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Abstract
The topic of cellular automata is first defined in a general setting.
Through further explorations, I define and discuss Wolfram’s four classes,
which dictate homogeneity, complexity and chaos. This classifying structure is then challenged and a new classification scheme based on Gardenof-Eden configurations is introduced, focusing solely on elementary cellular automata. Through the analysis of both classification schemata, I
study how to visualize and understand cellular automata, quantitatively
tracking the progress of random initial configurations, and what it means
for a given cellular automaton to be “complex.”
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Introduction

Although there are many types of cellular automata, they can be generally described as a network of discrete cells which take on specific values at a sequence
of discrete times. The state of any given cell at any given time is a function of
that cell’s neighborhood (or surrounding cells) at the previous time. Cellular
automata are differentiated from each other by the definition of this function,
but also the different states each cell can take (discrete, continuous, finite, infinite, etc...), how cells are connected (in a square grid vs. a hexagonal grid vs.
the hyperbolic plane vs...), boundary conditions, degree of randomness (deterministic rules vs. probability distributions) and many other factors.
Because of the versatility of the set of all cellular automata, its applications
to the hard sciences are both concrete and varied. It makes sense that a set of
cellular automata lends itself to neural network modeling, but it has also proven
useful in thermodynamics, error-correcting coding, evolution modeling, fractal
growth in organisms and predator-prey dynamics. While cellular automata are
inherently simple and discrete (unlike the real world they attempt to model),
the accuracy and precision which has been cataloged by cellular automata modeling is profound.
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When modeling some real world phenomena with a specifically defined cellular automaton, it is of great use to know how that given cellular automaton
“acts” in the long-run, given some classification scheme. For example, consider
the knowledge gained from finding out if a predator vs. prey model of cheetahs
and gazelles falls into a class of complexity or chaos.
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Definitions and Terminology

Definition 2.1 A graph G = {V, E} is a set of vertices V, and a set of “edges”
E, where each edge is a pair of distinct vertices that are called “connected.”
In the context of cellular automata, we often call vertices “cells.”
Definition 2.2 A neighborhood Nv of a vertex v in a graph G is
{u ∈ V | u adjacent to v } ∪ {v};
where we say u is adjacent to v if u and v are connected via an edge.
Definition 2.3 G is locally finite if ∀ v ∈ V, Nv is a finite set.
In all cases in this thesis, G will be locally finite.
Definition 2.4 Given a set A (called a “set of states”), a pattern of a graph
G is a function
PG : V → A, where each v ∈ V is sent to some a ∈ A.
A pattern of G can be thought of as imposing a value (or state) on each
cell (or vertex) in G. Although it is common to refer to an infinite graph with
only a relatively small number of vertices assuming a “non-zero” pattern, it is
important to understand each cell must always assume an explicit pattern.
Definition 2.5 A state transition rule is a function
τ: P → P
Where P is the set of all patterns on G, such that the value of τ (P) on a vertex
v is a function only of the values of P on N (v), the neighborhood of v.
Because of this definition, we might write τ as a function from An to A
(where n = |Nv |, e.g. τ (0,0,0,...,0) = 1, indicating that a vertex whose neighborhood has all 0 states gets assigned the value 1).
A state transition rule allows us to track a sequence of patterns over “time”:
Given PG0 , the initial time pattern (such that t=0), PG1 = τ (PG0 ), PG2 = τ (PG1 ),
etc...
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To help understand state transition rules, consider an example: Conway’s Game
of Life. This example will also be useful in understanding more complex topics
down the road. Developed in 1970 by British mathematician John Conway, the
Game of Life is a cellular automaton that made its way into popular culture,
mostly for its appeal to determinists and those interested in the concept of
emergence. In addition (and quite profoundly), Conway’s Game of Life is an
example of a universal Turing machine: anything that is able to be computed
with an algorithm can also be computed with Conway’s Game of Life.
Example 2.6 Let G be the two-dimensional integer lattice, i.e. V = Z2 , the
set of all ordered-pairs of integers (e.g. (0,0) or (-3,17)), and E as the edges of
the integer lattice, including diagonals (e.g. (4,-2) is connected to (5,-3)).
Then Nv contains v and the eight adjacent vertices to v, ∀v ∈ V.
Let A = {0, 1} (where 0 is white and 1 is black).
The state transition rule is as follows:
1. If v t is white (v t being shorthand for the pattern at time t assigned to v,
or P t (v)), and exactly three of its eight adjacent vertices are black, v t+1
is black (if not, v t+1 is white).
2. If v t is black, and fewer than two or more than three of its eight adjacent
vertices are black, v t+1 is white.
3. If v t is black, and exactly two or three of its eight adjacent vertices are
black, v t+1 is black.
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Elementary Cellular Automata

