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a b s t r a c t
A simplified framework is proposed for evaluating the probability of ‘‘serviceability failure’’ in a braced
excavation in a spatially random field. Here, the ‘‘serviceability failure’’ is said to occur when the excavation-induced wall or ground movement exceeds specified limiting values. Knowledge of this probability
can aid in engineering decision-making to prevent damage to adjacent infrastructures. The proposed
framework consists of five elements: (1) finite element method (FEM) for analyzing wall and ground
responses in a braced excavation, (2) fuzzy set modeling of parameter uncertainty, (3) spatial averaging
technique for handling spatial variability, (4) vertex method for processing fuzzy input through FEM
model, and (5) interpretation of fuzzy output. The proposed framework is demonstrated through a
well-documented case history. The results show the proposed framework is simple and effective for
assessing the probability of serviceability failure in a braced excavation in a spatially random field. To
focus on the proposed fuzzy FEM approach, the scope of this paper is limited to one-dimensional modeling of spatial variability with an assumed exponential autocorrelation function.
! 2011 Elsevier Ltd. All rights reserved.

1. Introduction
One of the main concerns in a braced excavation in an urban
area is the risk of damage to adjacent infrastructures caused by
the excavation-induced wall deflections and ground movements.
Damage to the adjacent infrastructures caused by ground movements is referred to herein as the serviceability failure in a braced
excavation. In many excavation projects, the owners or regulatory
agencies establish the limiting wall and ground responses as a
means of preventing excavation failure and damage to adjacent
infrastructures. Table 1 shows an example of such limiting response criteria from China [1]. Thus, it is essential to have the ability to accurately ‘‘predict’’ the maximum wall deflection and
ground settlement during the design of braced excavations.
Past experience has shown that construction details can have a
great effect on the wall deflection and ground settlement that actually occur in the field. In this paper, the effect of construction sequence is simulated in the finite element analysis, as braced
excavations are carried out in stages. However, good workmanship
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is assumed in the excavation and no other construction related
effect is considered in the analysis.
To accurately predict the maximum wall deflection and ground
settlement, it is essential to properly characterize the site conditions. An appropriate site investigation program is needed; in particular, design soil parameters must be properly evaluated and
selected. For braced excavations in clays, Hsiao et al. [2] pointed
out that normalized undrained shear strength (su =r0v ) and normalized initial tangent modulus (Ei =r0v ) are the most important soil
factors. As in many geotechnical projects, however, it is difficult
to determine the values of these parameters with certainty, especially with limited test data. Uncertainty in these parameters leads
to uncertainty in the computed maximum wall deflection and
ground settlement, which makes it more difficult to assess whether
the predicted responses are excessive as compared to the specified
limiting wall and ground responses. This problem could be complicated further with the inherent variability of soils and the spatial
correlation. A sensible approach would be to consider all these
uncertainties, derive the probabilities of exceeding the limiting wall
and ground responses, then make the design decisions based on
these exceedance probabilities.
The effect of inherent spatial variation of soil properties has
been demonstrated in many geotechnical problems, and modeling
of this variation with random field theory has already been
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Table 1
Criteria for excavation protection levels in Shanghai, China [1].
Excavation
protection level

Limiting wall deflection and ground
surface settlement

Requirements of the environmental protection

I

1. Maximum wall deflection 60.14% H
2. Maximum ground surface settlement 60.1% H
3. FS (basal stability) P 2.2

Metro lines and important facilities such as gas mains and water drains exist within
a distance of 0.7H from the excavation; safety has to be ensured

II

1. Maximum wall deflection 60.3% H
2. Maximum ground surface settlement 60.2% H
3. FS (basal stability)P2.0

Important infrastructures or facilities such as gas mains and water drains exist
within a distance of (1–2)H from the excavation.

III

1. Maximum wall deflection 60.7% H
2. Maximum ground surface settlement 60.5% H
3. FS (basal stability) P 1.5

No important infrastructures or facilities exist within a distance of 2H from the
excavation

Note: H = final excavation depth; FS = factor of safety against basal heave, calculated using the slip circle method.

