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a b s t r a c t
This study establishes a semi-empirical relationship to estimate the reduction in the load carrying capacity due to damage by exploiting the experimentally detected deviations in the natural frequencies for a
tile dome. Finite element model developed to analyze the dome is calibrated against both nondestructive vibration measurements and destructive load–displacement measurements up to failure.
The model is then executed to simulate incremental development of cracks. The first natural frequency
and remaining load carrying capacity of the dome are monitored to define the desired empirical
relationship, which is ultimately generalized for spherical domes with varying span-to-height ratios.
! 2012 Elsevier Ltd. All rights reserved.

1. Introduction
Masonry, one of the oldest construction materials, exhibits high
load-carrying capacity in compression but much lower capacity in
tension, to the point that structural analysis of masonry often assumes a theoretical value of zero tensile capacity [1]. Large spans
in structural masonry are possible using domes that allow forces
to be transferred in compression. These masonry domes, found in
many historic buildings across the world, typically stand in a state
of structural distress appearing in the form of cracking. For example, the great dome of Florence stands with 493 symmetrically distributed cracks of various widths [2]. The growth of these cracks
due to natural aging or disastrous events can threaten the safety
of these masonry domes regardless of the length of time they
may have been safely standing. Furthermore, the sudden collapse
of many historic masonry monuments over the last several decades
has demonstrated the vulnerability of masonry systems to failure
with no particular warning or structural indication of imminent
failure; see for example, the Civic Tower of Pavia, Italy [3]; the bell
tower of St. Magdalena in Goch, Germany [4]; Cathedral of Noto,
Italy [5]; the bell tower of the St. Willibrordus Church in Meldert,
Belgium [6]; the Maagdentoren in Zichem, Belgium [7]; the Church
of Kerksken, Belgium [8].
⇑ Corresponding author. Address: Glenn Department of Civil Engineering,
Clemson University, 200 Lowry Hall, Clemson, SC 29634, USA. Tel.: +1 864 656
3003; fax: +1 864 656 2670.
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Recently, vibration-based structural health monitoring (SHM)
techniques have been increasingly used to help maintain safe
and economic operation of aging masonry structures. The purpose
of vibration-based SHM is to exploit the sensitivity of the vibration
signature of a system to the structural damage and has been successfully implemented to detect the onset of damage in published
literature [9]. Detecting the onset of damage, while helpful for efficient and effective maintenance, is only part of the solution for safe
and economic operation of heritage structures. What is ultimately
needed is an assessment of the structural integrity of the damaged
system; therefore estimating the reduction in load carrying capacity after the onset and progression of damage must be one of the
goals of SHM. However, until recently, little effort has been made
to decipher the indirect relationship between the changes in the
vibration characteristics and the reduction in load carrying capacity due to damage.
Masonry domical structures under excessive loads or support
movements develop meridional and parallel cracks, which cause
a reduction in the stiffness of the structure. In turn, this reduction
in stiffness can be detected experimentally through the reductions
in the measured natural frequencies of the dome. Experimental
modal analysis (EMA) and the companion operational modal analysis (OMA) techniques are nondestructive testing and evaluation
methodologies for measuring the natural frequencies of a structure. These techniques can be conveniently employed to monitor
the changes in the vibratory characteristics of a structure as damage progresses in a non-invasive manner. Aside from degrading the
stiffness, development of meridional and parallel cracks due to
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distress also reduces the strength of the dome. However, the reduction in strength results in the reduction of the load-carrying capacity, which is a challenging property to quantify without destructive
testing [10]. As it is hard to imagine conducting destructive experiments on an existing structure, the central query then becomes
one of estimating the reduction in the load carrying capacity due
to damage (which we cannot directly measure) by exploiting
the changes in the natural frequencies (which we can directly
measure with EMA and OMA).
The fundamental contribution of this manuscript is to exploit
the sensitivity of the vibration characteristics to the structural
integrity of the masonry dome and formulate an empirical relationship between the changes in the natural frequencies and
reduction in load carrying capacity due to damage. Such an empirical relationship is an intrinsic characteristic of specific type, material, and geometry of a structure and thus must be treated in a
case-specific manner. The proposed approach can be useful for
structures with repetitive components, see for instance the structures studied in [11,12]. The proposed empirical relationship, once
successfully formulated for a specific structure type, can be used in
practical applications to assess the remaining load carrying capacity of existing structures.
In the present study, this empirical relationship is developed
based on a combined experimental and numerical study completed
on a scaled masonry dome constructed in the laboratory with autoclaved aerated concrete (AAC) tiles and fast-setting gypsum mortar
(plaster of Paris). The numerical model of the dome is built in
ANSYS v. 13, a finite element (FE) analysis program. The uncertain
linear elastic material properties of the model, such as the Young’s
modulus, are calibrated by comparing the model predictions
against experimentally obtained natural frequencies which are
paired according to mode shape correlations. Next, the nonlinear
constitutive behavior is added to the model and the uncertain nonlinear properties, such as the tensile stress capacity, are calibrated
by comparing the predicted load–displacement plots to those
experimentally measured in the laboratory. Once a FE model that
can accurately represent both linear (natural frequencies) and nonlinear (load carrying capacity) behavior of the domes is obtained,
the model is then used to simulate the effects of crack development on both the stiffness (and thus, natural frequency) and the
strength (and thus, load carrying capacity). The gradual reduction
in natural frequencies caused by cracks with increasing lengths
up to 20 in. is documented and correlated with the corresponding
reduction in the load carrying capacity of the dome. A mathematical function (i.e., an emulator or a surrogate model) is trained to
represent this indirect relationship between natural frequencies
and load carrying capacity. The established empirical relationship
is conservative as an upper bound to the reduction in load carrying
capacity is defined and is (to an extent) generally applicable since
domes with various span-to-height ratios are considered.