Elementary cellular automata, as their name suggests, are the simplest forms
of cellular automata: they are one-dimensional and usually with intuitivelydefined neighborhoods (although one-dimensional cellular automata can have
quite complex neighborhood definitions), binary states and easily visualized
state-transition rules. However, even elementary cellular automata with simple
rules exhibit complex behavior involving chaos, irreversibility, infinitely periodical structures and a surprising lack of “regularity” with certain rules.
Definition 3.1 The elementary cellular automaton graph is the one-dimensional
integer lattice, Z, i.e. V is the set of integers, {..., v−1 = −1, v0 = 0, v1 = 1, ...},
and E is the set of edges connecting any two consecutive integers. Thus, for any
vertex vn , Nvn ={vn−1 ,vn ,vn+1 }.
By defining a parameter r, we can reconceptualize the neighborhood of vertex v as Nv ={vn−r , vn−r+1 , ..., vn , ..., vn+r−1 , vn+r }, where the parameter r, the
range, is defined for any particular automaton.
Similarly, in two-dimensional cellular automata such as Conway’s Game of Life,
neighborhoods can be generalized to have r > 1:
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Example 3.2 Let G be as in Example 2.6 (two-dimensional) and let r > 1.
Then Nv contains v and the (1 + 2r)2 -1 adjacent vertices to v, ∀v ∈ V.
We will assume the number of elements of A is some positive integer k. If k = 2
(as will be the case in the large majority of this thesis), A is the binary set,
considered as {0, 1}, or alternatively {white, black}.
Proposition 3.3 There are 256 different elementary cellular automaton rules,
τ (for r=1 and k=2).
Proof: ∀vn , Nvn = {vn−1 , vn , vn+1 }. Thus each vertex has a neighborhood of
three vertices, each of which can take one of two states (|A|=2), and thus the
number of sets of states for a neighborhood is |A|3 = 8. Each τ will send each
unique neighborhood to some a ∈ A (to be assigned to the central vertex in the
neighborhood). The eight distinct neighborhoods and |A|=2 implies ∃ 28 = 256
possible rules τ . 
We number these 256 τ as follows:
Definition 3.4 T = {τ (111), τ (110), τ (101), τ (100), τ (011), τ (010), τ (001), τ (000)}
interpreted base 2, where the τ (a−1 , a0 , a1 ) denotes what τ assigns to a vertex
v0 whose neighborhood states are (a−1 , a0 , a1 ).
Example 3.5 Consider the rule τ such that
τ (111) = 0, τ (110) = 0, τ (101) = 0, τ (100) = 1, τ (011) = 1, τ (010) =
1, τ (001) = 1, τ (000) = 0
Thus we have (0∗1)+(1∗2)+(1∗4)+(1∗8)+(1∗16)+(0∗32)+(0∗64)+(0∗128)
= 30. Thus, τ is rule 30.
Note: Although this may seem to be in the reverse order of what we usually
write, this order is standard practice for cellular automata.
Out of the 256 elementary cellular automata rules (for r = 1, k = 2), most
are trivial or show activity that is similar to or duplicates activity very close to
that shown in a different rule. For future use it will be helpful to consider a
subgroup of all 256 rules: 32 “legal” rules. Legal elementary cellular automata
must have two properties. First, a neighborhood of 00 s must produce a 0 in the
next time step; or that (Nvi = {0, 0, ..., 0}) ⇒ (v i+1 = 0). This is important so
we will not have to consider “horizontally-striped” automata which may show
anomalous behavior. Also, all legal rules should be symmetric, so as to avoid
automata that will show activity moving infinitely to one side.
Definition 3.6 An elementary cellular automaton, τ , is legal if both:
1. τ (vn−r , vn−r+1 , ..., vn , ..., vn+r−1 , vn+r )= τ (vn+r , vn−r−1 , ..., vn , ..., vn−r+1 , vn−r )
2. τ (0, 0, ..., 0)= 0
Proposition 3.7 There are 32 legal elementary cellular automata rules (with
k = 2, r = 1).
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Proof: Consider all possible elementary cellular automata with k = 2, r = 1.
∃ 8 possible rule choices (8 possible neighborhoods).
∀ legal automata, τ (000) = 0.
∀ legal automata, τ (100) = τ (001).
∀ legal automata, τ (110) = τ (011).
This leaves 8 - 3 = 5 possible rule choices.
Since 25 = 32,
∃ 32 legal elementary cellular automata (with k = 2, r = 1). 
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Wolfram’s Classes of Elementary Cellular Automata