reported [3]. However, a rigorous simulation of the random field
within the FEM-based solution framework demands a large
amount of computation time, which is not practical for analyzing
complicated problems such as wall and ground responses in a
braced excavation [4]. To this end, the proposed approach, consisting of using fuzzy sets [5] and a variance reduction technique [6] to
approximate the effect of a random field, appears to be a feasible
alternative for analysis for the probability of serviceability failure.
In summary, this paper focuses on a simplified approach for
estimating the probability of serviceability failure (i.e., exceeding
the limiting wall and ground responses) in a braced excavation
in a spatially random field. Uncertain soil parameters are represented by fuzzy sets and spatial variability is considered by means
of variance reduction. Propagation of the uncertainty of these soil
parameters through finite element solution is carried out by the alpha-cut method [7]. The FEM analysis of the braced excavation is
conducted using a finite-element computer code with a constitutive model that can effectively model the small-strain nonlinear
soil behavior. The results of the FEM-based fuzzy set approach
are fuzzy numbers that represent wall and ground responses. The
probability of exceeding a specified response is then computed
from the resulting fuzzy numbers. A case study is presented to
demonstrate the proposed simplified approach, which is shown
to be effective and simple to use.
2. Finite element modeling with a small-strain nonlinearity soil
model
Numerical methods such as the finite difference method or finite element method are often used to analyze wall deflection
and ground settlement in a braced excavation [8–11]. In this paper,
wall and ground responses in a braced excavation in clays are analyzed using a commercially available finite element code, Plaxis™
[12]. It should be noted that use of this software in this paper does
not represent an endorsement of the software; other FEM codes can
be employed.
Kung et al. [11] indicated that wall deflection was relatively easier to predict accurately than ground settlement and the accuracy
of the prediction often depended on the capability of utilized soil
models. They showed that proper modeling of small-strain nonlinearity soil behavior is essential for accurate predictions of ground
settlement in a braced excavation using FEM. This view was shared
by many previous investigators [13]. In the work by Kung et al.
[11], a small-strain nonlinear soil model, known as the Modified
Pseudo Plasticity (MPP) model, was implemented in the computer
code AFENA [13] for the analysis of braced excavations. The MPP
model was developed by Hsieh et al. [10] for clays, with considerations for: anisotropic properties, high stiffness at small-strain, and
degradation behaviors. Through a series of analyses of laboratory
tests (the conventional and small-strain CK0UC tests) and well-

documented case histories of braced excavation, Kung et al. [11]
demonstrated the validity of the MPP model and the accuracy of
the FEM predictions of wall and ground responses in braced excavations using AFENA with the MPP soil model.
Plaxis™ [12] is a proprietary FEM code, but it prescribes a programming format that the user can follow to implement a constitutive law of soils. To follow up on our previous work [11], it is
desirable to implement the MPP model as a user-defined model
in Plaxis™. Thus, Plaxis™ with the MPP soil model (implemented
by Dang [14] with substantial input from the third author) is used
in this study.
To verify the accuracy of the FEM code, we re-analyze the excavation case at Taipei National Enterprise Center (TNEC) that was
documented by Ou et al. [9]. The results are compared with those
reported previously by Kung et al. [11], who analyzed the same
TNEC case using the AFENA code with the MPP model. In that previous study, the capability of the AFENA code with the MPP model
for predicting wall and ground responses in a braced excavation
was demonstrated. In the present study, we compare the maximum wall deflections and the maximum ground settlements at
various stages of excavation of TNEC obtained by the two FEM
codes (Plaxis™ with MPP versus AFENA with MPP). Fig. 1a and b
compares the results of FEM predictions of the maximum wall
deflections and the maximum ground settlements, respectively.
The results show that the Plaxis™ solutions in this paper are as
accurate as those obtained by Kung et al. [11] using AFENA, and
both agree well with field observations. Thus, Plaxis™ code with
the MPP soil model is found to be satisfactory for predicting the
wall and ground responses in a braced excavation. Furthermore,
in this paper, Plaxis™ code with the MPP soil model is further used
to study the effect of the spatial variability of soils on the probability of exceeding the limiting responses in a braced excavation. For
convenience, the software Plaxis™ implemented with the MPP soil
model is referred to hereinafter as ‘‘the FEM code.’’
3. Modeling spatial variability in braced excavations in clays
3.1. Spatial variability
In a traditional deterministic approach, the FEM solution generally assumes soil parameters to be spatially constant. In recent
studies using random FEM to consider spatial variability, Griffiths
and his colleagues [3] found the effect of inherent spatial variations
of soil properties can be significant in FEM solutions of many geotechnical problems. The random FEM approach, however, is computationally intensive [4]. For the complex problem of staged,
braced excavations, it can be considered appropriate to use a simplified model of spatial variability. Among the methods dealing
with the spatial variability of soil, the spatial averaging of the variation of the soil properties has shown to be an effective tool (for
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Fig. 1. Maximum wall deflections and maximum ground settlements at various stages of excavation of the TNEC case – a comparison of the observed values with those
obtained by Kung et al. [11] using AFENA and in this study using Plaxis™; both FEM codes implemented with the MPP soil model.

example see, [15–18]). In this paper, the focus is to examine the effect of spatial variability of soil parameters on the wall and ground
responses in a braced excavation using the FEM code; and to this
end, the spatial averaging approach is adopted.
3.2. Spatial averaging
According to Baecher and Christian [19], a random field is considered ‘‘stationary’’ if it satisfies two conditions: (1) the mean and
the variance of a given soil property at a given depth, w(z), are the
same regardless of the ‘‘absolute’’ location of z, and (2) the correlation coefficient between w(z1) and w(z2) is the same regardless of
the ‘‘absolute’’ locations of z1 and z2; rather, it depends only on
the distance between z1 and z2. In this paper, the focus is placed
on stationary random field (for example, as is shown later, we
use the normalized undrained shear strength su =r0v , in lieu of undrained shear strength su, to remove the linearly-increasing trend
of su with depth). Thus, after performing spatial averaging to account for the effect of spatial variability, data scatter becomes
the only main issue in the modeling of soil parameter uncertainty.
The concept of spatial averaging was described by Vanmarcke
[6] as follows: the variability of the average soil properties over a
large domain is less than that over a small domain. The reduced
variability of soil properties over a large domain can be characterized by the variance function, which is related to the autocorrelation function. The exponential model that is widely used in the
study of spatial variability is selected herein:

!

qðDzÞ ¼ exp $2

jDzj
h

"

1, and as such, this value is often referred to as the variance reduction factor (C2).
The characteristic length may be assumed to be the length of
the sliding surface (failure surface) in the stability analysis of a
braced excavation, as suggested by Schweiger and Peschl [4]. A
similar assumption was made by Most and Knabe [21] in their
study of bearing capacity of footings using variance reduction technique. Fig. 2 shows an example of the sliding surface based on the
slip circle method [22]. In this paper, the characteristic length L is
taken as the total length of the arc length bcd and the vertical
length ab.
With the known characteristic length (L) and the scale of fluctuation (h), the reduced variance r2C can then be obtained with the
following equation:

r2C ¼ C2 & r2

where r2 is the variance of the soil parameter, and C2 is the variance reduction factor.
The spatial averaging approach has been shown to be an effective simplification of the real random field. As pointed out by
Schweiger and Peschl [4], a more rigorous simulation of the random field demands a large amount of computational time, which
may not be practical for complicated numerical simulations such
as the problem of braced excavation. In this paper, the spatial averaging effect is examined using the checkerboard approach [3] and
the feasibility of the variance reduction technique to model the

ð1Þ

where |Dz| is the distance between any two points in the field; h is
the scale of fluctuation that is used to normalize |Dz| .
To consider spatial averaging in a reliability analysis, variances
of soil parameters are reduced by multiplying a factor that depends
on the scale of fluctuation [20]. This factor is the value of the variance function that can be obtained by integration of an autocorrelation function such as Eq. (1). Thus, the variance function may be
expressed as [20]:

C2 ¼ f ðL; hÞ ¼

! "2 #
!
"$
1 h
2L
2L
$ 1 þ exp $
2 L
h
h

ð2Þ

where L is the characteristic length with respect to a potential failure surface. In general, the value of the variance function is less than

ð3Þ

Fig. 2. An example of failure surface in braced excavation.
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spatially randomness within the context of a braced excavation is
demonstrated.

4. Fuzzy sets methodology – modeling and processing of
uncertain parameters
4.1. Uncertainty modeling with fuzzy sets
Geotechnical engineers almost always have to deal with uncertainty, whether it is formally acknowledged or not [23]. When input soil parameters cannot be ascertained due to limited data
availability, engineering judgment is often exercised to select a
conservative design parameter. Uncertainty in soil parameters
may be dealt with by using an appropriate factor of safety. However, in many cases, it is advantageous to assess this uncertainty
and to include it in the analysis so that a more informed design
decision can be made.
Fuzzy set theory [5] has been shown effective and suitable for
modeling uncertainty in soil parameters [23–26] when data are
insufficient to fully define a probability distribution. A fuzzy set
is a set of paired values [x, lA(x)], where an element x belongs to
the set A to a degree defined by its membership function lA(x).
The membership grade, ranging from 0 to 1, is used to characterize
the degree of belief that x belongs to A. The fuzzy set theory has
been widely used in many engineering and non-engineering fields.
Examples of the application of fuzzy sets in geotechnical engineering can be found in literature (e.g., [24–31]).
For routine geotechnical uncertainty modeling, use of a subset
of a fuzzy set, called fuzzy number, to represent an uncertain soil
parameter may be sufficient [23]. A fuzzy number is a fuzzy set
that is normal and convex—the shape of the membership function
is single humped and has at least one value whose membership
grade (or degree of belief) is 1. Fig. 3a shows an example of a fuzzy
number. If there is no reason to suggest otherwise (because of lack
of data), the shape of the membership function may be assumed to
be triangular, as shown in Fig. 3a, because of its simplicity in formulation and ease of computation [7]. The triangular fuzzy number
has been shown to be useful in many engineering applications [32].
A triangular fuzzy number is characterized by three values: a lower
bound, an upper bound, and a mode (most probable value). The
mode has a membership grade of 1, the highest possibility, to represent uncertain soil parameter. As the value of the parameter departs from the mode, the degree of belief for this value to represent
the soil parameter decreases, and when the value reaches the lower bound (or the upper bound), the degree of belief is reduced to
zero.
The concept of a simple representation of an uncertain soil
parameter is not new. In a widely cited paper, Duncan [33] proposed the concept of the highest conceivable value and lowest conceivable value as a way to estimate the uncertainty of a soil
parameter. He initially suggested that the standard deviation (r)
of a soil parameter may be estimated by taking the difference between the highest conceivable value and the lowest conceivable
value and dividing it by 6. However, in the field of geotechnical
engineering, lack of sufficient number of observations is often a
norm rather than exception; as such, the variation of soil parameters can often be underestimated. Thus, it would be more appropriate to adopt a divider of less than 6 (for example, 4, as later
recommended by Duncan).
In many cases, the standard deviation may also be estimated by
adopting the published coefficients of variation (COV) on a given
soil parameter (e.g., [15,34]). Of course, these COV values may
not be accurate for local soils and some adjustment may be needed.
Furthermore, the mean (l) of the parameter of concern may be
computed from a limited number of data points or simply esti-

