What is the shape of the initial state?
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Abstract: We argue that a plausible operational definition for an initial state of the Universe is the initial quantum state of the curvature perturbations generated during inflation.
We provide a parameterization of this state and generalize the standard in-in formalism to
incorporate the structures in this state into the computation of correlators of the perturbations. Measurements of these correlators using both the CMB as well as large scale structure
probe different structures in the initial state, as they give rise to bi- and tri-spectra peaked
on different shapes of triangles and quadrilaterals in momentum space. In essence, the shapes
implied by the correlators feed directly into information about the shape of the initial state
and what physics could have preceded inflation to set this state up.
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How can we access information about the initial state of the Universe? First of all it would
be useful to have a definition of this state which, all parties can agree, represents something
that makes sense as an initial state. Part and parcel of arriving at such a definition would be
the requirement that this state can be probed experimentally.
Our main signpost in the search for an initial state is inflation [1–3], which has become the
dominant paradigm to explain the large-scale homogeneity of the Universe and generate the
initial perturbations that seeded cosmic structure. It is also becoming increasingly possible
to probe the physics of inflation using excellent cosmological observations from the cosmic
microwave background (CMB) and large scale structure (LSS).
In an ideal world, we would have access to a full theory of quantum gravity at both
weak and strong coupling and be able to input test initial quantum states for the relevant
variables in such a theory, calculate observables emerging from these initial conditions, and
then compare those results to observations. Unfortunately, we are far from living in such a
world and must rely on proxies, such as quantum field theory defined in a curved spacetime.
This technology [4, 5] has been used to predict the evaporation of black holes, as well as
to calculate the quantum fluctuations of fields in an inflationary cosmology [6–11]; it is this
latter application that will be of interest to us below.
This leads us to our definition of the initial state of the Universe: it is the quantum state
of the curvature perturbations generated during inflation. Now, it is easy to argue that there
is surely a pre-inflationary era and any initial state must refer to this era. But inflation is the
great eraser; given a sufficient number of e-folds, pre-inflationary effects can be suppressed to
unobservable levels. Thus, from an operational point of view, if inflation happened at all, an
event that seems more and more likely with the release of every new cosmological data set,
our ability to infer the state of the early universe will be limited to what we can say about
the initial state of the curvature perturbations. However, information about this state can
then be used to, at the very least, constrain pre-inflationary physics.
Our goal in this essay is to discuss how an effective theory of initial states, similar in
philosophy to effective field theories used to understand possible physics beyond the standard
model, can be developed. This, used in conjunction with the extant effective theory of inflation
[12], would allow us to calculate the effect of structure beyond that of the free vacuum in the
inflaton initial state.
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An effective field theory of the initial state

One potential barrier in using cosmological data to pin down the initial state has to do with
the gamut of observationally consistent inflationary models. Even within the realm of singlefield inflation, many different models are consistent with the current data. How then can
we decouple model-specific effects from those due to the initial state? What is needed is a
unifying description for different models of inflation — an effective field theory approach is
therefore ideally suited.
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An effective field theory of inflation was developed recently by identifying fluctuations of
the inflaton with the Goldstone mode of spontaneously broken time translations [12]. With
this technology in hand, we can develop a method for parameterizing the initial density matrix
and then incorporating it into an effective action. Once this is done, we can then use the
in-in formalism [13–16] to calculate the effects of non-trivial initial states on the correlation
functions of metric perturbations [17].
The in-in or closed time path formalism is useful to evaluate time-dependent expectation
values of operators, as opposed to S-matrix elements connecting in and out states. For
instance, the expectation value of an operator O(t) at a time t in the Schrödinger picture,
hOi(t) = Tr (ρ(t)O(t))


= Tr U † (t, t0 ) O(t) U (t, t0 ) ρ(t0 ) ,

(1.1)
(1.2)

can be read as follows: start with the initial density matrix ρ(t0 ), evolve it using the operator
U (t, t0 ) to a time t at which point the operator O(t) is inserted, and finally evolve back
to t0 (fig. 1). We can explicitly evaluate the trace in the field representation of the field
operator Φ (~x, t) and write O(t) as a path integral. Doing so yields a generating functional
Z [J + , J − ; t0 ] of the form
Z






 

Z J + , J − ; t0 =
ρ Φ+ , Φ− ; t0 , (1.3)
DΦ+ DΦ− exp i S Φ+ , J + − S Φ− , J −
where the plus and minus fields are evaluated on the forward and backward parts of the time
contour respectively and S [Φ± , J ± ] is the action of the system, having added sources J ± to
the appropriate pieces.