Qualitative Intuition
Before jumping into formulating rigorous criteria for classifying elementary
cellular automata, we group them into 4 distinct classes qualitatively, following
Wolfram [7]:
Class 1: Automata that show eventual “limit points.”
∃ a ∈ A, and ∃t such that ∀ initial patterns, ∀n, ∀T > t PGT (vn ) = a

Shown above is the evolution of a random initial pattern with rule 160. Note
that ∀T>6, ∀n, PGT (vn )= 0. This is a two-dimensional graph depicting the evolution of a one-dimensional cellular automaton through time steps. The very
top row is the initial pattern, the second row is the second pattern (after one
application of τ ) and so on. While elementary cellular automata are solely onedimensional, their activity through time is mostly what is of interest.
Class 2: Automata such that one of the following occur:
1. (Evolves to a “limit cycle”) ∃t, s with t < s, such that ∀ initial patterns,
∀n, {PGt (vn ), PGt+1 (vn ), ..., PGs−1 (vn ), PGs (vn )}
s+(s−t)
s+(s−t)+1
= {PGs+1 (vn ), PGs+2 (vn ), ..., PG
(vn ), PG
(vn )}, and thus repeats
itself indefinitely. In addition, we require that with positive probability
(we are assuming a random initial state) this repeating state is not homogeneous (i.e. a class 2 rule cannot also be a class 1 rule).
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Shown above is the evolution of rule 201 with a random initial state.
2. (“Slanted stripes”) The pattern at t = 1 repeats itself indefinitely, shifted
by one cell to either direction after each turn. Shown below is rule 24.

It is very important to note the relevance of automata which display such activity as “slanted stripes.” After the first time step, the state PG1 is the last state
that will carry new information, for infinite X (what we are truly interested in).
Because PG2 is equal to PG1 , just offset by some number of cells (bounded above
by r), and PG3 to PG4 similarly equal, etc., these automata are not worthwhile to
study. It will also turn out that distinguishing these quantatively is a difficult
issue to resolve. Thus, when quantitatively characterizing elementary cellular
automata (with k = 2, r = 1), we will only study legal automata through Wolfram’s classes, ruling out any “slanting” automata, exemplified below. Without
loss of generality, we consider a left-slanting elementary cellular automata (automata can either slant left or right).
Wolfram distinguishes the remaining elementary cellular automata by less rigorous criteria by switching from rigorous definitions to the analysis of graphs.
Class 3: Automata that show “chaotic” behavior. As seen below with rule
30, small but apparent triangle clearings are common among class 3 elementary
cellular automata.
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Class 4: Automata that show behavior just short of “chaotic” such that stable
structures which may collide and react with one another are visible. Wolfram
notes that for a general class 4 cellular automaton, the shortest algorithm to
compute PGt (vn ) given a random initial pattern will be the actual automaton
simulation. This definition is somewhat reminiscent of Kolmogorov complexity,
a conceptualization of randomness. Below, the figure below shows the only
proven class 4 elementary cellular automaton with k = 2, r = 1, rule 110 (along
with its reverse reciprocal rule, which will be discussed later).