Fig. 3. Example of triangular fuzzy number and a-cut interval.

mated as the most probable value. With knowledge of the standard
deviation and mean, simple reliability methods such as the first order second moment (FOSM) method can be used to compute the
probability of ‘‘failure.’’
In this paper however, we take a different approach. Assuming the
engineer can estimate a soil parameter with three values, the highest conceivable value (upper bound), the lowest conceivable value
(lower bound), and the most probable value (mode), then a triangular fuzzy number as illustrated in Fig. 3a can be readily defined.
Generally, the most probable value (mode) can be fairly accurately
estimated by taking the mean of the available data (even with only
a few data points). The upper and lower bounds can be estimated
based on published coefficient of variation (which yields standard
deviation), for example, by taking ±2 standard deviations from the
mean. The estimate of the mode and the upper and lower bounds with
very limited data should be guided by local experience and engineering
judgment. With the estimate of the mode, lower bound, and upper
bound, the soil parameter can be modeled with a triangular fuzzy
number.
If the data are lacking or insufficient to fully define a probability
distribution, as in many geotechnical engineering projects due to
cost constraints, then as an approximation, use of a triangular fuzzy number to model uncertain soil parameter is considered appropriate. Such use of a fuzzy number allows us to analyze the effect of
uncertainty and compute the probability of serviceability failure in
an efficient way. Of course, probabilistic analysis of braced excavations can also be effectively analyzed using the probability theory
(e.g., [35]).
4.2. Fuzzy data processing by means of vertex method
Almost all routine geotechnical analyses are performed with
deterministic models. If the input soil parameters are uncertain
and take fuzzy numbers as their values, the output of the deterministic model will be a fuzzy number (or fuzzy numbers). In this
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case, uncertainties in the input parameters are propagated through
the solution processes; and in this paper, the processes primarily
involve the finite element solution of wall and ground responses
in braced excavations.
The fuzzy finite element approach (FFEA) is taken in this paper
to handle the uncertainty propagation through the finite element
solution. To propagate fuzzy input through the FEM code, the vertex method proposed by Dong and Wong [36] is adopted. This
method is based on the a-cut concept. As shown in Fig. 3b, at a
membership grade of ai, an interval with a lower bound of x$
ai
and an upper bound of xþ
ai can be formed. Mathematically, it can
be shown that any fuzzy number can be represented by a set of
a-cut (or a-level) intervals with a ranging from 0 to 1. Thus, to
propagate fuzzy input through the FEM code, fuzzy numbers are
first discretized into a set of a-cut intervals (for example, taking
Da at 0.2 for a ranging from 0 to 1 yields six different levels,
a = 0, 0.2, 0.4, 0.6, 0.8, and 1.0). This changes the analysis from
the operation of fuzzy numbers into the operation of intervals.
However, the traditional interval analysis cannot handle complex
computation processes that are involved in finite element solutions. The vertex method removes this difficulty with an effective
‘‘sampling’’ technique.
At each a-level, the intervals of the fuzzy input variables are obtained and the combinations of vertexes (i.e., the lower bounds and
the upper bounds of the a-cut intervals of all fuzzy input) are
determined. Given n fuzzy input variables, the number of combinations of vertexes is 2n. Each vertex represents a set of fixed values
of input variables that can be readily entered into the FEM code for
a deterministic analysis. Each of the 2n combinations of vertexes
are used one-by-one in the FEM analysis, which yields a set of 2n
solutions. Taking the minimum and the maximum of these solutions, an interval is obtained at the specified a-level. Dong and
Wong [36] has proven mathematically that at a given a-level, the
interval solution obtained with this vertex method is an exact solution. Repeating the above process for a set of a values, a set of
interval solutions are obtained. Recalling that a fuzzy set is defined
by a set of paired values [x, lA(x)], thus the lower bounds and the
upper bounds of these intervals along with the corresponding a
values define a fuzzy number that represents the outcome of the
fuzzy FEM analysis.
It is noted that the output fuzzy number is generally not sensitive to the number of a-levels, which depends on the magnitude
of Da, adopted for discretization of fuzzy input variables. For
most geotechnical problems, use of Da = 0.2 is adequate (see
Fig. 4). If in doubt, however, a sensitivity analysis can be performed using smaller Da values to confirm the convergence in
the solution.
In previous studies by Hsiao et al. [2], wall and ground responses are reported to be strongly affected by variation in the normalized undrained shear strength (su =r0v ) and the normalized
initial tangent modulus (Ei =r0v ). In this paper, to deal with uncertain parameters using the proposed methodology, these two
parameters are treated as fuzzy parameters and all other factors
such as the stiffness of wall and strut, the excavation depth and
width are treated as non-fuzzy parameters. Fig. 4 shows a flowchart depicting the process of fuzzy data propagation through
the FEM code by means of the vertex method.
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Fig. 4. Vertex method for fuzzy FEM analysis of braced excavation.

