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Abstract
Purpose – This paper aims to focus on the assessment of the ability of computer models with imperfect
functional forms and uncertain input parameters to represent reality.

Design/methodology/approach – In this assessment, both the agreement between a model’s
predictions and available experiments and the robustness of this agreement to uncertainty have been
evaluated. The concept of satisfying boundaries to represent input parameter sets that yield model
predictions with acceptable ﬁdelity to observed experiments has been introduced.
Findings – Satisfying boundaries provide several useful indicators for model assessment, and when
calculated for varying ﬁdelity thresholds and input parameter uncertainties, reveal the trade-off between the
robustness to uncertainty in model parameters, the threshold for satisfactory ﬁdelity and the probability of
satisfying the given ﬁdelity threshold. Using a controlled case-study example, important modeling decisions
such as acceptable level of uncertainty, ﬁdelity requirements and resource allocation for additional
experiments are shown.
Originality/value – Traditional methods of model assessment are solely based on ﬁdelity to experiments,
leading to a single parameter set that is considered ﬁdelity-optimal, which essentially represents the values
which yield the optimal compensation between various sources of errors and uncertainties. Rather than
maximizing ﬁdelity, this study advocates for basing model assessment on the model’s ability to satisfy a
required ﬁdelity (or error tolerance). Evaluating the trade-off between error tolerance, parameter uncertainty
and probability of satisfying this predeﬁned error threshold provides us with a powerful tool for model
assessment and resource allocation.
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1. Introduction
Computer models must provide sufﬁcient realism to be of use in aiding our
understanding of and the having the ability to probe the reality of interest (Mankin
et al., 1977). Model prediction accuracy and precision are therefore necessary only to the
extent that they contribute to the determination of the answers for the questions asked
The authors thank Parker Shields, Ismail Farajpour and Greg Roche for their contribution during the
earlier stages of this work, as well as Godfrey Kimball for his editorial help.
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of the model (Kiviat, 1967; Marks, 2007; Klein and Herskovitz, 2005). With this in mind,
rather than searching for a single, optimal model[1] that best reproduces the
experiments, we present an approach comparing the abilities of competing models in
satisfying desired ﬁdelity threshold levels.
Three aspects of a model are important in this comparison:
(1) The domain in which the problem is evaluated, deﬁned by the control parameters
that dictate the environmental or operational conditions of the system.
(2) The mathematical representation of the underlying processes, also referred to as
model form, deﬁned in accordance with the identiﬁed domain.
(3) The input parameters that characterize the properties of the system of interest,
deﬁned in accordance with the mathematical representations.
Control parameters deﬁne this applicability domain and are measurable and
controllable in an experiment. In contrast, input parameters are variables that can be
calibrated/updated within physically plausible bounds to match model predictions to
observations. While control parameters have a physical meaning that is measurable,
input parameters may or may not have a physical meaning. The domain of interest
deﬁned by control parameters is a critical step, as the model’s internal structure must
be representative of the behavior of the system within this domain (Oberkampf et al.,
2007; Atamturktur et al., 2010). However, in this paper, we will assume that the problem
domain is correctly deﬁned and emphasize the model form and its associated parameter
values (Aspects 2 and 3).
The second aspect declares that no model form is a perfect representation of reality, and
the last aspect focuses on the parameterization of a given model form. Virtually all models
concerning non-trivial, real-life systems that include input parameters with imprecise values
elicit the following question: Should we use parameter values that suitably compensate for
other forms of errors and uncertainties in the model (e.g. model form imperfectness,
experimental uncertainty) or those that most accurately depict the real parameters? The
former is typically what is achieved by calibrating model parameters against experiments
(Atamturktur et al., 2015a; Atamturktur et al., 2015b); the latter is only possible if the
parameter has a physical, quantiﬁable meaning (i.e. density of a material, geometric
dimension, etc.) that can be measured. In the former case, the physical signiﬁcance of the
parameter is no longer retained if the parameter corrects for other sources of error (Link and
Hanke, 1999) and the model is only suitable for replicating the observed data. Such a model
updating where the real error source is not consistent with the assumed error source is
termed inconsistent model updating (Govers and Link, 2010). The result is multiple models
that yield the same ﬁdelity to observations and with physically meaningless parameter
values. This has prompted development of several updating procedures considering
measurement errors (Mares et al., 2006; Steenackers and Guillaume, 2006; Hua et al., 2008;
Khodaparast et al., 2008; Govers and Link, 2010). In these studies, measurement error is
considered in ﬁnite element model updating using modal parameters such as natural
frequency and mode shapes. In such settings, measurement error can be quantiﬁed by
repeated experiments. However, in many practical problems, the measurement error is not
easily quantiﬁable owing to the cost constraints in performing repeated experiments. In
problems involving naturally occurring phenomenon like earthquakes, the event repetition
rate itself is very low. Moreover, quantiﬁcation of modeling error is extremely difﬁcult. The
problem of inconsistency in updating procedure thus remains unavoidable in many practical
applications.
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Thus, the question remains how one should address this problem if a model’s parameters
have no physical meaning, or worse, if those with physical meanings are wrongly excluded
during model idealization? As seen, many complications arise when inferring suitable
values for imprecisely known input parameters of imperfect model forms using