Quantitative Characterization
Now that we have intuition to navigate with, we can try to separate elementary cellular automata using two quantitative measures, the “spatial set
entropy” and the “temporal set entropy.”
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Definition 4.1 A disordered initial pattern is a probability distribution in
which each vi0 independently takes on one of k values (k = |A|) with probability
1/k. For elementary cellular automata:
p(vi0 = 0) = p(vi0 = 1) =

1
.
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Thus, for a disordered intitial pattern, all of the k X sequences of length X will
occur with equal probability at any length X block of the initial pattern.
Definition 4.2 For each i ∈ {1, 2, ..., k X }, let pTi be the probability, given a
disordered t = 0 patterns, that at time T, the ith of the k X potential sequences
of length X occurs in some particular length X block at time T.
Definition 4.3

θ(pi ) =

1
0

if pi > 0
if pi = 0

Thus, we are ready to define the spatial set entropy, s.
Definition 4.4 The spatial set entropy s(X) of an elementary cellular automaton is the following function of the probabilities of each of the k X possible
sequences of length X:
kX

X
1
logk
s(X) = lim
θ(pTi )
T →∞ X
i=1

(1)

The spatial set entropy gives a definition of entropy based on random initial
patterns. In order to conceptualize entropy in a different manner, we consider
spatial basic entropy. Before introducing the concept of spatial basic entropy, it
is useful to consider how to approach a “finite automaton.”
One concern that appears in finite automata only is boundary behavior.
Boundary Conditions:
The importance of properly defining boundary conditions when dealing with a
finite length cellular automata cannot be understated. In elementary automata
(with k = 2 and r = 1), boundary conditions will only affect two vertices in any
given pattern (the end vertices) after the first time step, but this difference is
exacerbated when multiple time steps are made. In more specific terms, each
time step causes the effect to spread one more node towards the center of the
automaton, v0 . It is common for an analysis of a cellular automaton to consider
the difference pattern of a rule. This is when two simulations with random initial conditions are run (or four in the case of the graphs below, for class 3 rule
161) and depicted on top of each other. The second simulation is run with one
cell changed to see the effect on the rest of the simulation. All cells that come
out differently are shown in red. As can be seen below, changing just one cell
can change a simulation entirely.
8

Thus we should be very careful in choosing boundary conditions, as they
may effect a large portion of any given simulation. There are a few reasonable
choices:
Zero Boundaries: Defining the neighborhood of the left-most end vertex, v0 ,
as Nv0 = {0, v0 , v1 } and the neighborhood of the right-most end vertex, vX , as
NvX = {vX−1 , vX , 0}. Zero boundaries will have a certain influence on a given
rule, although strictly depending on the rule in question. For example, for legal
automata, this might increase the percentage of 0-cells in the entire simulation.
One Boundaries: Defining the neighborhood of the left-most end vertex, v0 ,
as Nv0 = {1, v0 , v1 } and the neighborhood of the right-most end vertex, vX , as
NvX = {vX−1 , vX , 1}. For rules 0-127, this might decrease the percentage of
0-cells in the entire simulation.
Repeat Boundaries: Defining the neighborhood of the left-most end vertex, v0 ,
as Nv0 = {v0 , v0 , v1 } and the neighborhood of the right-most end vertex, vX , as
NvX = {vX−1 , vX , vX }. The effects of this boundary condition will not be so
obvious.
Cyclic Boundaries: Defining the neighborhood of the left-most end vertex, v0 ,
as Nv0 = {vX , v0 , v1 } and the neighborhood of the right-most end vertex, vX ,
as NvX = {vX−1 , vX , v0 }. The effects of this boundary condition will also not
be so obvious.
To ensure that the boundary conditions do not affect the state transition diagram in a predisposed manner, zero boundaries and one boundaries are not
going to be used. Repeat boundaries also imply certain characteristics for certain rules. For example, rule 91 sends most neighborhoods with consecutive off
vertices or consecutive on vertices to on, and thus repeat boundary conditions
will imply a certain behavior. This leaves cyclic boundaries as the right choice
to best imitate infinite cellular automata.
To increase intuition regarding cyclic boundaries, imagine some finite automaton simulation as a (vertically endless) sheet of paper. Attach the right side
to the left side to produce an (endless) cylinder. Thus the neighborhood of
the rightmost line of vertices on the original sheet includes the leftmost line of
vertices on the original sheet.
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Thus, we are ready to define spatial basic entropy.
Definition 4.5 The spatial basic entropy of a given cellular automaton and
initial pattern {vn0 } is

sN (X, {vn0 }) =

1
logk N (X)
X

(2)

where N (X) is the number of the k X , length X sequences (in this case we are
dealing with finite automata) that are generated at any time given an initial
pattern.
While the definition of sN (X, {vn0 }) may be useful in its tangibility, it only
serves us when interpreting finite automata and for a particular initial state.
While this clearly does not give us the full picture about a given automaton’s
behavior in the infinite case, it provides a window into the given automaton’s
general complexity.
Consider the following example (with spatial basic entropy, although spatial
set entropy could just as easily be considered):
Example 4.6 Consider an elementary cellular automaton (k=2,r=1), with X =
25. Thus k X = 225 = 33,554,432. Thus, the maximum spatial basic entropy is
Max(sN (25)) =