deflection (or ground settlement) is less than a threshold value. To
this end, a simple way to compute such probability from the resulting fuzzy number is needed. Using the resulting fuzzy number
shown in Fig. 5 as an example, the probability of exceeding a limiting value can be computed as follows:

pE ¼ pðx > xlim Þ ¼

AE
AF

ð4Þ

where AE is the shade area depending on the limiting value xlim and
AF is the entire area under the ‘‘curve’’ of the fuzzy number.
It is noted that in Fig. 5, normalization of the shade area with
respect to the entire area under the curve is needed as the latter
is not necessarily equal to 1. Although a more elegant formulation
of the failure probability can be found in the literature (for example, Guo and Lu [37]), Eq. (4) is easy to follow and implement.

4.3. Interpretation of the resulting fuzzy number
The resulting fuzzy number, obtained by applying the vertex
method to a deterministic approach (such as Plaxis™ solution), reflects the uncertainty in the model output. In this paper, the model
output is the maximum wall deflection and the maximum ground
settlement in a braced excavation. An important design consideration is to ensure the probability of exceeding the maximum wall

Fig. 5. Fuzzy number that represents the model output. The shaded area normalized to the full area under the curve is the probability of exceeding the limiting
response (xlim).
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5. Case study – TNEC excavation case
The TNEC excavation case in Taiwan [9] is used herein as an
example to illustrate the fuzzy finite element approach (FFEA) for
the analysis of wall and ground responses in braced excavations
in clay with a consideration for its spatial variability.
In this case, the excavation width is 41.2 m and the length of the
diaphragm wall is 35 m. The excavation is carried out using a topdown construction method in seven stages with support provided
by steel struts and floor slabs. Excavation depths and support locations are detailed in Table 2. Soil parameters used in the FEM code
are shown in Table 3. It is noted that the second layer (8–33 m) in
the soil profile is a clay layer that dominates the maximum wall
and ground responses in this excavation. Hsiao et al. [2] estimated
the coefficient of variation (COV) of the strength and stiffness
parameters of Taipei clay as 0.16. In the present study, we consider
the uncertainty in soil parameters as well as their spatial variability in the FEM solution. To model the uncertainty of this clay soil,
the normalized undrained shear strength (su =r0v ) and normalized
initial tangent modulus (Ei =r0v ) are treated as fuzzy parameters
and all other factors such as the stiffness of the wall and strut,
the excavation depth and width are treated as constant parameters
in the analysis.
5.1. Averaging the effect of spatial variation – a checkerboard study
The effect of spatial variation of soil parameters may be analyzed with a checkerboard analysis [3]. In this approach, the random field is meshed to many small square areas where the upper
bound and the lower bound of the soil parameters alternate in
the two-dimensional array. The soil parameters in the horizontal
direction have much larger scales of fluctuation and are generally
spatially correlated when compared with the vertical direction
[15]. Therefore, for simplicity, only the variability through the
excavation depth is considered in this study. The upper and lower
bounds of the soil parameters (su =r0v and Ei =r0v ) are assumed to be
the mean, plus and minus one standard deviation respectively, and
they only vary vertically on the checkerboard, as shown in Fig. 6.
Table 2
Propping arrangement for the excavation and the stiffness of struts and floor slabs in
the FEM analysis in TNEC case (after Kung et al. [11]).

a
b

Stage

Excavation
depth, H (m)

Depth of
struts, Hp (m)

Stiffness of struts and slab floor,
EA (kN/(mm$1))

1
2
3
4
5
6
7

2.8
4.9
8.6
11.8
15.2
17.3
19.7

2.0a
3.5b, 0b
7.1b
10.3b
13.7b
16.5a
17.1b

8240
125,568
125,568
125,568
125,568
24,035
125,568

Steel strut.
Floor slab.