experimental measurements. However, no universally accepted approach exists to help in
their determination.
In this paper, we argue that the selected mathematical representation (i.e. model form)
should not only provide sufﬁciently accurate predictions of observable reality, but that it
should do so given the uncertainty in its own parameter values (Deraemaeker et al., 2004;
Mares et al., 2006). We deﬁne the capability of a model form in accommodating parametric
uncertainty while satisfying a predeﬁned ﬁdelity threshold as a model’s robustness (Gupta
and Rosenhead, 1968; Rosenhead et al., 1972; Bertsimas and Sim, 2004). A robust model
predicts experimental outputs within acceptable ﬁdelity bounds despite variations in its
input parameter values (Stevens et al., 2015). Based on the concept of robustness, we develop
and illustrate indicators, as well as the trade-off between these indicators, to aid in the
assessment of computer models.
This paper is organized as follows. Section 2 of this paper introduces the concept of
satisfying boundaries for evaluating ﬁdelity and robustness of model predictions. An
optimization-based approach to obtain the satisfying boundaries for a given model is
presented in Section 3. Section 4 describes a controlled academic case-study application,
which is used later in Section 5 to identify the satisfying boundaries and discuss the tradeoffs between the model’s ﬁdelity to experiments and its robustness to uncertainty
considering alternate model forms. In Section 6, existing model assessment criteria are
discussed and shown to be special cases of the satisfying boundary approach. Finally,
Section 7 concludes with a discussion of the limitations of the proposed approach and the
future direction for extension.
2. Concepts and methodological perspectives
Let us consider a model with uncertain parameters and assume that the model is a proper,
uniformly continuous function, where an admissible, ﬁnite change in the input parameters
yields a small, ﬁnite change in the model’s output. Such functions are micro-continuous,
where x  y ) f (x)  f( y). Hence, unstable systems which may respond to small
perturbations in their inputs with disproportionately large changes in their output are left
out of the scope of our discussion. The implication of conﬁning our scope to proper
uniformly micro-continuous functions is that for a compact space of input parameters, the
model yields a compact (i.e. closed and bounded) output space (see Figure 1).
Within the compact output space, it is perhaps tempting to identify the model realization
that is closest to experimental observations. This approach is often used to identify
parameter values that yield the best agreement with available experiments (a process widely
known as model calibration). However, calibrating the model input parameters to achieve
such so-called best-ﬁdelity solutions may yield misleading results, as experimental
observations are neither collected with certainty nor available in sufﬁcient quantity.
Moreover, the agreement (or lack thereof) between the predictions and observations is often
represented in an averaged, aggregated manner and the input parameters to be calibrated
tend to compensate for each other, leading to multiple equally plausible inverse solutions.
Finally, the discrepancy bias in model predictions is often non-negligible, resulting in
parameters being calibrated to incorrect values to account for the model bias. In practical
applications, these aspects unavoidably allow multiple combinations of input parameter
values to yield predictions of similar agreement with experiments. Hence, ﬁdelity is an
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incomplete and potentially misleading criterion for model assessment. Rather than selecting
the single best solution, a more viable approach is to evaluate all alternative solutions that
satisfy a minimum ﬁdelity threshold (March and Simon, 1958; Simon, 1959). Following this
idea, we identify the model predictions, which satisfy a certain error tolerance when
compared with experimental observations. The measure of model adequacy for its intended
use is hence reﬂected in this error tolerance (see Mayes, 2009 for a discussion on determining
such error tolerance criteria).
We introduce the concept of a satisfying boundary that encompasses all model input
parameter realizations that satisfy this prescribed error tolerance. This boundary exists as
an n-dimensional hypervolume where n is the number of model input parameters to be
evaluated. The volume encompassed by this boundary is reminiscent of Starr’s domain
criterion (Starr, 1966; Schneller and Sphicas, 1983). The satisfying boundary can be derived
using an appropriate optimization algorithm to search the output space for the hypersurface
at which the prediction error is equal to the error tolerance. The shape and size of the
satisfying boundary solely depend upon the model form and available experiments,
meaning that it requires no knowledge of the distributions of the uncertain input parameters
(Figure 1). This is important because there are many engineering and science problems in
which the probabilistic knowledge of parameters involved is either incomplete or entirely
unavailable. For well-posed problems, among two alternative model forms with the same set
of uncertain parameters, the model with a larger satisfying boundary, i.e. larger volume of
the n-dimensional hypervolume, should be preferred, as it can accommodate higher levels of
uncertainty while meeting the error tolerance requirement[2].
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2.1 Probability of satisfying
To assess the model’s capability to reproduce experiments and tolerate uncertainties, we
consider two independent sources of information:
(1) a satisfying boundary that is intrinsic to the model form; and
(2) the parametric uncertainty that is intrinsic to the model inputs.
For a given level of uncertainty in input parameters, a model’s ability to reproduce
experiments can be quantiﬁed as the probability of the model predicting within the
acceptable error tolerance. Accepting the principle of indifference[3], the probability of
satisfying can be estimated as the ratio of the number of parameter combinations within the

Figure 1.
Conceptual ﬁgure
showing the mapping
from uncertain
parameter space to
output space and the
compact satisfying
boundary
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satisfying boundary to the total number of parameter combinations sampled with the given
uncertainty distributions:

ð
N


1X
Ps ¼ Pr gðu Þ # b 5Pr ðu 62 Ft Þ5 If ðu Þqðu Þdu ﬃ
If ðu j Þ
N j51
H
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where, g (u ) is the performance function and b* is the critical threshold. If (u ) is a binary
indicator which is equal to 1 if g (u ) # b* and 0 otherwise. For high dimensional problems,
Monte Carlo simulation (MCS) can be used, in which case, Ps can be estimated as:
Ps ﬃ
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(1)

N
1X
If ðu Þ
N i¼1

(2)

where N is the number of random samples. The knowledge of probability of satisfying helps
determine the inﬂuence of parameter uncertainty on the model’s outputs of interest. For
instance, for a given error tolerance, if 100 per cent of the parameter value sets within the
bounded uncertainty space are effectively contained within the satisfying boundary, parameter
uncertainty can be deemed inconsequential, as the model predictions satisfy the error tolerance
requirement regardless of lack of precise values for the parameters. Thus, the model form is
deemed robust and can make reliable predictions. However, when this is not the case, we can
resort to quantifying the probability that the model output will satisfy the error tolerance given
the uncertainty in its parameters. For the desired error tolerance, if the probability of satisfying
is inordinately low, it may indicate a problem with either the model form or the uncertainty
distribution assumed on the parameter values. To rectify this, we may invest in developing a
better model form or better deﬁne our parameters. Such a case is illustrated in Figure 2, where
the probability of satisfying the error tolerance is 0 per cent. As the uncertain parameter space
expands, some model instances may begin to satisfy the error tolerance, leading to a counterintuitive increase in the probability of satisfying with increasing parameter uncertainty. Such
behavior can point to ﬂaws in either the model form or the distribution of the parameter values.
Typically, parametric uncertainties can be reduced by additional data collection or
further analysis. However, it is ﬁrst necessary to verify that a reduction in parameter

Figure 2.
Conceptual ﬁgure
showing the absence
of a satisfying
boundary as output
errors fall outside the
error tolerance
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uncertainty will indeed improve the model’s ability to reproduce experiments (i.e. in our
deﬁnition, the probability of satisfying a prescribed error tolerance). Hence, in our
evaluation, rather than requiring that a single uncertainty bound be speciﬁed for an input
parameter, an array of differing levels of uncertainty bounds is studied to observe how a
model’s probability of satisfying the ﬁdelity tolerance is affected. Such a trade-off analysis
reveals the value of the efforts to reduce uncertainty.
2.2 Error tolerance
Until now, we have assumed that a normative deﬁnition for an error tolerance is known
and such a tolerance may not be well established; hence, the model developer may ﬁrst
need to determine what tolerance is acceptable. However, determining an error tolerance
(i.e. the maximum allowable prediction error: How good is good enough?) in turn
obscures the differences in the behaviors of alternative models for errors less than this
predeﬁned tolerance. As an example, what would it mean if a model shows the largest
robustness for an error tolerance of 10 per cent, but which is the least robust for a
smaller error tolerance of 9 per cent? This is shown in Figure 3, where Models 1 and 2
appear to provide the same satisfying boundary for the given error tolerance. However,
the robustness of Model 1 is superior to Model 2 for error levels that are less than the
predeﬁned tolerance. Hence, it is meaningful to evaluate the satisfying boundary for
varying levels of error tolerance. A satisfying boundary, by deﬁnition, monotonically
increases in size as the error tolerance becomes less stringent and encompasses more
input parameter sets (refer Figure 4). Given the dependency among the three criteria, i.e.
the required error tolerance, the parameter uncertainty and the model’s probability of
satisfying, we propose that model assessment must be based on an exploration of the
trade-off between these criteria.
Note that in Figure 3, the gray band represents the bounded experimental uncertainty,
which may originate from a variety of sources such as measurement noise, unit-to-unit
variability and operator-to-operator variability. This experimental uncertainty can be
reﬂected in the analysis by deﬁning the error tolerance with respect to the uncertainty
bounds (instead of the mean) or by making the error tolerance itself uncertain. The latter
option will be discussed in Section 6.3.
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3. Toward the derivation of satisfying boundary
The satisfying boundary can be constructed by sampling the parameter space and
generating hypervolumes (in n-dimensional input space) encompassing instances that
satisfy the error tolerance. Once the boundary is deﬁned, low-cost sampling techniques
can be adapted to determine the ratio of the parameter samples that fall within the