1
1
log2 (33554432) =
(25) = 1.
25
25

By definition, the maximum spatial basic entropy for any cellular automaton
(matching our intuition) equals 1. This occurs if and only if every possible
sequence is hit. This also makes sense intuitively that in the case where every
sequence is hit, we have reached maximum entropy. The minimum entropy for
any given X and k = 2 will be 0 when the automaton reproduces the initial
pattern as the second pattern and thus every pattern.
PkX
(in this case i=1 θ(pi ) = 1, and logk (1) = 0)
However, an entropy of
(with

PkX

i=1

1
X

θ(pi ) = 2, logk (2) = 1, and thus

1
1
log2 (2) =
)
X
X

will intuitively be more common as it would represent either
a) all automata which after one time step reach an equilibrium such that the
second time step configuration equals the third and thus every pattern there after, or else
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b) all automata in which the initial configuration leads to a different configuration which in turn leads back to the initial configuration.
Additionally, an entropy of 2/X is for all intents and purposes equally as telling
of a lack of complexity as an entropy of 1/X.
Now consider a randomly chosen (finite) initial pattern with X = 25, with rule
5:

In the graph above, the automaton takes on 3 (N (25) = 3) unique patterns, and
will do so indefinitely. Thus:
sN (25) =

1
1
log2 (3) ≈
(1.58496) ≈ 0.0633985.
25
25

Contrast this with rule 62, with another randomly chosen (finite) initial pattern with X = 25:

In the graph above, the automaton takes on 18 (N (25) = 18) unique patterns
for all t ≥ 0. Thus:
1
1
sN (25) =
log2 (18) ≈
(4.16993) ≈ 0.166797. From the definition of sN (X),
25
25
we can intuitively induce that a higher value implies higher “complexity.”
It should also be noted that in terms of computational accuracy, given that
different initial disordered configurations will yield different entropies, the average of many different initial configurations must be considered for an accurate
11

quantification of spatial basic entropy.
We can also consider the entropy problem with a different (orthogonal) perspective. Instead of computing the number (or probabilities) of potential horizontal
sequences hit by the evolution of a given cellular automaton, we can compute
the number (or probabilities) of potential vertical sequences.
Definition 4.7 For each i ∈ {1, 2, ..., k T }, let p0i be the probability, given a
disordered t = 0 pattern, of the ith of the k T potential sequences of length T
occurring for some n.
Definition 4.8 The temporal set entropy s(T ) of a given cellular automaton
is a function of the probabilities of each of the k T possible sequences:
kT

X
0
1
θ(pi )
s(T ) = logk
T
i=1

(3)

Analogously consider the temporal basic entropy (which is defined for finite
automata, similarly to spatial basic entropy):
Definition 4.9 The temporal basic entropy of a given cellular automaton
(and given initial pattern) is
1
logk R(T )
T

sR (T, {vn0 }) =

(4)

for some n, where R(T ) is the number of the k T sequences that are generated
as the first T time-steps at some particular vertex.
As useful as the entropy definitions may be, they offer a measure on disorder for
a particular initial pattern, and a particular X or T. It would be of greater use to
consider a single quantity that characterizes the cellular automaton independent
of spatial or time scale. Thus, a definition of dimension:
Definition 4.10 The spatial dimension is the limit of the spatial set entropy
as X approaches infinity:
dspatial = lim s(X)
X→∞

(5)

Similarly,
Definition 4.11 The temporal dimension is the limit of the temporal set
entropy as T approaches infinity:
dtemporal = lim s(T )
T →∞

(6)