Table 1
Geometric properties of the dome.
Properties

Values

Radius of curvature
Span at base
Rise above springing
Angle of embrace
Thickness

1.52 m
2.13 m
0.44 m
45"
0.03 m

(1.25 in.)

Fig. 1. The scaled dome constructed with AAC tile and fast-setting gypsum cement.

that must be established and the parameters that must be defined.
Masonry construction is a non-homogenous and non-isotropic
composite, which in the dome studied here is composed of individual tile units and mortar joints. The complex and irregular nature
of masonry construction is responsible for the difficulties in accurately predicting the structural behavior of such systems. Of
course, the problem is further exacerbated by the degrading effects
of aging, such as localized or diffused cracks and by poorly documented history of structural intervention and rehabilitation
schemes. Although detailed micro-models that incorporate individual tile units and mortar joints and localized damage are capable of addressing some of the complexities, their application is
primarily restricted to small-scale structures with simple geometric forms [14].
In this study, the macro-modeling approach is implemented
using ANSYS v. 12, in which the tile units and mortar joints are
smeared together as one continuum with homogenized properties
representative of the combined behavior of the two components in
the masonry assembly [14]. The first step of macro-modeling is to
reproduce the geometry of the structure as precisely as possible.
This is accomplished using the available geometric documentation
from the original design of the dome (see Fig. 2). Even though in
Ref. [15], construction imperfections have been reported to result

2. Scaled dome model
The structure studied herein is a scaled masonry dome built in
the laboratory with the traditional methods of tile vault construction, except for a material change to AAC tiles. These tiles are lightweight, fire resistant and composed of cement, lime, water, sand,
and aluminum powder [13]. The geometric properties of the tested
dome are listed in Table 1 and the configuration is shown in Fig. 1.
3. Finite element model development
Although the FE analysis is an efficient method to simulate the
behavior of civil structures, developing an accurate numerical
model is a challenging task due to the large number of assumptions

(60 in.)
(84 in.)
(17.4 in.)

Fig. 2. FE model of the dome.
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in ±1.7% deviations between the designed and built dome, in the FE
model, the dome is idealized to have perfectly symmetric geometry. Moreover, the dome is idealized to have symmetric boundary
conditions where the boundaries of the dome along the bottom
edge are kept restrained from translating in all three directions.
In FE analysis, obtaining a proper spatial discretization of the
solid model, in which the geometric model is systematically discretized into finite elements, is a critical step. Indeed, the selected
mesh size can drastically affect the accuracy of the numerical
solution. Theoretically, with an infinite number of elements, a
complete computational reproduction of the structure can be
achieved; it is of course impractical to use such excessively large
number of elements. Therefore, it becomes important to determine
both the optimal element type and the optimal mesh size that result in converged solutions for the output of interest, which in this
study is the modal and static responses of the tile dome.
The solution accuracy is monitored for the natural frequencies,
static load-carrying capacity and stiffness as the number of finite
elements in the model is gradually increased from 14,520 to
49,284 (i.e. the mesh size is gradually reduced and the number
of elements gradually increased). Natural frequencies of the six
modes of the dome, which are later presented in Section 4.2 during
test-analysis correlation, are monitored. The asymptotic convergence of the predicted natural frequencies as the mesh is refined
is shown in Fig. 3.
Similarly, for the nonlinear analysis, a vertical 5338 N (1200 lb)
load is gradually applied within a radius of 30.48 cm (12 in) around
the crown of the dome. This configuration generates force–
displacement diagrams and mimics the actual destructive tests
as explained later in Section 5.1. The mesh is refined to ensure that
the predicted ultimate load carrying capacity and stiffness have
converged. Similar to mesh convergence depicted in Fig. 3, beyond
30,000 elements, further refinement of the mesh is observed to
yield only minimal improvement in predictive capability. As a
result, a mesh with a total number of 32,400 elements is
implemented to obtain the desired numerical accuracy for both
the linear and nonlinear solutions.
To properly represent the constitutive behavior of the domical
structure correctly, a suitable element type must be defined in
the FE model. AAC materials share a similar stress–strain law with
that of normal strength concrete [13]. Developed specifically for
concrete, SOLID65 is a three-dimensional, eight-node solid isotropic element readily available in ANSYS v. 12 to model the nonlinearity of brittle materials [16]. The nonlinear behavior of
SOLID65 element is based upon the Willam–Warnke yield criterion, a constitutive model for the failure and tri-axial behavior of
concrete materials [17] as seen in Fig. 4. Although the Willam–
Warnke yield criterion is developed for concrete material, it has
been demonstrated to be suitable for masonry [18]. There have