Five scenarios are examined in the checkerboard study using the
FEM code. In the ‘‘base’’ scenario (denoted as S0), the entire clay
layer is assigned the mean soil parameters (su =r0v and Ei =r0v ) as in
a deterministic analysis. In the first scenario (S1), the scale of fluctuation is assumed to be infinite and the two soil parameters, su =r0v
and Ei =r0v , are taken as the mean, minus and plus one standard deviation [S1(a) and S1(b), respectively]. In the second scenario (S2), the
clay layer is subdivided into four sub-layers. The upper bound and
lower bound of su =r0v and Ei =r0v alternate on the checkerboard and
thus there are two sub-scenarios in the following sequence:
‘‘upper–lower–upper–lower bound sequence’’ [S2(a)] and ‘‘lower–
upper–lower–upper bound sequence’’ [S2(b)]. In the third and
fourth scenarios [S3 and S4], the clay layer is subdivided into eight
and sixteen sub-layers respectively, with a similar alternating sequence of lower and upper bound. Examples of scenarios S3(a)
and S4(a) are shown in Fig. 6a and b, respectively, to illustrate the
schematic of the checkerboard study on the TNEC excavation case.
In reference to the ‘‘base’’ scenario, the other four scenarios are
set up so that the scale of fluctuation decreases gradually from S1
to S4. Here, S1 is viewed as equivalent to the spatially-constant
condition, while S4 has the smallest scale of fluctuation among
all the scenarios with soil parameters varying drastically from
sub-layer to sub-layer in the vertical direction. The rationale behind the division of the clay layer in the checkerboard study as described previously is consistent with the random field analysis
conducted by Griffiths et al. [38] – as the scale of fluctuation approaches to infinity, the shear strength at each point in the random
field becomes uniform; on the other hand, as the scale of fluctuation approaches zero, the shear strength at each point in the random field becomes independent and fluctuates rapidly from
point to point.
The finite element analysis under different scenarios is aimed at
investigating the averaging effect of spatial variation. The results of
wall and ground responses through the checkerboard study are
shown in Fig. 7a and b, respectively. The responses computed with
the ‘‘base’’ scenario are shown with solid curves in these figures.
The variations in wall deflection and ground-surface settlement
for other scenarios are observed [for example, comparing the difference between S1(a) and S1(b), and between S2(a) and S2(b),
and so on]. The variation in responses is the greatest under scenario S1, in which the scale of fluctuation is assumed to be infinite
(and thus the soil parameters are spatially constant). The variation
in responses decreases from S1 to S4 as the spatial variability increases (or the scale of fluctuation decreases). In conclusion, as
the scale of fluctuation becomes smaller, the variation of wall
and ground responses becomes smaller.
Since the results from the previous geotechnical random field
studies have shown that variation of the output increases with variability of the input (e.g., [38]), the conclusion from the checkerboard study in this paper is consistent with the concept of the
spatial averaging effect: a smaller scale of fluctuation results in a
larger variance reduction in soil parameters, which would yield a
smaller variation of wall and ground responses.

Table 3
Soil profile and soil model parameters used in FEM analysis (from Kung et al. [11]).
Depth (m)
0–5.6
5.6–8
8.0–33.0
33.0–35.0
35.0–37.5
37.5–46.0

Soil type
CL
SM
CL
SM
CL
SM

Constitutive soil model
a

MPP
Duncan-Chang
MPP
Duncan-Chang
MPP
Duncan-Chang

c (kN/m3)

su =r0v

Ei =r0v

18.3
18.9
18.9
19.6
18.2
19.6

0.32

672

0.32

672

0.34

714
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Fig. 6. Schematic of checkerboard study on the variation of soil parameters in an FEM model of TNEC case.

The results of the checkerboard study show a strong averaging
effect of the spatially random soil parameters exists in the braced
excavation problem. Even though the checkerboard analysis is a
simplified simulation of the real random field of soils, it ascertains
the validity of the variance reduction technique in the finite element analysis of braced excavation in clays. This provides the basis
for the proposed FFEA approach that takes into account the spatial
variability of soil parameters.
5.2. Fuzzy FEM analysis of TNEC case considering spatial variability
As noted previously, the goal of this paper is to demonstrate the
proposed procedures for computing the probabilities of exceeding
the limiting wall and ground responses in a braced excavation
while taking into account spatial variability in key soil parameters.
For this case study, the TNEC excavation, the normalized undrained
strength su =r0v and the normalized initial tangent modulus Ei =r0v of
the clay are su =r0v = 0.32 and Ei =r0v = 672, respectively [11]. The
standard deviations of the two parameters are estimated to be
0.05 and 108 respectively, based on a reported coefficient of variation (COV) of 0.16 [2]. The two soil parameters are treated here as
triangular fuzzy numbers, since the available data are not sufficient
to characterize them in terms of probability distributions.

To consider the effect of spatial variability, let’s first assume that
the field has an infinite scale of fluctuation. The variance reduction
factor (C2) in this case is equal to 1 (i.e., no reduction) and thus the
standard deviations for su =r0v and Ei =r0v would be 0.05 and 108,
respectively. If we assume the mean plus and minus 2 times the
standard deviation for the lower and upper bound, and conservatively assume the mode to be slightly less than the mean, then
the fuzzy numbers for su =r0v and Ei =r0v can be readily constructed
(see the triangular membership function labeled a-m-b in Fig. 8a
and b, respectively). Of course, slightly different fuzzy numbers
may be obtained by different individuals based on their own experience. This is the nature of geotechnical practice, due to limited
data availability. Fortunately, similar conclusions are usually
reached even with some differences in the assumed fuzzy numbers. When in doubt, however, a series of sensitivity analyses with
different assumed fuzzy numbers should be performed to remove
or reduce the uncertainty in the solution.
Analysis of the braced excavation in the TNEC case is carried out
using the FEM code. To deal with the fuzzy input, the vertex method
is employed using the algorithm shown previously in Fig. 4. The
resulting fuzzy numbers obtained from the FEM code, as shown in
Fig. 9, represent the maximum wall deflection (dhm) and groundsurface settlement (dvm). Under this scenario of an infinite scale
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Fig. 8. Fuzzy input parameters at different scales of fluctuation.