Figure 3.
Illustration of an
inability to
distinguish between
multiple models
within the same
satisfying boundary
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satisfying boundary to the total number of samples drawn with the uncertainty
distributions of the input parameters, i.e. the probability of satisfying. It is then possible,
for example, to use the inpolygon and inhull (D’Ericco, 2006) functions in MATLAB to
determine if a point sampled in the input parameter domain lies inside or outside the
boundary.
Let us now consider predicted response yp = g (u ), where g(u ) is the performance function
and u = (u 1, u 2,. . .,u n) is the uncertain random input variable representing the input
parameters. Assume that g(u ) is proper continuous in the n-dimensional parameter space,
which means that if the input variables are a compact set, the response is also a compact set.
Here, the analyst is assumed to have prior knowledge (i.e. the bounds for plausible values
of the parameters) regarding the uncertainty bounds for u i: (i = 1, 2,. . .,n); however, the
probability distributions of these parameters are assumed to be unknown at this point. The
model error R can be deﬁned as the deviation of these model predictions from experimental
observations yo, which can also be assumed to be a function of the input parameters as given
in equation 2:
R ¼ kyo  yp k ¼ f ðu Þ;

u ¼ ðu 1 ; u 2 ; . . . ; u n Þ

(3)

where R represents the norm of the error between the model predictions yp and the mean of
experimental observations yo. In equation 3, k·k indicates a suitable metric (such as a
Euclidean or Bhattacharya distance). Under the given error tolerance Rt, the worst-case
input parameters u^ satisfy the following conditions:
jf ðu^ Þ  Rt j # «

(4)

where « is a tolerance used as the optimization stopping criteria.
The set of these input parameters u^ forms the satisfying boundary for a given error
tolerance. If the performance function is computationally expensive, polynomial
interpolation between the MCS samples can be used to estimate the satisfying boundary.
Alternatively, the expensive performance function can be replaced by a surrogate model,
allowing the use of optimization techniques that rely on intensive sampling. Assuming that
either the performance function is cheaply calculated or a surrogate model is developed, a
simpliﬁed random search algorithm for obtaining the satisfying boundary is presented
below.
By deﬁning an objective function in the following form and minimizing the zvalue, the points on the satisfying boundary can be determined using the formula
below:
Figure 4.
A schematic
representation of the
satisfying boundary
monotonically
increasing with
increasing error
tolerance in the
predictions (i.e.
decreasing ﬁdelity)
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min z ¼ min jf ðu^ Þ  Rt j

(5)

For deﬁning the satisfying boundary, no prior knowledge of the distribution of parameters
is required; however, the bounds max(u i) and min(u i) must be deﬁned on the parameters to
conﬁne the search space. These bounds can correspond to the extreme values of the input
parameters that deﬁne the problem domain. Most optimization approaches require an initial
point for the algorithm. Here we used the center of the input parameter domain deﬁned by
the uncertainty bounds as the starting point. Subsequent points are chosen via a suitable
optimization algorithm that searches for an optimal point around the previously selected
point. The number of points I that deﬁne the satisfying boundary should be decided based
upon the computational demand of the model, but must be sufﬁciently high to accurately
delineate the boundary. Because our model was fast running, we set the number of points to
2,000 based on trial and error. For a computationally expensive model, a stopping criterion
can be based on the change in the area of the polygon encompassed by the boundary on
additional iterations. For higher-dimensional problems, the stopping criteria can be based on
the hypervolume calculation, although the added cost of this calculation may not be trivial.
Several efﬁcient algorithms have been previously developed for calculating compact multidimensional volumes (see for instance, Schneller and Sphicas, 1983; Eiselt and Langley,
1990; Vetschera, 1997; While et al., 2006; Bradstreet et al., 2008). A ﬂow chart describing the
algorithm’s step-wise process is shown in Figure 5.
The general process of applying the satisfying boundaries approach to model
assessment is as follows:
(1) Generate N samples of input parameters hj = (u 1,j, u 2,j,. . ., u n,j); (j = 1, 2,. . ., N)
from uniform distribution between upper and lower bounds prescribed on each
parameter.
(2) Identify satisfying boundaries corresponding to increasing levels of error
tolerance Rt.
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2.1. Compute yp,j = g(hj) for each of the N sample points.
2.2. Compute error Rj = kyo  yp,jk.

Figure 5.
Flowchart of
optimization
algorithm used to
deﬁne the satisfying
boundary in the input
parameter domain
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ðkÞ 
ðkÞ 
2.3. Estimate boundary points in the input space u^ : Rt  yo  gðu^ Þ
n
o
# « ; k ¼ 1; . . . ; I .
^ ¼ u^ ð1Þ ; u^ ð2Þ ; . . . ; u^ ðI Þ .
 2.4. Let S be the volume enclosed by u
(3) Generate M  N samples of input parameter hj = (u 1,j, u 2,j,. . ., u n,j); ( j = 1, 2,. . .,


(4)