Fig. 4. Simplified stress–strain curve for concrete in ANSYS.

been several successful applications of the Willam–Warnke yield
criterion to masonry structures; see for instance, Andreas et al.
[19] who evaluated the lateral load carrying capacity of unreinforced masonry structures; Linh and Debra et al. [20] who compared the different modeling strategies (micro vs. macro) for
masonry underground movements; Aiello et al. [21] who evaluated
the bond behavior between masonry components; Pellares et al.
[22] who carried out seismic analysis of a masonry chimney using
different constitutive models for masonry; Bayraktar et al. [23]
who assessed damage of an ancient masonry bell tower; and Brenchich et al. [24] who adopted the criterion in the safety analysis of
the masonry dome of Basilica of S. Maria of Carignano.
The SOLID65 element is capable of accounting for cracking in
tension with a smeared crack analogy and crushing in compression
with a plasticity algorithm. The stress–strain relationship of
SOLID65 has two phases: linear elastic behavior and nonlinear
behavior after either of the specified tensile or compressive
strengths is exceeded. Cracking or crushing occurs when any of
the three principal stresses exceed the specified tensile or compressive strength of the concrete at any of the eight integration
points. After the occurrence of cracking or crushing, a plane of
weakness is introduced in the requisite principle stress direction,
thus decreasing the global stiffness and simulating the formation
of a crack [25].
The AAC brick used in this study is mid-grade TruStone AAC TS
3, which has a compressive strength fb0 of 4.14 MPa (600 psi) [26].
The modulus of elasticity of AAC brick is calculated using Eq. (1)
according to ACI-530 Section 1.8.2.3.1 [27]:

Eb ¼ 6500ðfb0 Þ0:6

where fb0 is the specified compressive strength (in psi) of AAC
masonry.
The modulus of elasticity of the AAC tile is calculated using Eq.
(1) as 2.08 GPa (3.02 $ 105 psi). There are other recommended prediction equations for the modulus of elasticity of AAC, which are
provided in Ref. [28]. These alternative equations all yield values
close to or a range containing the value calculated using Eq. (1).
In the absence of experimental data, the elastic modulus of
the wet gypsum mortar is initially assumed to be 25% that of the
tile yielding 0.52 GPa (7.55 $ 104 psi). The Uniform Building Code
(UBC-1991) recommends Eq. (2) to calculate the modulus of elasticity of the homogenized material of brick and mortar units
[29]. The equation considers the thickness and elastic modulus of
both the AAC tile and the mortar to provide an approximate value
of the homogenized modulus of elasticity, Em which is given by

Em ¼
Fig. 3. Asymptotic convergence of the six natural frequencies as mesh is refined.

ð1Þ

1 þ ct
Eb
1 þ ct =cm

ð2Þ

in which Eb is the modulus of elasticity of brick (2.08 GPa
(3.02 $ 105 psi)); cm is the modulus ratio given by Ej/Eb = 0.25,
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Fig. 5. (Left) Excitation points and (Right) measurement points.

where Ej is the modulus of elasticity of mortar joints (0.52 GPa
(7.55 $ 104 psi)); and ct is thickness ratio given by tj/tb = 0.125,
where tj is the thickness of mortar joints, (0.01 m (0.5 in.)) and tb
is the thickness of brick along the curvature (0.10 m (4 in.)). Thus,
with all required values known, the initial value of the elastic modulus for the homogenized tile and mortar assembly is calculated
from Eq. (2) as 1.56 GPa (2.27 $ 105 psi).
The AAC tile used in this study has an approximate dry density of
581.28 kg/m3 (0.02 lb/in3) [26]. AAC, being quite porous, has a moisture content of approximately 15–25% [28], which of course leads to
an increase in the density. For new construction, this value can be as
high as 45% [30]. In this study, the experiments were conducted
within 48 h after the dome was constructed, therefore an approximate of 35% moisture content is adopted while calculating the density. The wet density of AAC tile is then calculated as 775.04 kg/m3
(0.03 lb/in3). According to the product manual, the wet density of
the gypsum cement is 1762 kg/m3 (0.06 lb/in3) [31]. Therefore,
assuming a composition of 60% bricks and 40% mortar, a homogenized density is calculated to be 1190 kg/m3 (0.04 lb/in3).
Ref. [15] reports the uniaxial tensile strength test results for the
brick–mortar bond conducted for the scaled tile dome discussed
herein. It is reported that the bond has a tensile strength within
a range of 0.07 MPa (10 psi) to 0.27 MPa (39 psi), and with an average value of 0.16 MPa (23 psi). Accordingly, in this study, the initial
value for the tensile strength of the FE model is defined as
0.16 MPa (23 psi).