Fig. 7. Influence of scale of fluctuation on wall deflection and ground settlement.

of fluctuation, the computed maximum wall deflection (dhm) is described by the triangular membership function labeled a-m-b in
Fig. 9a, and the computed ground-surface settlement (dvm) is described by the triangular membership function labeled a-m-b in
Fig. 9b.
It should be noted that the results shown in Fig. 9 were obtained
using the vertex method with discretization increment Da = 0.2
(Fig. 4). A series of analyses were also carried out using Da = 0.1
and 0.05 for discretization of the input fuzzy variables. The output
fuzzy numbers for maximum wall deflection (dhm) and ground-surface settlement (dvm) for this TNEC case remain nearly the same
with smaller Da values. Thus, in this case, the analysis of wall
deflections of ground settlement in an excavation, the use of
Da = 0.2 is adequate.
The entire processes described in the above FFEA analysis can
be repeated for any assumed scale of fluctuation. For simplicity,
we can assume the scales of fluctuation of the two soil parameters
in this TNEC case are the same; that is, h ¼ hsu =r0v ¼ hEi =r0v . For demonstration purposes, let’s repeat the FFEA analysis for three additional scales of fluctuation (2.5 m, 5 m, and 25 m). For each
scenario involving a different scale of fluctuation, the variance
reduction factor (C2) is first computed with Eq. (2), which requires
knowledge of the characteristic length, L. At the TNEC site, and
within the length of the diaphragm wall, the deposit consists primarily of a clay layer, the thickness of which is approximately
equal to 90% of the wall length. Sensitivity analysis using the
FEM code shows the clay layer dominates the wall and ground responses in this excavation, as expected. Therefore, it is considered
appropriate to estimate the characteristic length L according to the

procedure described previously (in reference to Fig. 2). Following
this argument, L is estimated to be 71 m in this case.
Once the variance reduction factor is estimated for a given scale
of fluctuation, the ‘‘reduced’’ standard deviations of the soil parameters (su =r0v and Ei =r0v ) are then computed with Eq. (3). Thus, the
fuzzy numbers that represent su =r0v and Ei =r0v for any given scale
of fluctuation can be constructed with the results shown in
Fig. 8a and b, respectively. Next, the analyses with the FEM code
in the framework of the vertex method (Fig. 4) proceeds. The
resulting fuzzy numbers that represent maximum wall deflection
(dhm) and ground-surface settlement (dvm) are shown in Fig. 9a
and b, respectively.
As shown in Fig. 9a and b, the variability of maximum wall
deflection and ground-surface settlement increase significantly
with the scale of fluctuation. The variance reduction in cases of
smaller scales of fluctuation are reflected in reduced variability of
the computed dhm and dvm. Thus, neglecting spatial variability of input soil parameters (by assuming h = 1) can lead to an overestimation of variation of computed wall and ground responses in a
braced excavation.
5.3. Probabilities of exceeding the specified limiting wall and ground
responses
Because the predicted wall and ground responses in a braced
excavation are fuzzy numbers, the assessment of whether predicted responses are excessive and intolerable can best be expressed in a probability term. In fact, the probability of exceeding
a limiting value, such as limiting wall deflection (dlim,hm) or limiting
ground-surface settlement (dlim,vm), can be computed easily with
Eq. (4).
For illustration purposes, the probabilities of exceedance are
computed for the TNEC case under a few assumed limiting wall
and ground responses. The results are plotted in Fig. 10a and b
for the probabilities of exceeding the chosen limiting wall deflection and ground settlement, respectively. The probability of
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Fig. 9. Resulting fuzzy numbers for maximum wall deflection and ground
settlement.

