the specific benefits desired from future experiments. Our
focus is on the Batch Sequential Design methods, which for
a given set of initial experiments and a selection criteria,
iteratively select a batch of future experiments. The performance of various selection criteria in improving model
predictiveness are compared considering not only the empirically identified model discrepancy, but also the coverage
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of the domain of applicability. The manuscript provides an
extensive simulation-based study on a polycrystal plasticity
material model, utilizing an established index that quantifies
predictive maturity of numerical models.
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1 Introduction
Advanced modeling and simulation are increasingly relied
upon to predict the performance of new generations of
nuclear fuels (Jacobson et al. 2009). When fuel performance
predictions are used in support of high consequence decisions, questions naturally arise about the predictive maturity
of these models (Unal et al. 2011). An intrinsic component for achieving predictive maturity is model calibration,
a methodology used to infer both the uncertain input model
parameters and the discrepancy bias of a model (Hemez
et al. 2010). Invariably, calibration is achieved through systematic comparisons of model predictions against validation
experiments (Trucano et al. 2006).
As models are executed to predict fuel performance at
vastly different operational regimes, for calibration of these
advanced models to be meaningful, the entire operational
domain of the nuclear fuel must be explored through a
sufficiently large quantity (and of course, quality) of validation experiments. However, proper exploration of the
operational domain is challenged by the cost and time
demands of physical experiments which prohibit extensive
experimental campaigns (Rosner 2008). The problem is further compounded due to the infeasibility of reproducing
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extreme operational regimes in a laboratory environment to
obtain physical experiments, as in the case of fusion reactors (Yoshiie 2005). As a result, the current trend is shifting
towards calibrating numerical models with a limited number of validation experiments for making predictions with
the calibrated models at untested settings (Unal et al. 2011).
Therefore, the next natural step for advancement in fuel
performance predictions entails reducing the extent of the
experimental campaign required to reach the desired predictive maturity in these numerical models. With these new
trends and goals, the design and execution of validation
experiments must be closely associated with modeling and
simulation efforts (Jiang and Mahadevan 2006).
Validation experiments can help improve the predictive ability of a numerical model by (i) mitigating the
uncertainty in the model parameters, and (ii) inferring the
discrepancy bias throughout the domain (Box and Draper
1959). Regarding mitigating uncertainty, there is extensive
literature on experimental designs for emulator training,
specifically on various alphabet-optimal designs, such as Aoptimality, D-optimality, G-optimality and V-optimality, all
of which focus on improving the calibrated values of the
input parameters (Evans and Manson 1978; Shao 2007). Of
particular interest to the current work however, is the second
benefit of validation experiments. In particular, we implement design approach formulated by Williams et al. (2011)
for optimal design of experiments that focuses on improving the inference of model discrepancy bias throughout
the domain. This focus is justified by the need to biascorrect the numerical models for interpolative or extrapolative purposes (Atamturktur et al. 2011). Herein, the design
of validation experiments aims to achieve stability in the
inferred discrepancy bias as new validation experiments
become available. The desired stability in the inferred discrepancy can be quantified with various metrics, which will
henceforth be referred to as selection criteria.
Selection criteria define the targeted benefits of future
experiments (analogous to the utility function in Lindley
1972). In this manuscript, we are concerned with evaluating the performance of various selection criteria, including
index-based criteria, such as the expected improvement for
predictive stability, the expected improvement for global
fit, maximum entropy, and distance-based criteria, such
as weighted Euclidean distance and Mahalonobis distance.
Herein, the performance of these selection criteria is judged
strictly from the perspective of predictive maturity of the
numerical model.
To provide a quantitative and objective evaluation of
predictive maturity, we implement the Predictive Maturity Index (PMI) proposed by Hemez et al. (2010). PMI
integrates three distinct attributes of model development,
experimentation and calibration efforts: discrepancy, coverage and complexity, where design of optimal experiments
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has a direct influence on two of the three attributes of PMI:
coverage and discrepancy. Investigation of this influence for
various selection criteria is the focus of this paper.
The problem of optimal design of experiments has been
widely studied for the development of fast running emulators that are used in lieu of computationally demanding physics-based models (Dersjö and Olsson 2012; Li
et al. 2010). However, until recently methods for designing optimal validation experiments have been lacking. This
manuscript aims to contribute to the recent advancements
in optimal design of validation experiments, focusing on
a practical, non-trivial problem of predicting poly-crystal
plasticity (Lebensohn et al. 2010). Visco Plastic SelfConsistent (VPSC) is a meso-scale code for modeling the
creep of core reactor clad and duct components subjected
to in-service conditions of irradiation, stress, and thermal
cycling. The performance of alternative selection criteria
is compared for both exact and inexact versions of the
VPSC plasticity model, with a parametric study undertaken
not only for the complexity and variance of the model
discrepancy but also for the experimental uncertainty.

2 Discrepancy bias
Draper (1995) emphasizes the two aspects of developing
a numerical model, η that links known quantities of input
parameters to unknown quantities of output parameters, the
first involving the physics or engineering principles invoked
to establish a link between these input and output; and the
second involving unknown parameters, t associated with
the chosen physics or engineering principles, η(x, t). Here,
x represents the control parameter settings defining the
domain of applicability,1 within which the model will be
executed in predictive capacity. Model form error arises
due to the inevitable incompleteness of physics or engineering principles in η, which often also leads to missing
parameters (Farajpour and Atamturktur 2012). This section
demonstrates the role of the model form error and missing parameters in predictive modeling through a proof of
concept example.
Herein, we compare the predictions of a numerical
model, η(x, t) to its corresponding truth. The truth function
is executed to generate five experiments (y(x)) at randomly
selected control parameter settings (indicated by squares in
Fig. 1a). The numerical model includes an imprecise parameter, t with a value falling between −1 and 1. In Fig. 1a,
an ensemble of model predictions obtained with sampled