4. Correlation of the FE model with nondestructive tests: linear
properties
The natural frequencies of the structure which must be measured to establish the proposed empirical relationship can be obtained using either experimental modal analysis (EMA) or
operational modal analysis (OMA) techniques. In published literature, both EMA and OMA have been successfully applied to masonry
structures. For EMA, see for instance Armstrong et al. [32], who
studied a masonry arch vibrations to detect spandrel wall separation; Brown et al. [10], who tested masonry arch bridge prototypes
to determine the development of cracks and hinges under overloading; and Atamturktur and Boothby [12], who exploited the vibrations of the cathedral vaults to validate the numerical models. For
OMA, see for instance Gentile and Saisi [33], who studied a masonry
tower to determine the regions with diffused cracks; Ramos [34],
who evaluated a historic masonry cathedral and Bayraktar et al.
[35], who studied the vibration of a minaret to update the numerical the finite element model. Also see Atamturktur et al. [9] for a
comparison of practical and technical differences of EMA and
OMA techniques as applied to large-scale masonry monuments.

4.1. Experimental campaign
EMA is adapted for the vibration evaluation of the scaled dome
by collecting the acceleration response of the masonry tile dome
due to a short-duration hammer impact. The objective of this dynamic test is to provide physical evidence for the calibration of
the linear parameters entered into the FE model. For the impulse
excitation, a 1.01 kg (2.42 lb) model 086D20 sledge-hammer manufactured by PCB, Inc. is used. This hammer is selected due to its
capability to excite the frequency range of interest, which is 0–
150 Hz (to identify the first 20 modes of the dome). In an effort
to maximize the number of modes that are successfully identified,
seven distinct excitation locations are selected as shown in Fig. 5
(Left). PCB Model 393A03 uniaxial seismic accelerometers, with a
frequency range of 0.3–4000 Hz and a sensitivity of 10 volts/g,
are used during the test. The accelerometers are arranged at 20
locations over outer surface of the dome as shown in Fig. 5 (Right).
The data is processed and recorded by SigLab data acquisition
system, manufactured by Spectral Dynamics, Inc. The time domain
response measurements are obtained with a record length and
sampling frequency of 2048 samples and 1000 Hz, respectively.
The responses are recorded within 4 s, which fully capture the response of the dome in a single time frame, thus preventing the
leakage of higher-frequency energies over the lower frequencies.
The short duration impact of the hammer excites the tile dome
to vibrate at a wide range of its inherent natural frequencies until
the response dies out exponentially. A typical time domain measurement of hammer impulse and acceleration response can be
seen in Fig. 6. As seen in this figure, the measurements are collected over 4 s to allow for the decay of the dome’s vibratory response, which eliminates the need for window functions. The
measurement duration is determined by the desired frequency
bandwidth and resolution. All variables of signal processing equipment are given in Table 3.
The frequency response functions (FRFs), which are the ratio of
the output response of a structure to an applied force in the frequency domain are calculated. Assuming an accurate measurement
of the excitation force, SigLab accounts for uncertainties and noise
in the response signals, and thus uses an H1 FRF estimator [36].
As recommended by Atamturktur et al. [37], FRFs obtained for five
repeated tests are averaged to reduce the degrading effects of ambient vibrations. Observing the coherence functions ensure the quality of the measurements as did reciprocity and linearity checks.
Reciprocity of the dome measurements is checked by comparing
the response at Point 10 due to an excitation at Point 6, against the
response at Point 6 due to an excitation at Point 10 (see Fig. 7). In
reciprocity checks, the discrepancies may derive from many sources
(e.g. test-to-test variability caused by the hammer excitation,
accelerometer setups, ambient vibration from the environment,
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Fig. 6. Typical response history measurements: (Left) hammer impact and (Right) vibration response.

Fig. 7. Reciprocity check between Points 6 and 10.

and testing equipment noise) [37]. In Fig. 7, over the frequency range
of 0–200 Hz, the area between the two FRF curves is approximately
23% of the average area of the two FRFs. Despite this deviation, the
peaks are closely adjacent with an average deviation of 3.9% for
the six modes of interest. This limited variability indicates that the
modal parameter identification is minimally affected; thus the reciprocity between the two FRFs, and thus the linear behavior of the
structure, is deemed acceptable.
In theory, as a linear system should have identical FRFs at different magnitudes of hammer excitation, the linear response of the
dome can also be checked by comparing the FRFs obtained at different excitation levels. Fig. 8 shows the linearity check through a
comparison of the responses and the coherence functions of the
driving point measurements1 with two levels of excitations. Over
the frequency range of 0–200 Hz, the area between the two FRF
curves obtained with 27.22 kg (60 lb) and 45.36 kg (100 lb) excitations is approximately 13.00% of the average area of the two FRFs.
The peaks in the FRFs are less influenced by the change in the excitation force with an average deviation of 2% in the natural frequencies.
Using PULSE Reflex version 15.0.0, manufactured by B&K Company, system identification of the natural frequencies and mode
shapes is conducted, the result of which are discussed in the next
section.
4.2. Test-analysis correlation
Since the FE model is used to predict the changes in the natural
frequencies as a result of development and propagation of cracks, it
1
Driving point measurement indicates a measurement where the excitation and
measurement locations are identical.