M ) from their respective prescribed distributions.
XM
I ðu j Þ, where IS(u j) = 1 if u j [ S,
Estimate probability of satisfying Ps ¼ M1
j¼1 S
and 0 otherwise.
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Several problem-speciﬁc decisions must be incorporated to improve efﬁciency of the
process. The boundary points can be estimated by interpolation on the initial sample set in
Step 2.3 or by using a search-based optimization algorithm. Interpolation requires
sufﬁciently dense sampling for accurate estimation of boundary points. When the
performance function is highly computationally intensive, it may not be realistic to achieve
sufﬁciently dense samples to justify interpolation. Neither will a search-based algorithm
be feasible given the required number of function evaluations. In this case, an expensive
performance function can be replaced by an inexpensive surrogate model in Step 1.
Surrogate modeling techniques such as response surface methodology (Box and Draper,
1987; Khuri and Mukhopadhyay, 2010) or Gaussian process regression (aka Kriging) (Neal,
1997; Rasmussen, 2006; Forrester et al., 2007; Kleijnen, 2009) are widely used for both linear
and non-linear functions (Barton and Meckesheimer, 2006; Wang and Shan, 2007 for review
of surrogate modeling techniques). The choice of uncertain input parameters, output
variables and error tolerance requires some model exploration, which is guided by Step 1.
Sensitivity analysis (Homma and Saltelli, 1996; Saltelli et al., 2000) allows estimation of
fractional contribution of uncertainty in input parameters to output variations.
4. Proof-of-concept demonstration: steel moment resisting frame
4.1 Description of frame structure
The concepts introduced in the previous sections are demonstrated on the 2-D steel frame
shown in Figure 6. In this academic example, the frame is constructed with vertical columns
that rest on ﬁxed supports with beams that are semi-rigidly connected to the columns at
both levels. In steel frame structures, the variability of the material properties, member sizes
and construction practices results in highly uncertain connection stiffness values (Sakurai
et al., 2001; Díaz et al., 2012). Hence, in our proof-of-concept example, the connection stiffness
of the two ﬁrst story joints is represented using linear rotational springs with uncertain and
independent stiffness constants. All members of the portal frame are assigned uniform
dimensions and material properties which are provided in Table I. Static, horizontal loads
are applied to the portal frame as shown, with the members oriented to bend about their
strong axes.

Figure 6.
Single-bay, two-story
portal frame with
rotational springs at
the top of the ﬁrst
story columns
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4.2 Synthetic experiments and satisfying boundary
There are several methods for developing the mathematical representation for engineering
systems: a variety of simplifying assumptions may be established or idealizations may
occur (Judge and McIntosh, 2000; Hossein and Hossein, 2011) which collectively lead to
multiple competing model forms. In this section, we show how the probability of satisfying
the error tolerance can be used to assess and compare three alternative model forms with
varying levels of model imperfectness (i.e. prediction bias).
The exact model, constructed with the Timoshenko beam theory (Cowper, 1966;
Hutchinson, 2001), is used to synthesize the experimental data. The data consist of both
translation (Y1) and rotation (Y2) response under the loading conditions shown in Figure 6.
The exact model not only accurately accounts for the effects of axial, shear and ﬂexural
deformations but also uses the so-called true values of K1 and K2 of 10 kip-in/rad (1.13 KNm/rad) (Table I). The corresponding exact Y1 and Y2 are 0.095 in and 0.54  103 rad,
respectively, for an applied load P = 1 kip (4.45 KN).
An example satisfying boundary is shown in Figure 7 for an error tolerance of 2.5
per cent in the outputs Y1 and Y2, identiﬁed using the optimization algorithm described in
Section 3. Because the frame model is computationally inexpensive, sampling is also a
plausible option for this example. In Figure 7, 40,000 instances of (K1, K2) are sampled
within their uncertainty bounds, which in this case, is set to be between 5 and 15 kip-in/rad.
Contours in the input space that join extremities of the sampled point clouds agree well with
the satisfying boundary obtained using the previously discussed optimization algorithm.

Property description

Beams and columns

All member lengths (in)
Cross-sectional area (in2)
Moment of inertia (in4)
Young’s modulus (ksi)

72 in (1.83 m)
4.44 (28.4 cm2)
48.0 (1998 cm4)
29,000 (200 MPa)
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Table I.
Input values for the
portal frame

Figure 7.
The satisfying
boundary for
parameters Y1 and Y2
in the input
parameter space for
an error tolerance of
2.5 per cent
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4.3 Competing model forms
Alongside the exact model, two inexact (biased) model forms are evaluated:
(1) one that underestimates; and
(2) one that overestimates the shear area by 25 per cent, thus offering a decisionmaker three alternative options.

1710

Hence, these two inexact models inaccurately account for the shear deformations, while K1
and K2 will be uncertain in all three models.
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5. Satisfying boundaries for model assessment: steel moment resisting frame
5.1 Exact model with uncertain input parameters
For combinations of K1 and K2 within their predeﬁned bounds, the model predictions are
compared to the experimental data to calculate the percentage prediction error in the two
outputs Y1 and Y2. The corresponding prediction errors R1 and R2 are the percentage
differences with respect to the experiments. Figure 8 illustrates the relationship between the
error in the model output and the two uncertain parameters.
Subsequently, satisfying boundaries are generated for varying error tolerances, Rt,
shown in Figure 9. Rt varies from 0 to 5 per cent prediction error in steps of 0.5 per cent. In
Figure 9, each contour corresponds to an error tolerance level Rt such that all instances of K1
and K2 that lie within the contour satisfy that error tolerance. As expected of a continuous
system, the satisfying boundaries are nested with their size increasing as error tolerance
increases. Similarly, the size of the boundaries decreases and approaches a point as the error
tolerance approaches zero [Figure 9(c)]. The model form used in the development of this
ﬁgure was exact, which is why the true parameter values are encompassed within the
satisfying boundaries. If compensations are in effect on the satisfying boundaries, we would
obtain a curve rather than a single point. This ill-conditioned behavior can be remedied by
combining outputs as seen in Figure 9(c), where the outputs Y1 and Y2 are combined to
generate satisfying boundaries such that the boundaries encompass parameter
combinations that satisfy the error tolerance in both output parameters. It is now observed
that as the error tolerance approaches 0 per cent, the satisfying boundary converges to a
point (instead of a curve), which in this case corresponds to the exact parameter values.