1 Note

that validation experiments must be conducted to explore this
domain.
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Fig. 1 a Comparison of ensemble simulation model predictions against physical experiments, b Model form error representing the degree of
incompleteness of a simulation model

values of t is compared to the five available physical experiments. This comparison shows that η(x, t) fails to reproduce
the physical experiments to within observational uncertainty
regardless of the parameter value used for t. Therefore, the
numerical model is incomplete and possibly missing input
parameters that are necessary to fully describe the truth.
Kennedy and O’Hagan (2001) emphasizes that due to
the inevitable inexactness of numerical models, calibration
of model parameters and estimation of the inherent model
form error must be completed simultaneously. Failing to do
so can result in parameters being calibrated to mathematically viable but physically incorrect values to compensate
for model form error. Such compensating effects typically
lead to over-confidence in the predictive ability of the
model. Accordingly, we utilize a Bayesian implementation
(Higdon et al. 2008) of the procedure originally proposed
by Kennedy and O’Hagan (2001), which simultaneously
considers parameter uncertainty and model bias. In this formulation, physical observations, y(x), are defined as the
summation of truth, ξ (x), and experimental error, ε(x):
y(x) = ξ(x) + ε(x)

(1)

If the model form error is known, the truth ξ (x) is defined
as the sum of model predictions, η(x, θ) obtained with best
fitted input parameter values (t = θ, where θ is the best
fitted value for t) and the model form error, ψ(x).
ξ(x) = η(x, θ ) + ψ(x)

(2)

Model form error is unknown however, and thus, must
be estimated exploiting the experiments. The empirically
trained model form error—henceforth referred to as dis-

crepancy bias δ(x)—can be obtained by quantifying the disagreement between experiments and the model predictions
with the best fitted input values. The best estimate of truth
can then be defined over the entire operational domain in
terms of the model predictions η(x, θ), the discrepancy bias
δ(x), and experimental error, ε(x):
!
y (x) = η(x, θ) + δ(x) + ε(x)

(3)

Figure 1b gives a quantitative representation of the degree of
inaccuracy and incompleteness of the hypothetical numerical model shown in Fig. 1a.
In a fully Bayesian interpretation of (3), the posteriors for
θ and δ(x) can be explored via Markov Chain Monte Carlo
(MCMC) (Metropolis et al. 1953; Higdon et al. 2003). For
computationally demanding numerical models, in which
MCMC explorations are infeasible, the physics model can
be replaced with a fast-running surrogate model (van Keulen
and Vervenne 2004; Hemez and Atamturktur 2011). We
replace the numerical model, η(x, θ) with a constant mean
Gaussian Process Model (GPM) and the independent error
model for discrepancy bias, δ(x) with a zero mean GPM (see
Williams et al. 2006 for further discussion on GPM).

3 Batch sequential design: selection criteria
Myers et al. (1989) advocates the use of sequential
approaches in optimal design of experiments. Design augmentation in an iterative, sequential manner uses the information learned from the available set of experiments to
improve upon the existing design with future experiments.
Moreover, the sequential approach allows the previously
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existing experiments to be incorporated into the optimal
design process (Thompson et al. 2010). Sequential designs
can be performed in either a batch sequential or fully
sequential (one at a time) manner (Müller and Pötscher
1989). While batch sequential design is sub-optimal compared to fully sequential approach, the practical aspects of
conducting physical experiments may suggest the use of
the batch-sequential approach with an experimenter-defined
batch size (Williams et al. 2011). Herein, we will implement
a batch-sequential design (BSD) approach for selecting
future optimal experiments according to the stability of the
discrepancy bias. Although we use a model calibration process that is particular to GPMs, the BSD methodology is
applicable with any surrogate model utilized to represent
discrepancy bias.
The BSD selects optimum settings for the future validation experiments based upon an existing set of validation
experiments, where the optimality condition (i.e., objective
function) is defined by a selection criterion. This optimal
selection of experiments yields more efficient improvement
in a calibrated model’s predictive capability compared to for
instance a space-filling design strategy (see later Fig. 12).
In BSD, the experiments are selected in the batches of predefined size. BSD continues the selection of batches of
experiments until the experimental budget is consumed or
a threshold gain in stability of posterior density of discrepancy bias fails to be met.
For optimization of the design criteria, the implemented BSD algorithm uses an exchange algorithm, specifically modified Fedorov exchange method (Fedorov 1972).
Exchange algorithms update an experiment in the initial
design to improve the desired benefit, as quantified by the
selection criteria. Design updates are continued until the
relative improvement falls below a given threshold level
(Bulutoglu and Ryan 2009; Ogungbenro et al. 2005), which
herein is set to 10−4 . While the original Fedorov exchange
algorithm only performs the ‘best’ exchange, the modified
Fedorov algorithm, implemented herein, executes any beneficial exchange increasing the efficiency of the algorithm
(Cook and Nachtsheim 1980).
This section reviews several selection criteria from the
literature (see Loeppky et al. 2010 and Williams et al. 2011),
while the next section discusses the implementation of these
selection criteria for optimal design of experiments for the
VPSC code.
3.1 Index-based criteria
Index-based criteria are related to the information content
of the design, which is proportional to the inverse of the
covariance matrix. Crudely put, an optimal design minimizing the variance maximizes the information content of the
experimental design.
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3.1.1 Expected Improvement for Predictive Stability (EIPS)
The EIPS criterion evaluates stability of the discrepancy
term based upon the expected Kullback–Leibler distance
between the current and the proposed future predictive distributions of discrepancy. The maximum expected improvement represents the largest entropy loss between the initial
predictive density and the predictive density obtained if proposed experiments at new settings are indeed conducted.
Design settings are chosen to minimize the maximum
entropy loss, which approaches smaller values as additional
experiments are conducted, resulting in a greater stability in
the predictive distribution of discrepancy.
3.1.2 Expected Improvement for Global Fit (EIGF)
In Lam and Notz (2008), the goal of the EIGF algorithm is
to obtain one-step sequential additions of simulation runs that
efficiently train surrogate models so that predictions at unsampled control parameter settings adequately represent
simulation model output. This concept has been further developed to obtain batches of settings for future experiments
specifically for application to discrepancy prediction. The
criterion chooses the batch of new design settings for future
experiments to improve discrepancy prediction by balancing the potential for variance reduction and bias mitigation
using information in currently available experimental data.
3.1.3 Maximum Entropy (ENT)
Originally developed to select data that minimizes entropy
in predictions at un-sampled settings in a finite system
(Shewry and Wynn 1987), the ENT criterion has been
extended to accommodate batch updates of existing designs
to maximize information in the predictive distribution of
discrepancy at untested design settings. In the context of
generalized regression modeling, ENT selects new design
settings to maximize the determinant of the correlation
matrix associated with the distribution for predicting discrepancy at the proposed new design settings conditional on
currently available experimental data.
3.1.4 (Integrated- and maximum) Mean Square Error
(MSE) criteria
The mean square error (MSE) criteria are used to select
design points by minimizing functions of posterior discrepancy variance. The integrated MSE (IMSE) criterion selects
a batch of experiments that minimizes the closed form
integration of discrepancy variance over the input domain
whereas the maximum MSE criterion adds design settings to
minimize the maximum discrepancy variance over the input
domain (Sacks and Schiller 1988; Sacks et al. 1989).
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3.2 Distance-based criteria
Distance-based criteria view the experimental designs as
candidate points spread in the n-dimensional domain of
applicability defined by control parameters, x, where n is
the number of control parameters of the numerical model,
η(xi , θ), i = 1, . . ., n. The objective is then to explore the
domain as uniformly and broadly as possible.
3.2.1 Euclidean (EDIST), Mahalonobis (MDIST),
and Weighted (WDIST) distance criteria
Distance-based approaches have been proposed as batch
sequential design criteria to select future experiments to
improve discrepancy prediction when calibrating computer models (Johnson et al. 1990; Morris and Mitchell
1995). Two measures of distance are considered: Euclidean
(EDIST) and Mahalonobis (MDIST). The distance may
also be weighted according to the sensitivity of the control parameters to form the WDIST criterion. The distance
criterion chooses new design settings that minimize the
maximum correlation between predicted discrepancy values
on the proposed design and between the proposed and existing designs. That is to say, new design settings are placed in
locations where the ability to borrow strength from available
data for discrepancy inference is most limited.
Compared to the index-based criteria, the distance-based
criteria are more computationally efficient in that they avoid
the slower matrix manipulations required by the indexbased criteria. Conversely, distance-based criteria are only
indirectly related to the more explicit notions of variance
and bias reduction embodied by the index-based criteria.
4 Predictive maturity of numerical models
Over the last decade, there have been numerous efforts to
assess the predictive maturity of numerical models developed in academic institutions, industry (Balci et al. 2002),
National Laboratories (Oberkampf et al. 2007), and NASA
(Green et al. 2008). These frameworks seek to assess
the overall predictive capability of a numerical model for
intended use through qualitative, expert-judgment based
ranking systems. In an effort to supply a holistic and quantitative metric for assessing the predictive capability of a
simulation model, the PMI metric proposed by Hemez et al.
(2010), integrates three distinct aspects of the model development, experimentation and model calibration processes.
These aspects are:
•
•