Fig. 8. Linearity check (Top) the driving point FRF for the crown of the dome.
(Bottom) The corresponding coherence function.

is critical to ensure that it reproduces the natural frequencies of the
actual tile dome accurately. However, while comparing measured
and calculated natural frequencies, it is most important to ensure
that the modes are paired in a correct sequence such that natural
frequencies are correctly compared against each other, i.e., measured first bending mode is compared against the calculated first
bending mode. Therefore, we first pair the measured and calculated natural frequencies according to their mode shape vectors.
We verify each pair by both visually correlating the mode shapes
and checking the Modal Assurance Criterion (MAC) values (see Table 4).
Table 4 presents this test-analysis correlation for the six modes
of the dome, where the maximum deviation between the natural
frequencies is approximately 8%. Table 4 also presents the visual
comparison of mode shapes along with the MAC values between
the measured and calculated modes with an average of 0.73. For
the first four modes, the MAC values are above 0.7 indicating sufficiently well correlated modes. The fifth and sixth modes however
yield lower MAC correlations. Note that Brownjohn and Xia [38]
state that MAC statistics are imperfect indicators of modal correlation inferior to visual comparison. Satisfactorily high MAC values
for the first four modes and the clear visual agreement of the last
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5.1. Experimental campaign

Table 2
FE model input parameters before and after calibration.
Parameter

Before

After

Young’s Modulusa, Em

1.56 GPa
(227,000 psi)
0.25
0.2
0.6
4.14 MPa
(600 psi)
0.16 MPa (23 psi)

1.55 GPa
(225,000 psi)
0.25
0.2
0.6
4.14 MPa
(600 psi)
0.14 MPa (20 psi)

Poisson’s ratio, m
Open shear transfer coefficient, bt
Closed shear transfer coefficient, bc
Ultimate uniaxial compressive
strength, fc0
Ultimate uniaxial tensile strengtha,
ft
a
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A load-to-failure test is conducted on the masonry tile dome
studied herein to evaluate both the load–displacement behavior
and failure pattern under a distributed load applied at the crown
(see the test setup in Fig. 9). A vertical 5.338 N (1200 lb) load is
gradually applied within a radius of 30.48 cm (12 in.) around the
crown of the dome. The applied load and the deflection of the
dome are measured until the dome reached collapse.
5.2. Test-analysis correlation

Fine-tuned parameter values.

Table 3
Variables of the digital signal-processing.
Parameter description

Parameter value

Data acquisition time
Frequency resolution
Frequency bandwidth
Frequency range of interest
Sampling frequency resolution
Total number of samples
Number of frequency lines
Number of averages
Window function

4.0 s
0.25 Hz
200 Hz
60–200 Hz
1000 Hz
2048
800
5
Boxcar (no window)

two modes in combination enable us to verify the mode shape sequence. While obtaining the agreement presented in Table 4, one
of the linear material property values listed in Table 2, the homogenized Young’s modulus, Em, is calibrated from 1.56 GPa
(227,000 psi) to1.55 GPa (225,000 psi).

During the load-to-failure evaluation, the structure enters into
the nonlinear range and therefore, the available destructive test
data can be used to calibrate the nonlinear material properties entered into the FE model. Consistent with the experimental campaign, a 5.338 N (1200 lbf) vertical force is applied over a circular
region with a 30.48 cm (12 in.) radius at the top of the FE model.
The comparison of the calculations with measurements given in
Fig. 10 yields a good agreement, where the difference between
the average stiffness is approximately 2.9% within the elastic
range. The stiffness is calculated from measurements as the average of 201 experimental data points and from calculations according to the ultimate load carrying capacity and the corresponding
displacement as shown in Fig. 10. The mean value of the maximum
load during the experiment is approximately as 3.98 kN
(895.66 lbf), while the FE model has a load-carrying capacity of
3.96 kN (889.32 lbf), which yields a difference of 0.71%. To obtain
such agreement as presented in Fig. 10, the ultimate uniaxial tensile strength, fr, is fine-tuned and is reduced from 0.16 MPa to
0.14 MPa.

5. Test analysis correlation with destructive tests: nonlinear
properties of the FE model
In published literature, researchers have frequently resorted to
destructive experiments to determine the load carrying capacity
of masonry structures. Ref. [39] conducted a load-to-failure test
on a scaled dome model built with brick and mud mortar. Deflections of the dome were measured as a function of the uniformly
distributed load applied evenly on the dome and simultaneously,
propagation of meridional cracks was recorded. In this study, a
gradual reduction of stiffness was observed as the cracks develop.
There has been a greater interest in conducting destructive experiments on masonry arches compared to domes, owing the need to
assess the load carrying capacity of masonry arch bridges. Loadto-failure tests on arch bridges were completed in numerous
studies; see Refs. [40–42] for field testing on in-service masonry
arch bridges, see Ref. [41] for full-scale destructive testing of an
arch-bridge, Refs. [43–46] for destructive testing of scaled masonry arch bridge models.
Perhaps the most relevant earlier published work in the literature is Ref. [10], through which a masonry arch bridge was incrementally loaded to failure in the laboratory with a vertical load
at its quarter span. During this experiment, authors have conducted experimental modal analysis to observe the changes in
the natural frequencies of the arch and observed a 10% reduction
in the first natural frequency between the onset of damage and
the formation of first hinge. As the damage in the arch bridge
was further increased, progressive reduction in natural frequencies
was observed. Ref. [10] also proposed a novel ‘‘serviceability
threshold criterion’’ to relate the load carrying capacity of the damaged arch bridge to its natural frequency.