Figure 8.
3-D representation of
prediction errors
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Figure 9.
Nested sets of
satisfying boundaries
for increasing levels
of error tolerance for
the exact frame model
for (a) output Y1, (b)
Y2 and (c) Y1 and Y2
combined. The black
dot represents the
location of the “true”
parameter values
(those that were used
to generate the
synthetic
experiments)

5.2 Inexact models with uncertain input parameters
The two inexact ﬁnite element models underestimate and overestimate the shear area of the
beam and column elements (i.e. 75 and 125 per cent shear areas, respectively), resulting in
biased model predictions. The satisfying boundaries for the two inexact models are shown
in Figures 10 and 11.
As seen in Figures 10 and 11, the misrepresentation of shear deformation causes the
satisfying boundaries to shift such that the true parameter values represented by the
black dot (K1 = K2 = 10 kip-in/rad) are no longer encompassed by the satisfying
boundary that corresponds to small error tolerances, reﬂecting the inherent bias in
model predictions.
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Figure 10.
Nested sets of
satisfying boundaries
for increasing levels
of error tolerance for
the biased frame
model (25 per cent
lower shear area) for
outputs Y1 and Y2
combined

5.3 Utilizing the satisfying boundaries
The satisfying boundaries for the three competing models (one exact and two inexact)
discussed in the previous section can be used to evaluate the probability of satisfying
predeﬁned error tolerances within predeﬁned uncertainty distributions of the two
parameters. In this evaluation, bounded uniform uncertainty is assumed for the two
parameters and is allowed to gradually increase from 0.5 to 5 kip-in/rad in steps of 0.5 kip-in/
rad. An uncertainty of 5 kip-in/rad means that the parameter value can vary between 7.5 and
12.5 kip-in/rad. This evaluation is also repeated for increasing levels of error tolerance from
0 to 5 per cent, in steps of 0.5 per cent. Figure 12 displays the relationship between the
varying levels of error tolerance in model predictions, the parameter uncertainty and the
subsequent probability that the model satisﬁes this predeﬁned error tolerance. Because two
outputs, namely, the translation at the top story (Y1) and the rotation at the ﬁrst story (Y2) of
the steel frame, are considered, the joint probability of satisfying the error tolerance in both
outputs is calculated (see Figure 12).
The 3-D plot in Figure 12 can be used as a diagnostic tool for the assessment and
comparison of multiple computer models. It can be observed from Figure 12 that as the error
tolerance increases so does the probability of satisfying the error tolerance. The rate of
increase depends upon the model form. The light-shaded region in Figure 12 represents the
unsuitability of the model for its intended use (as deﬁned by the error tolerance) given
the available knowledge (as deﬁned by the parametric uncertainty). On the other hand, the
darker-shaded regions in Figure 12 represent the situation where the model is a better ﬁt for
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Figure 11.
Nested sets of
satisfying boundaries
for increasing levels
of error tolerance for
the biased frame
model (25 per cent
higher shear area) for
outputs Y1 and Y2
combined

Figure 12.
Three-dimensional
plot showing tradeoff between
probability of
satisfying, error
tolerance and
parametric
uncertainty for the (a)
accurate model, (b)
inaccurate model
with 25 per cent
underestimated shear
area and (c)
inaccurate model
with 25 per cent
overestimated shear
area
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Figure 13.
Probability of
satisfying as a
function of error
tolerance for a 3 kipin/rad uncertainty (30
per cent uniform
uncertainty) in K1
and K2

its intended use. This region represents the lower values of the experimental uncertainty
and the higher values of the error tolerance. The larger dark regions in the model with the
exact form [Figure 12(a)] indicate a generally higher probability of satisfying at higher
uncertainty and lower error tolerance compared to the two inexact models [Figure 12(b)
and (c)].
The relationship between the probability of satisfying the error tolerance and the error
tolerance itself for 30 per cent uncertainty in both K1 and K2 is shown in Figure 13. As can
be seen, for an error tolerance of 0 per cent, the corresponding probability of satisfying this
tolerance is 0 per cent, meaning that no model form can accommodate the given level of
uncertainty and satisfy the required error tolerance. Only by increasing the error tolerance
does the probability of satisfying increase. It can also be observed in Figure 13 that the exact
model consistently yields a higher probability of satisfying the error tolerance compared to
the two inexact models. This is of course because our uncertainty bounds for parameter
values were centered on the so-called true values. Furthermore, the exact model’s probability
of satisfying the error tolerance increases more rapidly with error tolerance (higher slope)
than the two imperfect models.
The probability of satisfying the error tolerance of 3 per cent as a function of uncertainty
in the input parameters is plotted in Figure 14. The model developer may use this plot to
observe a potential improvement in the probability of satisfying the desired error tolerance
by reducing the uncertainty in the input parameters. For instance, if the developer of the
exact model wants to ensure at least 90 per cent probability of satisfying the 3 per cent error
tolerance, then resources must be allocated to ensure that the uncertainty in the input
parameters is lower than 2 kip-in/rad. Also note in Figure 14 that for uncertainty levels of
0.5kip-in/rad, all models yield predictions that are 100 per cent within the error tolerance.
Hence, from this ﬁgure, we can deduce that allocating resources for reducing uncertainty
below 0.5 kip-in/rad is not justiﬁable. These increased levels of parameter uncertainty
however lead to a reduction in the probability of satisfying, as expected, during which the
role of bias once again becomes important. For very high levels of parameter uncertainty, all
three models converge to unacceptably low probabilities of satisfying the error tolerance. As
seen, Figure 14, similar to Figure 13, can be used as a comparative tool and aid in model
selection. For instance, a model developer may establish a minimum probability of
satisfying requirement and subsequently evaluate which model performs best given the
varying degrees of parameter uncertainty.
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It is also possible to evaluate the relationship between the ﬁdelity of model predictions
and parameter uncertainty for a given probability of satisfying (shown for 80 per cent
in Figure 15). The two inexact models are inadmissible when the parameter uncertainty
is less than 1.8 kip-in/rad. This uncertainty is caused by the offset of the biased model’s
satisfying boundaries (recall Figures 10 and 11), resulting in the parameter spaces
corresponding to low uncertainty falling entirely outside these satisfying boundaries.
This concept, demonstrated earlier in Figure 2, supplies a means for diagnosing the
fundamental ﬂaws in either the form of this model or the values associated with the
parameters of these model forms.
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Figure 14.
Probability of
satisfying as a
function of parameter
uncertainty for a
constant error
tolerance (Rt = 3
per cent)