The extent to which experiments cover the domain of
applicability; referred to as ‘coverage;’
The fundamental inability of the model to represent the
underlying physics; referred to as ‘discrepancy bias;’

•
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The degree of physics sophistication of the model;
referred to as ‘complexity.’

An obvious advantage of PMI is its quantitative nature,
which results in a repeatable and scientifically defendable
metric removing the subjective nature of expert opinion
from the assessment of simulation model predictability. The
basic formulation of the PMI index is expressed as:
"
#
NR γ1
2
2 γ3
PMI (c, NK , δS ) = c
(1 − δs )γ2 e(1−c ) −δS (4)
NK
where the parameters (γ1 , γ2 , γ3 ) are user-defined weighting coefficients that control the relative impact of coverage,
c, scaled discrepancy, δS , and complexity, NK on PMI.
Here, γ1 , γ2 and γ3 values are taken as 0.5, 0.25 and 2,
respectively, to provide uniform weight for coverage and
discrepancy as suggested by Hemez et al. (2010). These
weight coefficients are kept constant to maintain uniformity
between the PMI of various selection criteria.
Coverage is related to the settings of physical experiments performed in the domain of applicability. The
adopted strategy to quantitatively measure coverage of the
domain is based on the convex hull—that is the smallest
convex domain, within which all physical experiments fit. In
this study, coverage is calculated as the ratio of the convex
hull of the physical experiments to that of the operational
domain. As coverage of the operational domain increases,
the predictive maturity naturally increases. In the case of a
high-dimensional domain or if many experiments are contained within the convex hull of the physical experiments,
an alternative metric may be more effective to quantify coverage (see Atamturktur et al. (2009), Stull et al. (2011), and
Egeberg et al. (2013)). Discrepancy, δ(x) as introduced earlier, supplies an independent estimate of errors due to either
missing or inaccurate numerical modeling. To maintain a
standard definition of discrepancy, the estimated discrepancy values are normalized with respect to the mean value
of the corresponding simulation predictions (η(x, θ ) in (3)).
A scaled discrepancy, δS is obtained over the entire domain
of applicability. Herein, the complexity attribute is constant
for all investigated cases, and thus will not influence the
PMI calculations.
We envision that BSD selection criteria will elicit various effects on the discrepancy and coverage attributes of
PMI. We are particularly interested in classifying the selection criteria introduced in Section 2 for their tendency to
improve normalized discrepancy versus coverage attributes.