With the concepts of spatial and temporal dimension and entropy in our arsenal, we discuss properties of each class for elementary cellular automata (with
k = 2 and r = 1).
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Proposition 4.12 For any legal Class 1 elementary cellular automaton, dspatial
= dtemporal = 0.
Proof: As defined, for a Class 1 cellular automaton, ∃ a ∈ A and ∃t such that
∀n, ∀T > t PGT (vn ) = a
We defined pTi as the probability, for the set of all disordered infinite t = 0
patterns, that at the end of a given time period (since the sum equals 1 for all
T>t), the ith of the k X potential sequences of length X occurs
kX
X
⇒ lim
θ(pTi ) = 1
T →∞

i=1
X

⇒ lim logk
T →∞

k
X

θ(pTi ) = logk (1) = 0

i=1
kX

X
1
1
logk
θ(pTi ) = ( )(0) = 0
⇒ s(X) = lim
T →∞ X
X
i=1
⇒ dspatial = lim 0 = 0
X→∞

kT

X
0
1
With the same assumptions, we consider dtemporal = lim
logk
θ(pi )
T →∞ T
i=1
(Remember we are now considering the probabilities of unique “columns”
occuring in the simulation of the automaton in question)
Up until the tth row, there may be at most k t−1 unique columns, and starting on the tth row the remainder of each column may only show one state, a
PkT
0
⇒ i=1 θ(pi ) ≤ (k t−1 )(1) = k t−1
1
1
⇒ s(T ) = logk (k t−1 ) = (t − 1)
T
T
1
⇒ dtemporal = lim
(t − 1) = 0. 
T →∞ T

Proposition 4.13 For any legal Class 2 elementary cellular automaton, dspatial
> 0, but dtemporal = 0.
Proof: Let τ be a class 2 elemenentary cellular automata. Thus τ is not Class
1 and thus @ t such that ∀ n, ∀ T > t, PGT (vn ) = a, where a is an element of A
This is another way of saying that there will never be a completely homogeneous (indicative of class 1) pattern at any T (except for a set of initial patterns
with zero probability, considering infinite automata)
Consider an initial configuration PG0 such that we never have the homogeneity condition
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As defined, for a legal Class 2 cellular automaton, ∃t, s with t < s, such that ∀n,
s+(s−t)
{PGt (vn ), PGt+1 (vn ), ..., PGs−1 (vn ), PGs (vn )} = {PGs+1 (vn ), PGs+2 (vn ), ..., PG
(vn ),
s+(s−t)+1
PG
(vn )}, and thus repeats itself indefinitely
Since we have no homogeneous states, there must be 2 distinct ”cycles” - states
at a given vertex for times t through s - and at least one of which must be
non-zero
Consider the initial pattern which generates the non-zero cycle (if the cycle
starts at time period t and ends at time period s, then the initial pattern generating the cycle will be of length 2s + 1)
We may now consider the initial pattern that implies the non-zero cycle and
an initial pattern of length 2s + 1 which only consists of 0’s: {0, 0, ..., 0}

⇒ ∃ at least two unique (c 6= d) finite segments of equal length r, {vc , vc+1 , vc+2 , ...,
vc+r−1 , vc+r } = {0, 0, ..., 0, 0} and {vd , vd+1 , vd+2 , ..., vd+r−1 , vd+r } 6= {0, 0, ..., 0, 0},
with PGs (vd+((2r+1)/2) ) = 1 and PGs (vc+((2r+1)/2) ) = 0, with r = 2s + 1, such
that ∃ t0 between t and s, such that
0

0

PGt (v(c+r)/2 ) 6= PGt (v(d+r)/2 )
Because t0 > t, as T approaches ∞, the “column” generated at vc will never
equal the “column” generated at vd
Notationally, let C = {vc , vc+1 , vc+2 , ..., vc+r−1 , vc+r } = {0, 0, ..., 0, 0}
and D = {vd , vd+1 , vd+2 , ..., vd+r−1 , vd+r }.
Consider the spatial entropy

PkX
1
0
logk i=1 θ(pti )
X

For X = 2r, with positive probability, initial states will have patterns CC,
CD, DC and DD at vertices {v0 , ..., v2r }. By above, at t0 , we get at least 4
different width-X patterns.
PkX
0
⇒ logk i=1 θ(pti ) ≥ logk (4) = 2
(k = 2, as we are dealing with elementary cellular automata)
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Now consider X = 3r
With positive probability, initial states will have patterns CCC, CCD, CDC,
CDD, DCC, DCD, DDC and DDD at vertices {v0 , ..., v3r }. By above, at t0 , we
get at least 8 different width-X patterns.
X

⇒ lim logk
T →∞

k
X

0

θ(pti ) ≥ logk (8) = 3

i=1

because we are dealing with elementary cellular automata, k = 2
Now, for X = nr, with positive probability, initial states will have one of 2n
distinct patterns at vertices {v0 , ..., vnr }, so
X