Figure 1. The closed time path contour that forms the basis of the in-in formalism.

As it stands, the generating functional in eq. (1.3) is not yet written in a way where we
can calculate the correlation functions of interest. To do so, let us parameterize the initial
state as ρ (Φ+ , Φ− ; t0 ) = N exp (iS [Φ+ , Φ− ; t0 ]), N being the normalization chosen such that
Tr (ρ(t0 )) = 1, and S an action that inherits properties from physics above the cutoff. Without
loss of generality we can choose S to be quadratic at lowest order, with higher order terms
denoting non-Gaussianities in the initial state. We can now combine the kinetic piece of the
effective action with the Gaussian part of the initial state (denoting the net operator with
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Ok (t, t0 )) and use the saddle point method to solve for the Green’s function, Gk (t, t0 ), defined
via
Z
dτ Ok (t, τ )Gk (τ, t0 ) = −iδ(t − t0 )I2 ,
(1.4)
where I2 ≡ diag(1, 1). Note that eq. (1.4) is really a collection of four equations, one for each
of the ++, +−, −+, and −− components of the Green’s function.
The initial state is typically chosen to be of the form of the Bunch-Davies vacuum [18]
with ρ(t0 ) = 1. In [19] two of us considered the possibility of a general pure initial state,

with Tr ρ2 (t0 ) = 1, given by a Bogoliubov transformation of the Bunch-Davies vacuum. In
an effective field theory setting, however, one must account for the high energy degrees of
freedom that have been integrated out in order to write a low energy effective action. The
initial density matrix for our Universe must therefore be interpreted as a reduced density
matrix, obtained by tracing over the multiverse. Since the heavy degrees of freedom will in
general be entangled, we expect the initial state of our Universe to be a mixed state, with

Tr ρ2 (t0 ) < 1 (see, e.g., [20]). In [17] (also see [21]) we constructed the Green’s function
for such general initial states and used it to calculate higher-order correlation functions of
metric perturbations. Matching these predictions to CMB and LSS data yields a mechanism
to constrain the initial state.
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Constraining the initial state with cosmological data

Given a formalism to compute the Green’s function that incorporates generic initial state
effects, the connection to observations will come from computing correlation functions of the
primordial curvature perturbation ζ(t, ~x) (which is simply related to the Goldstone mode of
the effective field theory). While the power spectrum sets the overall scale of inhomogeneities
produced during inflation, higher-order correlation functions directly probe the dynamics and
interactions of the inflaton. We expect, therefore, that one must look at N point (N > 2)
functions of metric perturbations to constrain the initial state. Of course as N becomes larger,
the effects become smaller and hence more difficult to observe. As such, the existence of Ward
identities for conformal symmetries, that relate N to N − 1 point functions, can prove to be
very relevant to our understanding of inflation [22–25]. The well-known consistency relation
for single field inflation [26, 27] between the bispectrum and the power spectrum may be an
example of such a symmetry. We find that general initial states can violate the consistency
condition, though it is yet to be seen how they affect the full set of Ward identities.
P~ 
Let us consider the three-point function ζ~k1 ζ~k2 ζ~k3 = (2π)3 δ 3
ki Bk1 ,k2 ,k3 , with
Bk1 ,k2 ,k3 being the bispectrum. In the formalism discussed in the previous section, the threepoint function can be calculated using any combination of plus and minus fields. The full
bispectrum is computed after including cubic terms from the effective field theory action,
and also from the initial state if considering initial non-Gaussianities. One can then perform
Wick’s contractions to write the bispectrum in the form of integrals over products of Gaussian
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Green’s functions. We refer the interested reader to [17] for details of the calculation and
summarize the result here.
We can write the bispectrum in the form Bk1 ,k2 ,k3 = Bk1 ,k2 ,k3 Pk1 Pk3 , where we have
factored out the power spectrum Pk in the modes k1 and k3 . In the squeezed triangle limit
local , where f local is the well-studied local non-Gaussianity
k1 ≈ k2  k3 , Bk1 ,k2 ,k3 ≈ (12/5)fNL
NL
parameter (usually assumed constant). The consistency relation states that for single-field
local is of the order of the slow-roll parameters, i.e. O(0.01). While this
models of inflation fNL
local
is true for a Bunch-Davies initial state, general initial states show an enhancement in fNL
of the form k1 /k3 at leading order in slow-roll. Therefore, not only is the fNL parameter no
longer proportional to the slow-roll parameters, it is further enhanced by the ratio of momenta
as well. This violation of the consistency relation is testable with CMB and LSS data.
We note that an enhancement in the squeezed limit has been observed previously in [21,
28, 29], though a violation of the consistency relation has not been seen earlier (recently [30]
proposed a Lagrangian that violates consistency in a different setting, through an initial nonattractor inflationary phase). Additionally, general initial states also lead to an enhancement
of the bispectrum in the flattened limit k1 + k2 ≈ k3 , as has been noted in many works
[17, 19, 21, 28, 29, 31, 32].