5 Visco-Plastic Self Consistent (VPSC) plasticity model
Here, VPSC plasticity model is used to predict the creep
strain rate in face-centered cubic (FCC) steel (Lebensohn
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et al. 2010). In VPSC, the plastic deformation mechanism
is established considering both climb and glide dislocation at the single-crystal level. VPSC fully accounts for the
anisotropic properties and response of the constituent single crystals. For polycrystalline aggregates, VPSC supplies
a non-linear homogenization-based polycrystal model while
fully accounting for aggregate subjected to external strainrate or stresses. The fundamental equation dominating the
plastic strain rate in a single crystal,deforming by climb and
glide is given in (5):
ε̇ = γ̇o

Ns %
$
s=1

#
&
'
|ms :σ | ng
m
× sgn ms :σ
s
τo
(
" s
#
& s
'
|c : σ | nc
×
sgn
c
:
σ
+ cs
σos
s

"

(5)

In (5), ε̇ denotes the plastic strain-rate induced by climb and
glide dislocation, while σ denotes the stress tensor applied
to the crystal. The plastic strain rate is calculated by summing the strain for all active slip systems Ns . The threshold
resolved shear stress for glide is denoted with τos and the
threshold normal stress for climb is denoted with σ0s associated with system s. Terms ng and nc are the rate-sensitivity
exponents of glide and climb dislocation, respectively. In
(5), ms is the symmetric glide tensor while cs is the symmetric climb tensor. The products ms :σ denote the resolved
shear stresses, which must reach the predefined threshold
value for slip activation. γ̇o is the normalization factor.
VPSC is used to calculate the strain-rate in the grains and
the aggregate for a given stress input. The climb dislocation
orientation and deviatoric stress input define the domain of
applicability (recall control parameters x in (2)). Climb dislocation orientation loosely defines the importance of climb
phenomena in the crystallographic thermal creep. It varies
between 0◦ and 90◦ . Climb dislocation remains inactive for
a 0◦ angle, while it is fully activated for a 90◦ angle. Deviatoric stress is the stress input of the specimen to induce
creep strain. The upper and lower bounds of the control
parameters, which define the operational domain, are given
in Table 1.
In (5), rate-sensitivity exponents of glide and climb dislocation, ngl and ncl , and the ratio of threshold resolved shear
stress for glide and the threshold normal stress for climb,
gl
τocl /τo , are uncertain. These three parameters are calibrated
Table 1 The range of control parameters also known as domain of
applicability
Control parameters

Min value

Max value

Climb dislocation orientation
Deviatoric stress input

0.1 rad
900 MPa

0.6 rad
1,100 MPa

Table 2 Range of calibration parameters
Calibration parameters

Min
value

Max
value

True
value

Rate sensitivity
exponent for glide
The ratio of threshold stress
for glide and for climb
Rate sensitivity
exponent for climb

2

4

3

8,000

12,000

11,000

2

4

3

by comparing the VPSC predictions with the experimental measurements (recall calibration parameters θ in (3)).
A uniform prior distribution is assigned for each calibration parameter between upper and lower bounds determined
according to expert judgment (see Table 2). Note that the
rate-sensitivity exponents are powers in (5), exercising significant influence on the predictions and thus resulting in a
very difficult inference problem for discrepancy bias.

6 Batch sequential calibration
Executing the VPSC code with theoretical “true values” of
the three calibration parameters, a synthetic representation
of “truth” is generated. First, we investigate the selection
of optimal experiments with an exact numerical model (i.e.
the representation of physics or engineering principles is
complete), in which the only difference between the model
and the truth is the experimental variability. Specifically,
we focus on the dispersion of the experiments within the
domain. Next, we study an (artificially) inexact version of
VPSC model, where the synthetic experiments are obtained
by adding not only experimental variability but also an artificial discrepancy bias to the truth. The variance and the
complexity of discrepancy bias are varied to investigate
the generality of the BSD approach (see Table 3). Though
both exact and inexact models are calibrated considering
four levels of experimental uncertainty (see Table 3), only

Table 3 Analysis case configurations
Analysis case
configurations

Variations

Experimental uncertainty
Variance in discrepancy
Complexity in discrepancy

[0.1 %; 1.0 %; 3.0 %; 5.0 %]
[5.0 %; 10.0 %]
Low [.05 .05]; Med-I [.05 .5];
Med-II [.5 .05]; High [.5 .5]
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Table 4 Settings for the initial three physical experiments, i.e. starting
point for BSD

solely the calibration of the three uncertain parameters of
the VPSC code (also known as parameter estimation).

Test
no.

Climb dislocation
orientation (rad)

Deviatoric
stress (MPa)

6.1.1 Expected Improvement for Predictive Stability (EIPS)

1
2
3

0.1556
0.3222
0.2111

922
1,100
1,056

the results for the minimum (0.1 %) and maximum (5 %)
experimental uncertainty are presented here.
Our parametric analysis includes every combination in
Table 3 for every BSD selection criterion introduced earlier
in the manuscript. However, for brevity, we present the findings for one index-based criterion, Expected Improvement
for Predictive Stability (EIPS); and one distance-based criterion, Euclidean Distance Criterion (EDIST) and later supply
a separate discussion for all investigated selection criteria.
The BSD algorithm is initiated with a starting set of three
validation experiments (Table 4). This initial set of physical
experiments provides only a 5 % initial coverage and is kept
identical for all cases evaluated herein. The BSD augmentation is completed in ten batches with two new experiments
in each batch yielding a total of 23 experiments. The procedure is repeated five times utilizing the same initial design
to assure the repeatability of findings. The potential influence of initial coverage on PMI is investigated later in the
manuscript, in which the BSD procedure is repeated with a
higher initial coverage.
6.1 Exact model: coverage of the domain
The dispersion of EIPS and EDIST selected optimal experiments throughout the domain is investigated considering

Fig. 2 Coverage and domain of
applicability of experiments
with EIPS (a representative plot,
one of the five repeats) with 5 %
initial coverage

Figure 2 is a representative plot for one of the five repeats
showing the distribution of EIPS selected validation experiments in the operational domain as ten new batches are
added to the starting experiments. In Fig. 2, the location
of all 23 experiments and the domain coverage, *CH corresponding to the addition of every other batch are also
indicated. While the initial stage has coverage of only 5 %,
with the addition of ten EIPS selected batches, the coverage steadily increases to 80 %. As is clearly evident in
Fig. 2 however, the EIPS criterion has a tendency to clump
the experiments (see for instance experiments 6, 9, 11 and
16 in Fig. 2). This clumping occurs at highly-informative
regions of the domain that are effective at minimizing the
variance. In these regions, the discrepancy is more sensitive to changes in the inputs, and close-by experiments are
needed to better infer the discrepancy.
6.1.2 Euclidean Distance Criterion (EDIST)
Compared to EIPS, EDIST selects experiments that explore
a greater percentage of the domain and has a tendency
to distribute the experiments more uniformly without any
noticeable clumping (Fig. 3). With EDIST, the coverage
attribute of PMI immediately increases as the experiments
selected for the first batch (experiments 4 and 5) are at
significantly distant points from the three starting experiments, resulting in an increase in coverage from 5 % to
60 % in a single step. After the last batch, the convex hull is
nearly equal to the entire domain of applicability, reaching
coverage of 99 %. Such rapid improvement in coverage is
consistently observed for all repeats of the EDIST criterion.
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Fig. 3 Coverage and domain of
applicability of experiments
with EDIST