exceedance is seen to decrease with the chosen limiting deformation (either wall deflection or ground settlement) which is consistent with the previous study [2]. The effect of the scale of
fluctuation on the probability of exceedance is clearly observed.
When relatively smaller limiting dlim,hm and dlim,vm are adopted,
the scenario with a smaller scale of fluctuation yields a higher
probability of exceedance. The trend reverses when relatively larger limiting dlim,hm and dlim,vm are adopted. For the probability of
exceeding the limiting wall deflection, the reversal of the trend occurs when dlim,hm ' 108 mm is adopted. Similarly, for the probability of exceeding the limiting ground settlement, the reversal of the
trend occurs when dlim,vm ' 72 mm is adopted. Of course, this
observation may not be generalized as it may be specific to the
TNEC case. Further studies are needed to confirm this observation.
Nevertheless, the results show that neglecting spatial soil variability in the analysis can lead to either overestimation or underestimation of the probability of exceedance, depending on the
chosen limiting wall and ground responses. Thus, it is important
to assess spatial variability during site investigation and to incorporate this variability in the probability analysis.
5.4. Summary and limitations of the proposed framework
The proposed framework allows for evaluation of the probability of serviceability failure (i.e., the probability of exceeding limiting wall and ground responses) in a braced excavation. This
framework consists of the following elements: (1) finite element
method (FEM) for analyzing the wall and ground responses in a
braced excavation, (2) fuzzy set modeling of parameter uncertainty, (3) spatial averaging technique for handling soils spatial
variability, (4) vertex method for propagating fuzzy input through
FEM model, and (5) interpretation of fuzzy output. The proposed
framework represents an efficient use of various existing methods
for solving a complex braced excavation problem.

Fig. 10. Probability of exceedance computed at various levels of limiting wall
deflection and ground surface settlement.

The limitations of the proposed framework stem mostly from
the limitations of component methods employed in this framework and the assumptions that are made in using these methods.
These limitations are briefly discussed in the following:
(1) The accuracy of the computed probability of exceedance (i.e.,
exceeding limiting wall and ground responses) depends on
the accuracy of the FEM model and the accuracy of the
derived soil parameters. We assume that the two-dimensional (2-D) FEM solutions for wall and ground movements
in a braced excavation obtained with Plaxis™ are reasonably
accurate.
(2) Fuzzy set modeling of parameter uncertainty represents an
approximation that stems from the use of insufficient number of data that necessitates an exercise of engineering judgment. The accuracy of the computed probability of
exceedance can certainly be affected by this approximation.
On the other hand, fuzzy set modeling allows for an estimation of the probability of exceedance with limited data. Furthermore, the fuzzy FEM analysis is well-defined and
introduces no additional error, once uncertain parameters
are properly modeled with fuzzy sets.
(3) The computed probability of exceedance can also be affected
by the assumptions made in modeling spatial variability. In
this paper, the variance function is defined with an assumption that the autocorrelation function takes the form of a single exponential model. Although the effect of the type of
autocorrelation function (for example, constant, triangular,
or exponential) was found insignificant in a recent study of
bearing capacity problems [21], this issue needs further
investigation. Furthermore, in this paper the soil variability
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is considered only in the vertical direction. Although the
horizontal scale of fluctuation for clay is generally much
greater than the vertical scale of fluctuation [15], and thus,
its effect is far less significant, the effect of the spatial
variability assumption on the computed probability of
exceedance needs further investigation (by considering 2-D
or 3-D spatial variability models).
6. Conclusions
The fuzzy finite element approach (FFEA) is shown to be effective in the analysis of wall and ground responses in a braced excavation through a study of a well-documented excavation case
history. The approach uses fuzzy sets to model uncertain soil
parameters and allows for consideration of soil variability through
variance reduction. The propagation of fuzzy input through finite
element solution is carried out by means of the vertex method,
which is shown to be an effective and efficient computational technique. The fuzzy output (the wall and ground responses expressed
as fuzzy numbers) can readily be used to compute the probability
of exceeding the specified limiting response in a braced excavation.
Plaxis™ with the Modified Pseudo Plasticity (MPP) soil model is
found to be satisfactory for predicting wall and ground responses
in a braced excavation. The Plaxis™ solutions in this paper are
found to be as accurate as those obtained using the AFENA code
with the same MPP soil model by Kung et al. [11]. Both Plaxis™
and AFENA predictions agree closely with field observations in a
well-documented case history.
The validity of the variance reduction technique in FEM analysis
of braced excavation in clays is ascertained by the results of the
checkerboard study. Although the checkerboard analysis in this paper is not as rigorous as the random FEM method, it does demonstrate the effect of spatial correlation of soil properties on the
responses in a braced excavation. The results (i.e., the demonstrated applicability of the variance reduction technique in braced
excavations) provide a basis for incorporating soil variability into
the fuzzy set model of the uncertain soil parameters, which in turn,
allows for a simple FFEA analysis.
Neglecting spatial variability of input soil parameters can lead
to an overestimation of variation of wall and ground responses in
a braced excavation. The effect of the scale of fluctuation on the
‘‘probability of exceedance’’ (exceeding the specified limiting response) is also observed in this study. Neglecting spatial variability
in the FFEA analysis can lead to either overestimation or underestimation of the probability of exceedance, depending on the specified limiting response. Thus, it is important to assess spatial
variability during site investigation and to incorporate this variability into the FFEA analysis of braced excavation.
The results presented in this paper are limited to one-dimensional (1-D) spatial variability with an assumed exponential autocorrelation function. The effects of adopting other autocorrelation
functions and/or considering 2-D (or 3-D) spatial variability on
the computed probability of exceedance is beyond the scope of this
paper; however, further investigation of these issues is warranted.
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