3

Conclusions

The upshot of the above discussion is that the time is ripe, both from the theoretical as well
as the observational point of view, to pin down the shape of the initial state. The WMAP
and PLANCK CMB data sets coupled with LSS data such as the Sloan Digital Sky Survey
(SDSS) will allow us to constrain the shape of the primordial bispectrum to great detail, and
thus directly test our ideas. As an example of this, it has already been noted that modified
initial states are expected to leave distinct observational signatures in the scale-dependence
of the bias of dark matter halos [33, 34].
We can speculate on what we may find from this analysis. The recent PLANCK release
has not seen any evidence for non-Gaussianity of the standard forms (local or equilateral).
However, due to the so-called non-factorizable form of the shape that arises from excited
initial states, the bounds on the relevant fNL parameter are quite weak at present. There
may still be some non-trivial structure beyond the Bunch-Davies vacuum lurking in the data.
If, however, no evidence for physics beyond the Bunch-Davies state is found, then that
tells us a great deal about pre-inflationary physics. Either, the number of e-folds was sufficiently larger than the bare minimum required to solve the horizon and flatness problems to
erase this information, which then leads directly to issues in trans-Planckian physics for the
modes that are observable today on the CMB sky. Or, (not exclusive) pre-inflationary physics
was exceedingly adiabatic so that the initial state suffered no disturbances starting from the
free-field vacuum in the deep past. In either case, we can use this information to restrict
possible forms of pre-inflationary physics, which in itself would be a great achievement.

–5–

Acknowledgments
N. A. was supported by the McWilliams Fellowship of the Bruce and Astrid McWilliams
Center for Cosmology. R. H. was supported in part by the Department of Energy under
grant DE-FG03-91-ER40682. A. J. T. was supported in part by the Department of Energy
under grant DE-FG02-12ER41810.

References
[1] A. H. Guth, The inflationary universe: A possible solution to the horizon and flatness problems,
Phys.Rev. D23 (1981) 347–356.
[2] A. D. Linde, A new inflationary universe scenario: A possible solution of the horizon, flatness,
homogeneity, isotropy and primordial monopole problems, Phys.Lett. B108 (1982) 389–393.
[3] A. Albrecht and P. J. Steinhardt, Cosmology for grand unified theories with radiatively induced
symmetry breaking, Phys.Rev.Lett. 48 (1982) 1220–1223.
[4] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge Monographs
on Mathematical Physics). Cambridge University Press, 1982.
[5] L. Parker and D. Toms, Quantum Field Theory in Curved Spacetime: Quantized Fields and
Gravity (Cambridge Monographs on Mathematical Physics). Cambridge University Press, 2009.
[6] V. F. Mukhanov and G. Chibisov, Quantum fluctuation and nonsingular universe. (in
Russian), JETP Lett. 33 (1981) 532–535.
[7] A. A. Starobinsky, Dynamics of phase transition in the new inflationary universe scenario and
generation of perturbations, Phys.Lett. B117 (1982) 175–178.
[8] S. Hawking, The development of irregularities in a single bubble inflationary universe,
Phys.Lett. B115 (1982) 295.
[9] A. H. Guth and S. Pi, Fluctuations in the new inflationary universe, Phys.Rev.Lett. 49 (1982)
1110–1113.
[10] A. D. Linde, Scalar field fluctuations in the expanding universe and the new inflationary
universe scenario, Phys.Lett. B116 (1982) 335.
[11] J. M. Bardeen, P. J. Steinhardt, and M. S. Turner, Spontaneous creation of almost scale-free
density perturbations in an inflationary universe, Phys.Rev. D28 (1983) 679.
[12] C. Cheung, P. Creminelli, A. L. Fitzpatrick, J. Kaplan, and L. Senatore, The effective field
theory of inflation, JHEP 0803 (2008) 014, [arXiv:0709.0293].
[13] J. S. Schwinger, Brownian motion of a quantum oscillator, J. Math. Phys. 2 (1961) 407–432.
[14] L. Keldysh, Diagram technique for nonequilibrium processes, Zh. Eksp. Teor. Fiz. 47 (1964)
1515–1527.
[15] P. M. Bakshi and K. T. Mahanthappa, Expectation value formalism in quantum field theory. 1.,
J. Math. Phys. 4 (1963) 1–11.
[16] P. M. Bakshi and K. T. Mahanthappa, Expectation value formalism in quantum field theory. 2.,
J. Math. Phys. 4 (1963) 12–16.