6.2 Inexact model: considering discrepancy
In this section, optimal experiments are selected considering both variance reduction (i.e. parameter calibration)
and bias correction (i.e. discrepancy inference). In practical applications, the discrepancy bias assumes a myriad
of complexities (smoothly varying, i.e. long correlation
length, versus rapidly varying, i.e. short correlation length)
and variances depending upon the nature of the missing
physics phenomena. We are concerned with the effect of

Fig. 4 PMI with EIPS for
inexact model with 0.1 %
experimental uncertainty:
a Discrepancy with 5 %
variance and low complexity,
b Discrepancy with 5 %
variance and high complexity,
c Discrepancy with 10 %
variance and low complexity,
d Discrepancy with 10 %
variance and high complexity

discrepancy variance and complexity on the performance of
selection criteria for BSD optimization. Thus, various possible forms of discrepancy bias are represented through a
parametric analysis of complexity and variance of the discrepancy function. Recall (3), in which the discrepancy is
defined as a function of control parameters i.e., climb dislocation orientation and deviatoric stress input; therefore,
the complexity of discrepancy must be defined separately
for each of the two control parameters of the VPSC code,
resulting in four distinct combinations as given in Table 3.
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Discrepancy bias of the calibrated model is calculated
with reference to the “truth” at 26×26 grid points evenly
distributed in the domain of applicability (see Table 1 for
the bounds of the domain of applicability). The discrepancy estimated for all grid points is then normalized with
respect to corresponding mean predictions and evaluated as
percentage values.
6.2.1 Expected Improvement for Predictive Stability (EIPS)
Figure 4 presents the PMI values for four combinations
of discrepancy complexity and variance for 0.1 % experimental uncertainty. Visually, the PMI exhibits a convergent
behavior towards a value of 90 % at the 10th batch for
all cases. Figure 5 illustrates the improvements in discrepancy and coverage attributes of PMI as ten new EIPS
selected batches become available for model calibration. In
all four cases of discrepancy variance and complexity, the
discrepancy is improved to a level below 6 % through ten
BSD selected batches. Simultaneously, the coverage of the
domain is increased from 5 % at the starting set of experiments to above 80 %. Generally speaking, the variance

Fig. 5 Normalized discrepancy vs. coverage for EIPS for inexact
model with 0.1 % experimental uncertainty: a Discrepancy with
5 % variance and low complexity, b Discrepancy with 5 % vari-
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and complexity of discrepancy is observed to have minimal
influence on the coverage and scaled discrepancy attributes.
Figure 6 illustrates the PMIs calculated for four combinations of discrepancy variance and complexity when the
experimental uncertainty is 5 %. The improvement in PMIs
is non-monotonic with less clear stabilization compared to
Fig. 4. The five repeats on average reach 85 % PMI value at
the 10th batch. From comparing Figs. 4 and 6, it is evident
that the PMIs obtained with the EIPS selected experiments
are influenced significantly by experimental uncertainties.
Poor PMI values of Fig. 6 can be explained by the high
scaled discrepancy values (approximately 150 % at the early
batches) shown in Fig. 7. The EIPS criterion provides a consistent improvement in discrepancy with every batch and
a coverage level consistently around 80 % after the 10th
batch.
6.2.2 Euclidean Distance Criterion (EDIST)
Figure 8 illustrates the PMI obtained by the EDIST criterion
for the 0.1 % experimental uncertainty. Regardless of the
discrepancy variance and complexity, the PMI consistently

ance and high complexity, c Discrepancy with 10 % variance and low
complexity, d Discrepancy with 10 % variance and high complexity
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Fig. 6 PMI with EIPS for
inexact model with 5 %
experimental uncertainty:
a Discrepancy with 5 %
variance and low complexity,
b Discrepancy with 5 %
variance and high complexity,
c Discrepancy with 10 %
variance and low complexity,
d Discrepancy with 10 %
variance and high complexity

Fig. 7 Normalized discrepancy vs. coverage for EIPS for inexact
model with 5 % experimental uncertainty: a Discrepancy with 5 %
variance and low complexity, b Discrepancy with 5 % variance and

high complexity, c Discrepancy with 10 % variance and low complexity, d Discrepancy with 10 % variance and high complexity

Batch sequential design of optimal experiments for improved predictive maturity in physics-based modeling
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Fig. 8 PMI with EDIST for
inexact model with 0.1 %
experimental uncertainty:
a Discrepancy with 5 %
variance and low complexity,
b Discrepancy with 5 %
variance and high complexity,
c Discrepancy with 10 %
variance and low complexity,
d Discrepancy with 10 %
variance and high complexity

Fig. 9 Normalized discrepancy vs. coverage for EDIST for inexact model with 0.1 % experimental uncertainty: a Discrepancy with
5 % variance and low complexity, b Discrepancy with 5 % vari-

ance and high complexity, c Discrepancy with 10 % variance and low
complexity, d Discrepancy with 10 % variance and high complexity
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Fig. 10 PMI with EDIST for
inexact model with 5 %
experimental uncertainty:
a Discrepancy with 5 %
variance and low complexity,
b Discrepancy with 5 % variance and high complexity,
c Discrepancy with 10 %
variance and low complexity,
d Discrepancy with 10 %
variance and high complexity