Fig. 9. Experimental setup for the destructive testing ([47], with permission).

Fig. 10. Test and simulation correlation.
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Table 4
Comparison of the predicted and measured natural frequencies and corresponding mode shapes.

6. Simulation of damage via experimentally informed FE
models
6.1. Crack patterns and modeling
A common feature of unreinforced masonry domes is that under
vertical loads the lower portion of the dome tends to spread outward. The resulting hoop tension then causes longitudinal cracks
at the base, ultimately resulting in the separation of the dome into
a series of arches with the top portion acting as a common key
stone (see Fig. 11 top) [1,48]. Such behavior, which has been

observed in many historic domes, was the primary motivation
for the invention of the tension ring placed at the base of domes,
see for instance the dome of Hagia Sophia where continuous iron
clamps were used between bricks to resist the hoop forces [49].
For domes with tension rings, although a similar crack pattern
may be observed, the cracks do not reach the base of the dome
since the tension ring prevents opening of the cracks (Fig. 11
bottom).
Although a dome may remain stable after the occurrence of
cracks, owing to the inherent ductility of masonry construction
[50], the propagation of such cracks clearly degrades the strength
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of the dome. These cracks can threaten the structural integrity if
they become too extensive, as with the unforeseen collapse of
the domes of the Noto Cathedral in [51]. It is precisely this degradation in strength after the onset of damage (in this particular
study, after the development of cracks) that must be determined
for appropriate management and maintenance of masonry
structures.
6.2. FE analysis of the crack distribution
To simulate a scenario in which cracks develop in the masonry
tile dome due to overloading, the load applied at the crown of the
dome is gradually increased. As the load increases, the middle part
of the dome bulges outward, thus resulting in hoop tension around
the circumference of the dome. Fig. 12 shows the distribution of
the first principal stress of the dome under the static load. The
shaded area indicates regions where tensile stress levels exceed
the tensile strength of the material, which initiates the crack formation. This simulation supplies a series of symmetrically distributed crack locations that are further discussed in Section 6.3.

dance of minor cracks are distributed across the structure, while
discrete crack modeling is suitable to represent the actual discontinuity in the deformations if the problem only involves a few
dominant cracks where the cracks are isolated and significant in
size [52].
Discrete crack modeling changes either the geometry or the
mesh topology of the model to create a gap (or void) in the model
that represents the crack (Fig. 13). Here, the initial four major
cracks that represent the damaged state of the dome are modeled
by introducing a mesh discontinuity. During the nonlinear load-tofailure analysis, as the applied loads are gradually increased, minor
distributed cracks emerge that are represented by the inherent
smeared cracking capability of the SOLID65 elements readily available in ANSYS v.12.
When the mesh topology is being modified to introduce the
meridional cracks into the FE model, it is important to automate
the process in such a way that the mesh is kept identical for each
model to avoid numerical uncertainties interfering in the comparisons. For increasing lengths of cracks from 0 to 50.8 cm, the FE
model is executed to predict the natural frequencies (see Table 5
and Fig. 14) and the load carrying capacity (see Table 6 and

6.3. FE modeling of the damaged dome
For modeling cracks in FE analysis, two distinct methods are
adopted: discrete crack models and smeared crack models. A
smeared crack model is a suitable representation when an abun-

Fig. 13. Cracks introduced to the FE model through mesh discontinuities.

Fig. 11. (Top) Spherical masonry domes without hoop tension carrying mechanism:
aerial and plan view of cracks (reproduced with permission, [1]). (Bottom) Spherical
masonry domes with a tension ring: aerial and plan view of cracks.

Fig. 14. Natural frequencies of the five health conditions.

Table 5
Modal analysis solutions, natural frequencies (Hz).

Fig. 12. First principal stress distribution above the tensile stress capacity
(>0.14 MPa (20 psi)).

Health State

Mode
1

Mode
2

Mode
3

Mode
4

Mode
5

Mode
6

No cracks (healthy)
12.7 cm (5 in.) cracks
(4 each)
25.4 cm (10 in.)
cracks (4 each)
38.1 cm (15 in.)
Cracks (4 each)
50.8 cm (20 in.)
Cracks (4 each)

74.47
74.15

80.61
80.20

80.76
80.68

86.93
86.66

88.383
88.11

96.62
96.32

72.01

78.92

78.93

82.58

84.039

96.14

63.88

72.40

76.23

77.82

79.277

93.77

53.86

66.36

75.53

75.96

77.418

87.48
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Table 6
Comparison of the simulated mechanical behavior of the dome.
Health state

Healthy

12.7 cm
(5 in.)