–6–

[17] N. Agarwal, R. Holman, A. J. Tolley, and J. Lin, Effective field theory and non-Gaussianity
from general inflationary states, arXiv:1212.1172.
[18] T. Bunch and P. Davies, Quantum field theory in de Sitter space: Renormalization by point
splitting, Proc. Roy. Soc. Lond. A360 (1978) 117–134.
[19] R. Holman and A. J. Tolley, Enhanced non-Gaussianity from excited initial states, JCAP 0805
(2008) 001, [arXiv:0710.1302].
[20] K. Gottfried and T.-M. Yan, Quantum mechanics: Fundamentals, Springer, New York U.S.A.
(2004).
[21] I. Agullo and L. Parker, Non-Gaussianities and the stimulated creation of quanta in the
inflationary universe, Phys. Rev. D83 (2011) 063526, [arXiv:1010.5766].
[22] V. Assassi, D. Baumann, and D. Green, On soft limits of inflationary correlation functions,
JCAP 1211 (2012) 047, [arXiv:1204.4207].
[23] K. Hinterbichler, L. Hui, and J. Khoury, Conformal symmetries of adiabatic modes in
cosmology, JCAP 1208 (2012) 017, [arXiv:1203.6351].
[24] I. Mata, S. Raju, and S. Trivedi, CMB from CFT, arXiv:1211.5482.
[25] P. Creminelli, A. Joyce, J. Khoury, and M. Simonovic, Consistency relations for the conformal
mechanism, arXiv:1212.3329.
[26] J. M. Maldacena, Non-Gaussian features of primordial fluctuations in single field inflationary
models, JHEP 0305 (2003) 013, [astro-ph/0210603].
[27] P. Creminelli and M. Zaldarriaga, Single field consistency relation for the 3-point function,
JCAP 0410 (2004) 006, [astro-ph/0407059].
[28] J. Ganc, Calculating the local-type fNL for slow-roll inflation with a non-vacuum initial state,
Phys. Rev. D84 (2011) 063514, [arXiv:1104.0244].
[29] D. Chialva, Signatures of very high energy physics in the squeezed limit of the bispectrum, JCAP
1210 (2012) 037, [arXiv:1108.4203].
[30] X. Chen, H. Firouzjahi, M. H. Namjoo, and M. Sasaki, A single field inflation model with large
local non-Gaussianity, arXiv:1301.5699.
[31] X. Chen, M.-x. Huang, S. Kachru, and G. Shiu, Observational signatures and non-Gaussianities
of general single field inflation, JCAP 0701 (2007) 002, [hep-th/0605045].
[32] P. D. Meerburg, J. P. van der Schaar, and P. S. Corasaniti, Signatures of initial state
modifications on bispectrum statistics, JCAP 0905 (2009) 018, [arXiv:0901.4044].
[33] I. Agullo and S. Shandera, Large non-Gaussian halo bias from single field inflation, JCAP 1209
(2012) 007, [arXiv:1204.4409].
[34] J. Ganc and E. Komatsu, Scale-dependent bias of galaxies and µ-type distortion of the cosmic
microwave background spectrum from single-field inflation with a modified initial state, Phys.
Rev. D86 (2012) 023518, [arXiv:1204.4241].

–7–