Figure 15.
Prediction error as a
function of parameter
uncertainty for a
constant probability
of satisfying (Ps = 80
per cent)

6. Model selection criteria based on satisfying boundaries
The concept of satisfying boundaries readily presents useful model selection criteria,
speciﬁcally the optimal deterministic model, info-gap robustness, model distinguishability
and value of information. In this section, we will discuss other, lower-dimensional model
selection criteria that can be deduced from the three-dimensional plots presented in Section 5.

1716

6.1 Deterministically optimized model
The special case of Rt = 0 per cent corresponds to the optimal deterministic design. A
preference of a single model over another based only on its performance at a point is
generally not recommended. The satisfying boundaries for varying error tolerances, as
shown Figure 16, are speciﬁed on both outputs Y1 and Y2 for the biased frame model (25 per
cent lower shear area). In this ﬁgure, the star represents the deterministic optimal parameter
values which differ from the supposed true parameter values used while generating the
synthetic experiments. The compensation of the deterministic optimal parameter values
causes this difference in the model form error, masking the model’s deﬁciency and making it
appear as if it is in good agreement with experiments.

Downloaded by Clemson University At 08:48 27 July 2017 (PT)

EC
34,5

6.2 Worst-case robustness analysis
A special case of Ps = 1 reﬂects the maximum level of uncertainty that can be tolerated while
still ensuring that the error tolerance is not exceeded. This is similar to the previously

Figure 16.
Nested sets of
satisfying boundaries
for increasing levels
of error tolerance for
the biased frame
model (25 per cent
lower shear area)

established Info-gap robustness (Ben-Haim, 2006), which requires the deﬁnition of a nominal
parameter value for calculating the maximum allowable deviation from the nominal value
while still satisfying a predeﬁned error threshold. Worst-case robustness a
^ can be
formulated as an optimization problem as follows:
For a given error threshold Rt:
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maximize a
S:T:
jmaxfRðU Þg  Rt j # « ; U e !ðU0 ; aÞ

(6)
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where !(U0, a) is the uncertainty distribution centered on an assumed nominal parameter
set U0 and a is the parameter uncertainty. This worst-case robustness is highlighted in
Figure 14 for different error tolerance levels. Also recall Figure 14 where the maximum
uncertainty (X-axis) corresponding to Ps = 1 reﬂects the worst-case robustness of the
three competing models. For an error tolerance of 3 per cent, the worst-case robustness
for the accurate model and the two biased models is 1.5, 1 and 0.5. Schematically
speaking, the worst-case robustness for a model with uniform uncertainty distribution in
all parameters is the half of the edge-length of the largest bounded uncertainty envelop
that may be placed within the satisfying boundary as conceptualized for a two-parameter
model in Figure 17.
6.3 Model distinguishability
Model distinguishability (Walter et al., 1984), a fundamental characteristic of input–
output spaces, quantiﬁes the extent to which models can be ranked based on their
ﬁdelity-to-data alone given the presence of measurement errors. High model
distinguishability indicates that model behaviors are sufﬁciently distinct from one
another and that regions of ﬁdelity-equivalent solutions are relatively small. Low
distinguishability indicates that there are large regions in the parameter space with
nearly equivalent output errors, indicating the insufﬁciency of the ﬁdelity-to-data in
selecting a model from a set of indistinguishable models (recall the phenomena of nonuniqueness discussed earlier in the introduction).
Model distinguishability presents a means for incorporating the experimental
uncertainty into the evaluation. If ae is the measurement noise, the indistinguishable models