25.4 cm
(10 in.)

38.1 cm
(15 in.)

50.8 cm
(20 in.)

Capacity (N)
Ultimate
displacement
(mm)
Stiffness (kN/m)

3960.2
0.62

3954.4
0.62

2913
0.62

2834.3
0.62

2750.4
0.63

6397.2

6374

4690.5

4554.5

4365.7

Fig. 15. Comparison of load-carrying capacity of damaged and undamaged models.

Fig. 15) to study the changes in the response of the increasingly
damaged dome models.
The reductions in the natural frequencies due to the increasing
levels of initial damage are presented in Fig. 14. Herein, the emphasis is on the same six modes presented earlier in Section 4.2 (recall
Table 4). Fig. 14 illustrates that the decrease in natural frequencies
caused by the progression of cracks is more evident for the first
mode. This observation is also confirmed for cracks distributed in
an asymmetrical manner where the first mode is consistently observed to be the most sensitive to crack development.
Using the FE models developed with cracks of increasing length,
static analysis is conducted as discussed in Section 5.2 with a distributed load applied at the crown. FE model is used to calculate
the reduction in the load carrying capacity of the dome that is
increasingly damaged with cracks. A comparison between the
load-carrying capacities of the damaged and undamaged domes
is plotted in Fig. 15.
To evaluate the influence of the damage on the structural
strength of the dome, ultimate load-carrying capacity, displacement at the ultimate load and stiffness are extracted from the load
vs. displacement diagrams (Table 6). Ultimate load carrying capacity is determined by the yield point, beyond which the dome further displaces with no increase in load. The stiffness is calculated
as the slope of an imaginary line between the origin and this yield
point where the ultimate load carrying capacity is reached. Table 6
shows that a 12.7 cm (5 in.) crack has little influence on the loadcarrying capacity and stiffness of the dome and causes only a
0.15% reduction in load carrying capacity and a 0.36% reduction
in stiffness. After the length of the crack increases from 12.7 cm
(5 in.) to 25.4 cm (10 in.), however, a clear drop in both the loadcarrying capacity and stiffness of the structure becomes evident
where the load carrying capacity is reduced by 26.4% and stiffness
is reduced by 26.6%.
6.4. Formalizing a semi-empirical relationship
Due to the unavoidable limitations in computational resources,
the relationship between reduction in the first natural frequency

and the load carrying capacity is simulated only at a limited number
of discrete crack lengths. However, it is of interest to estimate this
relationship for all levels of crack severity including the crack
lengths for which simulations are not obtained. This relationship
should of course be defined conservatively, meaning that the reduction in the load carrying capacity must not be underestimated.
The semi-empirical relationship developed using just the data
presented in Fig. 14 and 15 would of course be only valid for the
tile dome studied here, since any such semi-empirical relationship
is expected to vary depending on material properties, boundary
conditions and geometric characteristics. However, by incorporating material properties and geometric characteristics in the training process, this relationship can be made more generally
applicable. To demonstrate the concept, here we study spherical
domes with varying span-to-height ratios. A total of seven spanto-height ratios varying between 0.15 and 0.4 are investigated
(0.15, 0.2, 0.21, 0.25, 0.3, 0.35, 0.4) each with five levels of crack
severity varying from none to 50.8 cm cracks. A total of 35 computer runs are executed with symmetrically distributed cracks of
varying length.
Many mathematical functions can be implemented to define
this relationship; preference of one over the other can be determined by the errors associated with the fit as well as the robustness of the fit. As stated by the Weierstrass Approximation
Theorem, any real-valued continuous functions are approximated
on a closed and bounded interval by polynomials given in a generic
form in Eq. (3), to any desirable degree of accuracy by increasing
the polynomial order p [53,54]

/ ¼ a1 þ

p
P

j¼2

aj bj

ð3Þ

Eq. (3) presents a power function, in which the power of b can take
any real value. In polynomials, these powers are non-negative
integers

/ ¼ a1 þ a2 ba þ a3 bðaþ1Þ þ a4 bðaþ2Þ þ a5 bðaþ3Þ

ð4Þ

where / is the reduction in load carrying capacity (a quantity that is
hard to measure), b is the reduction in the natural frequency (a
quantity that is convenient to measure), a is the height-to-span ratio. Recognizing that a > 0 and b > 0, and enforcing a > 0, the polynomial given in Eq. (4) will be monotonic and strictly increasing in
nature and therefore suitable for our application, as a higher reduction in natural frequencies should indicate a higher degradation in
load carrying capacity.
To train an emulator representing the semi-empirical relationship, we seek the coefficients a of Eq. (4). In doing so, we minimize
the objective function defined as the sum of the square of the differences between the emulator and the available simulation data
points as shown in the following optimization problem:

Objða1 ; a2 ; . . . ; a5 Þ
N !h
i
"2
X
a
ða þ1Þ
ða þ2Þ
ða þ3Þ
¼
a1 þ a2 bj j þ a3 bj j þ a4 bj j þ a5 bj j
& /j
j¼1

h
i
a
ða þ1Þ
ða þ2Þ
ða þ3Þ
$ a1 þ a2 bj j þ a3 bj j þ a4 bj j þ a5 bj j

P /j

j ¼ 1; . . . ; N Constraints

ð5Þ

where Obj is the objective function, a1, a2, . . . , a5 are coefficients of
the power function that are considered as optimization variables
and N is the number of available simulation data points. Additional
constraints are assigned to assure that the load carrying capacity
reduction in the emulator is always higher than the simulated results such that the emulator is a conservative upper-bound. We
used the fminsearch function in MATLAB for the optimization problem [55]. For the dome studied here, the coefficients are obtained
to be a1 = 3.78, a2 = 18.98, a3 = 6.45, a4 = 1.47 and a5 = 3.46. The
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Fig. 16. (Left) Span-to-height ratio of 0.21. (Right) Span-to-height ratio of 0.35 representing the dome studied herein.

Fig. 17. Semi-empirical formulation between the first natural frequency and the
load carrying capacity of spherical domes for varying span-to-height ratios.

power function obtained with these coefficients supply a conservative upper bound as depicted in Fig. 16(left).
Fig. 17 demonstrates the three-dimensional plots of the functional relationship defined in Eq. (3) for domes of same thickness
but with height-to-span rations varying from 0.15 to 0.50. This
functional form, given in Eq. (3) and demonstrated in Fig. 17 can
be improved by increasing the number of simulation runs and
can be made more generally applicable by considering the different
thicknesses, boundary conditions and materials that can be used
for masonry domes. Therefore, the semi-empirical relationship
presented herein should be considered to be for demonstration
purposes only.
7. Conclusions
Damage to a structural system causes degradation in not only
the strength but also the stiffness of the structure. The degradation
in strength manifests itself as reduced load carrying capacity;
while degradation in stiffness influences the increased deformations. For instance, a damaged structure becomes less stiff compared to its healthy counterpart, and thus deforms more under
the same loading condition. Similarly, a damaged structure can
be expected to have lower natural frequencies compared to its
healthy counterpart.
Measuring the reduction in load carrying capacity due to the
presence of damage requires some form of destructive testing

and thus in practical applications is not feasible. However, the
vibration characteristics, which are also sensitive to the presence
of damage, can be conveniently measured in a non-intrusive and
non-invasive manner from an existing structure. If this indirect
relationship between the reduction in load carrying capacity and
changes in the vibration response can be determined for a
structure, then by monitoring the vibration characteristics, infrastructure managers can determine the remaining strength. Accordingly, the infrastructures can prescribe timely and efficient
maintenance and rehabilitation campaigns preventing potentially
unforeseen catastrophic failures of historic masonry monuments.
In this manuscript first, considerable efforts are made to develop a FE model that is a sufficiently accurate representation of both
the vibration characteristics (i.e. natural frequencies) and the load
carrying capacity of a scaled laboratory dome built with AAC tile
and plaster of Paris. For these purposes, natural frequencies measured during nondestructive tests and load–displacement curves
obtained during destructive tests are used to fine-tune the imprecise material properties of the FE model. The first natural frequency
of the dome is determined to be the most sensitive mode to crack
propagation. Next, the calibrated FE model is used to predict the
reduction in the load carrying capacity and in the first natural frequency of the dome as the dome is progressively damaged. The
simulated damage pattern is in the form of four, symmetrically distributed discrete cracks. The damage severity is gradually varied
from no cracks to four 50.8 cm (20 in) cracks.
The obtained simulation based results are used to train an emulator representing a conservative upper bound for the indirect relationship between the changes in vibration response and the
reduction in load carrying capacity. This semi-empirical relationship is of course only valid for the tile dome studied herein and
would vary depending on the material properties, geometric characteristics and type of the damage. In an attempt to make the obtained empirical relationship more generally applicable, the
relationship between strength and stiffness is studied for domes
with varying span-to-height ratios. An emulator is trained that
contains a variable for the span-to-height ratios and then plotted
for various geometric configurations. Future studies should follow
to seek generally applicable trends and relationships for varying
material properties and damage types.
In this study, the first mode frequency exhibited the greatest
sensitivity to crack development and is therefore used as the basis
for the development of the empirical relationship. However, even
for domes with similar geometric properties, the most sensitive
mode may vary depending on the cause and type of damage. For
example, differential support settlement may cause a different
damage scenario than a distributed load on the crown, to which
a mode frequency other than the first might be more sensitive.
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One approach to ensuring sensitivity to a wide range of damage
scenarios that the domes studied here may experience would be
to develop the empirical relationship considering all six modes as
proposed by Ref. [56], where assimilation techniques are utilized
to increase the sensitivity to damage.
This manuscript introduces a novel concept that can ultimately
be applied to a wide range of structures. Of course, such empirical
relationship between strength and stiffness will need to be defined
for various structure types in future applications. When successfully
developed and validated, such empirical relationship has the potential to improve the serviceability assessment of existing structures.
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