Fig. 11 Normalized discrepancy vs. coverage for EDIST for inexact model with 5 % experimental uncertainty: a Discrepancy with
5 % variance and low complexity, b Discrepancy with 5 % vari-

ance and high complexity, c Discrepancy with 10 % variance and low
complexity, d Discrepancy with 10 % variance and high complexity
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reaches a level of 80–85 % after the 1st batch and a level
of 90 %–95 % after the 10th batch. In Fig. 9, we observe
that EDIST provides coverage around 60 % immediately
after the 1st batch and around 95 % after the 10th batch.
Discrepancy attribute however, is variable between 3 % and
12 % for EDIST after the 10th batch. These observations
are consistent for every level of complexity and variance of
discrepancy.
Figure 10 illustrates the PMI obtained by BSD when the
experimental uncertainty is 5 %. PMIs improve in a nonmonotonic manner across the ten batches and reach a range
between 85 % and 95 % after the 10th batch. The improvement in PMI in this case is slower than the case of 0.1 %
experimental uncertainty. Generally, PMIs do not exceed
60 % until after the 6th batch. Figure 11 illustrates that
EDIST successfully improves the coverage from 60 % to
100 % and the discrepancy from 150 % to below 15 % in
four variance and complexity combinations of discrepancy.
Compared to EIPS, the discrepancy bias obtained with
EDIST is higher. However, the ability of the EDIST criterion to explore the operational domain is particularly
noticeable for all combinations of variance and complexity
of discrepancy, and experimental uncertainty.

7 Discussion and findings
In the previous section, BSD optimization proved to be successful in yielding simultaneous improvement in discrepancy and coverage attributes. This is no surprise, however.
Allocating resources to experimentation is expected to result
in better coverage and model parameters are typically better
conditioned with increased amounts of experimental data.
However, the benefit of BSD lies in the efficiency of this
improvement. To illustrate the efficiency of BSD selection, Fig. 12 compares the improvement in PMI obtained
by BSD selected experiments with the same number of
experiments selected through a single-stage space-filling
design strategy. Specifically for comparison, we use maximin Latin-Hypercube design (Rennen et al. 2010), which
is concluded to be comparable to sequential approaches
in Williams et al. (2011). As seen, PMI converges with
a higher rate and more consistently when BSD is implemented to iteratively select the optimal experiments. This
observation is especially obvious at early batches when the
number of experiments is inadequate.
The previous section reveals the strong dependence of
PMI values to the experimental uncertainty. In general, for
both index-based and distance-based criteria, we observe
higher PMI values and a more rapid convergence when the
experimental uncertainty is low. For the 0.1 % experimental
uncertainty, it is common for PMI to converge as early as
three batches; while for the 5 % experimental uncertainty;
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Fig. 12 Predictive Maturity achieved by BSD algorithm versus PMI
with user-selected test settings

no less than 11 batches are required for convergence (see
Fig. 13). The sensitivity of the PMI values to experimental
uncertainty may be explained by two of the three calibration
parameters of the VPSC model being exponents (recall (5)).
The inferred discrepancy bias is therefore very sensitive to
the proper calibration of these two parameters, posteriors
of which are influenced by the uncertainty in the validation
experiments.
For the discrepancy complexity and variance, trends are
less recognizable. For EIPS, the point clouds of coverage tend toward lower values as the discrepancy variance
increases (see Fig. 7, for instance). For EDIST however,
no particular trend is recognized in normalized discrepancy
and coverage attributes for varying levels of discrepancy
complexity and variance.

Fig. 13 Convergence of PMI through 20 batches by EDIST for exact
model with 5 % experimental uncertainty
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The index-based EIPS criterion is observed to favor
improving discrepancy over coverage, since even after ten
batches, the coverage remains less than 90 % for all cases
evaluated in Section 6. The distance-based EDIST criterion however, exhibits an immediate increase in the coverage after the first batch and consistently reaches 99 %
coverage. The index-based EIPS criterion, however, consistently yields lower normalized discrepancy compared to
the distance-based EDIST criterion. Thus, the EIPS criterion can be considered to be more successful than EDIST
in improving the discrepancy at low coverage; while the
EDIST criterion to be more successful than EIPS in improving the coverage. This phenomenon may be explained by the
objective of index-based criteria to maximize the information content of an experimental design, while distance-based
criteria aim to broadly and uniformly explore the domain.
To test the performance of EIPS and EDIST criteria from
the perspective of discrepancy inference, we provide a
mathematical proof-of-concept example:
7.1 Discrepancy comparison: index- and distance- based
criteria
Here, the discrepancy biases inferred from the optimal
experiments selected by EIPS and EDIST are compared
against the artificially generated “true” discrepancy (i.e.,
model form error), a smoothly varying analytical function
of a sine wave. Similar to the proof-of-concept example discussed in Section 2, the “true” discrepancy is known at every
point in the domain of applicability. The goal however, is to
retrieve this discrepancy bias by exploiting the availability
of a sound physics model and validation experiments.
The discrepancy bias is estimated twice, each time with
fifteen validation experiments selected in a total of six
batches by the EIPS and EDIST criteria. Figure 14 compares
the true values of discrepancy with those that are inferred