Figure 17.
Conceptual ﬁgure
showing the Info-gap
robustness a
^ with
respect to the
satisfying boundary
in the input space
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are a set of all models that satisfy the speciﬁed error tolerance Rt within a tolerance of ae.
The problem can be stated as:
For a given error tolerance Rt,
Find a set of input parameters Uid:
S:T:
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jRðUid Þ  Rt j # ae

(7)

The notion of model distinguishability, illustrated in Figure 18, is based on the nested sets of
satisfying boundaries for the biased frame model (25 per cent lower shear area) for the mean
output error RðU Þ ¼ 12 ðR1 þ R2 Þ. The colored zones correspond to sets of indistinguishable
models for measurement noise of 0.5 per cent and output errors of 0.5, 1.5 and 2.5 per cent,
etc. Models with these zones are ﬁdelity-equivalent and cannot otherwise be ranked without
additional information (e.g. parameter constraints or new experiments).
6.4 Value of added information
Adding more system responses to assess the predictive ability of a model entails additional
experiments or additional sensors or instruments. Investigating the changes in the
satisfying boundary resulting from the inclusion or exclusion of system responses provides
a means for quantifying the value of information added by including new experimentally
measured response features, which can guide the need and resource allocation for additional
experimentation or instrumentation.
The global satisfying boundary, the intersection of the individual satisfying boundaries
of each output, as shown in Figure 19, is affected as new response features are added. In
Figure 19(a), an error tolerance of Rt = 2.5 per cent is speciﬁed only on the output Y1 (refer

Figure 18.
Model
distinguishability for
the biased frame
model (25 per cent
lower shear area)
assuming
measurement noise
level of 1 per cent and
the mean output error
R ¼ 12 ðR1 þ R2 Þ ¼
0:5%; 1:5%; 2:5%;
etc.

Model
assessment in
scientiﬁc
computing

Downloaded by Clemson University At 08:48 27 July 2017 (PT)

1719

Figure 19.
Satisfying boundaries
(Rt = 2.5 per cent) of
three model outputs
and their intersection
which is the safe
region

Figure 6). In Figure 19(b) and (c), satisfying boundaries corresponding to outputs Y2 and Y3
are added with the same error tolerance. The combined satisfying boundary is the
intersection of the individual satisfying boundaries of each output, leading to lesser
instances of satisfaction for (K1, K2), effectively further conﬁning the satisfying boundary
and reinforcing the uniqueness of the solution with the addition of more outputs. Also, the
additional system response may be relatively insensitive to uncertainty in the input
parameters, in which case, the additional information will not have a drastic (if any) effect on
the size of the satisfying boundary. In other situations, satisfying boundaries of multiple
outputs failing to intersect may reveal an inherent deﬁciency in the predictive ability of the
model.
7. Conclusion
In numerical modeling, uncertainties occur due to imprecisely known input parameter
values just as biases arise from our imperfect understanding of the underlying physics. Here
a method has been presented to enhance the comparison of alternative model forms to
answer questions posed given the availability of information regarding their parameter
values. This evaluation is based on the trade-off between three criteria: the desired ﬁdelity of
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model predictions to experimental observations, the robustness which quantiﬁes the ability
of the model to maintain ﬁdelity under uncertainty in its input parameters and lastly the
probability of satisfying ﬁdelity criteria.
In this study, we evaluated the case with bounded uncertainty in model input parameters
represented as nested sets. The effect of growing uncertainty on the satisfying boundary is
evaluated to quantify the trade-off in the three criteria. If better characterization of
parameter distributions is available, it may be incorporated into estimating the probability
of satisfying. Note, however, that construction of the satisfying boundary itself does not
require any distribution to be speciﬁed on the input parameters.
For a given level of uncertainty, only one of these two criteria must be known or deﬁned,
from which the third can then be determined. Hence, knowledge of the trade-offs between
these two criteria can provide a decision-maker with useful insight in selecting the most
useful or appropriate values based upon the intended application of the model. Also, four
model selection criteria closely related to the notion of a satisfying boundary, speciﬁcally the
deterministic optimal solution, the robust optimal solution, model distinguishability and
the value of added experimental outcomes, were also used to enhance the visibility of the
important characteristics of the design space.
The primary impediment of the proposed approach to model evaluation might be the
requirement of random sampling which can limit feasibility in application to many practical
applications with computationally costly performance function evaluations. Interpolation
and surrogate modeling techniques are suggested under such conditions. Application to a
full-scale structure, which entail higher complexity (e.g. higher number of uncertain
parameters, experimental uncertainty) will be investigated in future studies in the hopes of
determining the implications of such complications on satisfying boundaries. The authors
continue to investigate the expansion of the approach to other types of engineering problems
by improving the mathematical derivation of the satisfying boundaries.
Notes
1. In this context, a model is deﬁned collectively by the prediction domain, model form and input
parameters.
2. However, if the problem is ill-posed (i.e. the number of unknown inputs is greater than the
number of known outputs), then the obtained satisfying boundary would contain all possible
non-unique solutions, rendering it essentially meaningless.
3. Starr (1966) interpreted the principle of indiﬀerence to mean an inﬁnite set of any possible
probability distribution to be equally likely. In our implementation, it would mean any possible
bounded probability distribution that sum to one. In case the parameter distribution is not known
deterministically, one can compare the average probability of satisfying of competing models
considering all possible parameter distributions.
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