Fig. 14 Comparison between
true and estimated discrepancy
using a EIPS, b EDIST

S. Atamturktur et al.

from the validation experiments. Ideally, this comparison
yields a best-fit line through the origin at a 45◦ angle; that
is if the true discrepancy is perfectly identified from experiments (a value below 45 % indicates underestimation of the
discrepancy bias while a value greater than 45 % indicates
overestimation). For EIPS estimated discrepancy values line
up around an angle of 34◦ , while for EDIST, the angle drops
down to 21◦ . This illustration highlights that EIPS should
be favored over EDIST in obtaining a proper inference of
discrepancy bias.
The performance of the EIPS criterion in improving the
discrepancy inference is observed as a common characteristic of index-based criteria. For instance, on the VPSC polycrystalline plasticity model, the EIGF criterion is observed
to yield similar discrepancy levels as EIPS with slightly
higher coverage of the domain. Similarly, the IMSE criterion is observed to favor discrepancy over coverage with
a lesser performance for both of these attributes compared
to EIPS. This is consistent with the observations of Sacks
et al. (1989), who reports IMSE’s lack of attraction to the
boundaries of the domain. While consistent with the EIPS
criterion in the reduction of the discrepancy, the ENT criterion, however, is observed to yield very high coverage (as
high as 100 %), once again in agreement with the findings
of Sacks et al. (1989). In this study, ENT provided the most
favorable results among the index-based criteria from the
point of view of PMI. However, results in Williams et al.
(2011) indicate that ENT has increasing difficulty in stabilizing discrepancy as the dimension of the control variable,
x increases, a trend not seen with other BSD criteria.
The index-based EIPS criterion and distance-based
EDIST criterion are indicated to provide low discrepancy
and high coverage, respectively. To benefit from both of
these criteria, the BSD optimization can be performed by
mixed strategy; i.e. switching to a different criterion when
the discrepancy is reduced below or coverage is increased
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above a certain threshold. Our investigation of the concept
of this mixed strategy is detailed below:
7.2 Mixed BSD strategy: index- and distance- based criteria
EDIST is first implemented to improve coverage to above
90 %, at which point the design criteria is switched to EIPS
to reduce the discrepancy. Figure 15 illustrates the PMI values through BSD cases for the inexact model solution for
the case with 5 % experimental uncertainty, 5 % discrepancy variance and low complexity. EDIST reaches the 90 %
coverage after the 6th batch and the EIPS is employed to
investigate the further improvement in scaled discrepancy.
The mean scaled discrepancy values of the mixed strategy
are compared with those that are obtained solely with EIPS
and EDIST criteria at the 9th and 10th batch. EIPS and
EDIST discrepancy is reduced to 20 % and 19 % respectively, while the mixed strategy provides 16 % discrepancy.
As the low discrepancy values are predicted in the presence
of high coverage, the mixed strategy provides improvement
in the PMI.
A significant difference is observed between the EIPS
and EDIST criteria: EDIST provides an immediate increase
in coverage after the first batch, while EIPS needs several
batches to improve the coverage to a similar level. In all
the cases presented in this section, the BSD optimization is
initiated with the same initial set of three experiments. As
discussed earlier, this initial set provides a very low coverage of the domain, 5 %. It is of interest to investigate
if the initial coverage of the domain has an impact on the
performance of BSD optimization and associated selection
criteria.
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7.3 Effect of initial experimental settings
The starting set of three experiments are intentionally set to
[0.105 rad, 910 MPa], [0.125 rad, 1,100 MPa] and [0.6 rad,
910 MPa] to provide a relatively high coverage level (47 %).
Figure 16a and b illustrate the PMI values for the EIPS criterion for the inexact model with discrepancy variance of
5 % and low complexity, with 0.1 % experimental uncertainty and 5 % experimental uncertainty, respectively. The
high initial coverage improves the PMIs at the early batches
for 0.1 % experimental uncertainty. When the experimental
uncertainty is 5 %, the scaled discrepancy becomes higher
(150 %–200 %) at the early batches; and the improved initial
coverage is insufficient to yield a significant improvement
in PMI values.
Throughout the paper, the PMI values were calculated with equal weight for the coverage and discrepancy
attributes. However, the user-defined weighting coefficients
of PMI provide flexibility in analysis in cases where coverage or discrepancy may be assigned higher importance
over the other. Next, we investigate the effect of these userdefined gamma values on the performance of EIPS and
EDIST criteria:
7.4 Selection of gamma values
First, we obtain gamma, γ values through an ANOVA-based
global sensitivity analysis, which yield two distinct cases:
(1) a PMI that is more sensitive to the coverage attribute. (2)
a PMI that is more sensitive to the discrepancy attribute. To
investigate the influence of the gamma values, the PMIs are
compared for EIPS and EDIST for an inexact VPSC model

Fig. 15 Mixed criteria strategy with EIPS and EDIST for 5 % experimental uncertainty in inexact model: a PMI vs. number of batches, b
Normalized discrepancy vs. coverage attributes
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Fig. 16 PMI for inexact model
by EIPS with 47 % initial
coverage settings for: a 0.1 %
experimental uncertainty, b 5 %
experimental uncertainty

with 5 % discrepancy variance, low complexity and 5 %
experimental uncertainty.
In Fig. 17a, the gamma values are adjusted to γ2 = 0.5
and γ3 = 5.0 to increase the weight of coverage in the PMI
calculations. The slower pace of EIPS in improving coverage becomes more evident in PMI. Similarly, in Fig. 17b,
the gamma values are adjusted to γ2 = 2.0 and γ3 = 2.0 to
increase the weight of discrepancy in the PMI calculations.

Fig. 17 PMI for inexact model
by: a EIPS with coverage
dominant gamma values, b EIPS
with discrepancy dominant
gamma values, c EDIST with
coverage dominant gamma
values, d EDIST with
discrepancy dominant gamma
values

Here, the PMI values yield comparable results to the default
settings.
The same procedure is also repeated using the EDIST
criterion. In Fig. 17c, for the coverage dominant case, the
PMI exhibits a convergent trend in a generally monotonic
manner and reaches as high as 85–90 % (in comparison to
the non-convergent behavior observed in Fig. 17a). However, when the weight is shifted towards discrepancy, the
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improvement in PMI is observed to be less consistent, due
to the fluctuations of the estimated discrepancy bias (see
Fig. 17d).

8 Conclusions
The accuracy and precision of model predictions can be
improved through the availability of validation experiments
and in turn, the design of validation experiments can be
improved through the availability of sound numerical models. In this case, the central question concerns how to exploit
a sound, physics based numerical model for designing validation experiments that are useful for calibrating the model
such that a desired level of predictive maturity can be
achieved with the least possible number of validation experiments. In this study, we tackle this question through the use
of BSD approach. Our particular interest is in the evaluation
of various selection criteria that define the desired benefits
from future experiments. Depending on the selection criteria, BSD results in designs that either favor exploration of
the domain or exploitation of variance and bias.
EIPS is observed to be more favorable for cases where
discrepancy is critical, while EDIST is observed to be superior where a high coverage of the domain of applicability
is needed. To enhance BSD optimization and benefit from
the disparate influences of EIPS and EDIST on the PMI
attributes, we recommend mixing these design criteria. The
mixed strategy is observed to lower the discrepancy level
at the further batches after obtaining a sufficient amount of
coverage.
In the application to VPSC, both index- and distancebased criteria are observed to exhibit sensitivity to experimental uncertainty. This can be explained by the significant
influence of the two calibration parameters, climb and glide
exponents, on the inferred discrepancy bias. Both index- and
distance-based criteria exhibit negligible sensitivity to the
variance and complexity levels of discrepancy considered
herein. The comparisons in this study can provide guidance for the analyst selecting the design criteria in the BSD
application in future applications.
In this study, it is assumed that experimentation is possible throughout the entire domain. In reality, experimentation
may be prohibited in particular regions of the domain due
to testing restrictions or infeasibility of recreating extreme
operational conditions within a laboratory. In future studies, BSD algorithm will be configured to select validation
experiments within a restricted region of the domain. Furthermore, for multivariate models in which different types
of experiments may be used in the calibration, the BSD
criteria would be needed to be applied to the selection of
not only the experimental settings but also the types. For
example, in Atamturktur et al. (2012), maturity of the VPSC
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model is achieved using three types of experiments: stressstrain measurements and two different texture intensities.
The application of BSD to select the optimal type as well as
settings of validation experiments will be investigated in the
future.
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Appendix
In the manuscript, the findings are presented considering
EIPS as representative of index-based criteria. The appendix
summarizes the findings for the three other index-based criteria: EIGF, ENT and IMSE. The PMIs along with coverage
and scaled discrepancy attributes are given for the exact
model solution. Figure 18a and c illustrate the PMI for the
EIGF criterion when the experimental uncertainty is 0.1 %
and 5 %, respectively. For 0.1 % experimental uncertainty,
EIGF successfully provides a converging PMI value (see
Fig. 18a) and the improvement in discrepancy is similar to
that obtained by EIPS (see Fig. 19b). The coverage reaches
the range of 83 %–92 %. For the 5 % experimental uncertainty, the PMI monotonically increases and the discrepancy
is reduced below 20 % after the 10th batch (see Fig. 18d).
The coverage range after the 10th batch is between 76 %
and 86 %.
Figure 20a and c illustrate the improvement in PMI
through batches using the index- based criterion ENT for
0.1 % and 5 % experimental uncertainty. The specific characteristic of this criterion is the high coverage when compared to the other index-based criteria. The ENT criterion
is observed to select experimental settings at the boundary
of the domain in early batches regardless of the level of
experimental uncertainty (see Fig. 20b and d). For 0.1 %
experimental uncertainty, the improvement in discrepancy
by ENT, however, is not as high as that of EIPS and EIGF
(above 12 %). For 5 % experimental uncertainty, after the
10th batch discrepancy is reduced below 30 % and PMI has
increased to over 95 %.
Figure 21a and c illustrate the PMI for the IMSE criterion
when the experimental uncertainty is 0.1 % and 5 %, respectively. PMI values converge to a range between 85 % and
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Fig. 18 Exact model by EIGF: a PMI for 0.1 % experimental uncertainty, b Normalized discrepancy vs. coverage attributes for 0.1 % experimental
uncertainty, c PMI for 5 % experimental uncertainty, d Normalized discrepancy vs. coverage attributes for 5 % experimental uncertainty

Fig. 19 Exact model by EIPS: a PMI for 0.1 % experimental uncertainty: b Normalized discrepancy vs. coverage attributes for 0.1 % experimental
uncertainty, c PMI for 5 % experimental uncertainty, d Normalized discrepancy vs. coverage attributes for 5 % experimental uncertainty
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Fig. 20 Exact model by ENT: a PMI for 0.1 % experimental uncertainty: b Normalized discrepancy vs. coverage attributes for 0.1 % experimental
uncertainty, c PMI for 5 % experimental uncertainty, d Normalized discrepancy vs. coverage attributes for 5 % experimental uncertainty

Fig. 21 Exact model by IMSE: a PMI for 0.1 % experimental uncertainty: b Normalized discrepancy vs. coverage attributes for 0.1 % experimental uncertainty, c PMI for 5 % experimental uncertainty, d Normalized discrepancy vs. coverage attributes for 5 % experimental uncertainty
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90 %. The cloud of normalized discrepancy and coverage is
centered between a range from 10 % to 12 % for discrepancy and 60 %–85 % for coverage (see Fig. 21b). However,
the concentration of the cloud in EIPS in Fig. 19b is denser
between 6 %–10 % for discrepancy and 75 %–82 % for coverage. For 5 % experimental uncertainty, the coverage of
IMSE (between 65 % and 80 %) is lower compared to EIPS
after the 10th batch.

References
Atamturktur S, Hemez F, Unal C, William B (2009) Predictive maturity of computer models using functional and multivariate output.
In: Proceedings of the 27th SEM international modal analysis
conference, Orlando, FL
Atamturktur S, Hemez F, Williams B, Tome C, Unal C (2011) A forecasting metric for predictive modeling. Comput Struct 89:2377–
2387
Atamturktur S, Hegenderfer J, Williams B, Egeberg M, Lebensohn R,
Unal C (2012) A resource allocation framework for experimentbased validation of numerical models. Mech Adv Mater Struc
(in press)
Balci O, Adams RJ, Myers DS, Nance RE (2002) Credibility assessment: a collaborative evaluation for credibility assessment of
modeling and simulation applications. In: Proceedings of the 34th
winter simulation conference: exploring new frontiers, San Diego,
California, USA, pp 214–220
Box GEP, Draper NR (1959) A basis for the selection of a response
surface design. J Am Stat Assoc 54:622–654
Bulutoglu DA, Ryan KJ (2009) D-optimal and near D-optimal 2k fractional factorial designs of resolution V. J Stat Plann Inference
139:16–22
Cook RD, Nachtsheim CJ (1980) A comparison of algorithms for
constructing exact D-optimal designs. Technometrics 22:315–324
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