⇒ lim logk
T →∞

k
X

0

θ(pti ) ≥ log2 (2n ) = n

i=1

1
n
⇒ dspatial ≥ lim
X→∞ X
1
1
=
(n) =
(n)(r)
r
Note: In this equation we’ve taken the assumption that X must be some multiple of r. If this is not the case, for some X such that mr ≤ X ≤ (m + 1)r
P2X
1
1
0
log2 i=1 θ(pti ) ≥ log2 (2m )
X
X
1
≥
(m)
(m + 1)r
1
≥
2r
And thus ∀X the proof still holds
1
⇒ dspatial ≥
r
⇒ Class 2 elementary cellular automata have positive spatial dimension
PkT
1
0
logk i=1 θ(pi )
T
(Remember we are now considering the probabilities of unique “columns”
occuring in the simulation of the automaton in question)

With the same assumptions, we consider dtemporal = lim

T →∞

As before, for a Class 2 cellular automaton, ∃t, s with t < s, such that ∀n,
s+(s−t)
{PGt (vn ), PGt+1 (vn ), ..., PGs−1 (vn ), PGs (vn )} = {PGs+1 (vn ), PGs+2 (vn ), ..., PG
(vn ),
s+(s−t)+1
PG
(vn )}, and thus repeats itself indefinitely
Thus up until the tth row, there are at most k t−1 unique columns
Starting on the tth row, there are at most k (s−t+1) unique repeating “column
15

segments”
⇒

PkT

i=1

0

θ(pi ) ≤ k t−1 k s−t+1 = k s

1
1
logk (k s ) =
(s)
T
T
1
So, dtemporal = lim
(s) = 0
T →∞ T

s(T ) =

Thus dspatial > 0 and dtemporal = 0. 

Conjecture 4.14 If a cellular automaton is not Class 1 or 2, then dspatial ,
dtemporal > 0.
(Intuitive Explanation) It may be helpful to imagine a cellular automaton
with dtemporal > 0, and thus we’ll have exponential growth of the number of
distinct columns, as T approaches infinity. This conjecture supposes that if this
is true, than there must be an infinite number of distinct rows, as X approached
infinity. This is as concrete an explanation lends itself to be, as dealing with
Class 3 or 4 elementary cellular automata in a general manner is of great difficulty. We’ve defined them, from Wolfram, as automata that show “chaotic”
behavior, which is both vague and inexplicit. We could perhaps prove that any
particular given Class 3 elementary cellular automaton (such as rules 22, 30,
126, 150 or 182) will have dspatial , dtemporal > 0, but generalizing would be
difficult as the term “chaotic” is not rigorously defined.
X

Intuitively, any Class 3 rule will show “chaos” and thus lim

T →∞

PkT

i=1

k
X

θ(pTi ) and

i=1

0

θ(pi ) will grow exponentially as X and T approach ∞, respectively.

An elementary cellular automaton is Class 4 not based on its limiting entropy
(the dimension), but on whether or not it shows the middle ground between
seeming randomness and deterministic qualities. Wolfram puts it well in A New
Kind of Science when he says:
“The fact that class 4 appears between class 2 and class 3...is not uncommon.
For while class 4 is above class 3 in terms of apparent complexity, it is in a
sense intermediate between class 2 and class 3 in terms of what one might
think of as overall activity.”
One may define a class of automata based on capability of universal computation. This class would consist of automata (such as rule 110, below) that are
Turing Complete, or capable of simulating any computer, most notably a Turing
machine.
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Proposition 4.15 Rule 110 of k = 2, r = 1 is Turing complete (the only
proven Class 4 rule for k = 2, r = 1).
Proof: This proof is unusually complex and lengthy, but fully illustrated in
Universality in Elementary Cellular Automata by Matthew Cook. 

5

The Garden-of-Eden Problem

There is a unique question given a cellular automaton (or any system for that
matter) and a particular pattern for that system: Does this pattern have a predecessor? There are many ways to ask this question. Is this pattern reachable,
other than as an initial pattern? Does there exist an initial pattern such that
this pattern occurs after one time step (given a time-independent rule, such as
all of our elementary cellular automata, if a pattern is not a Garden-of-Eden
configuration then there exists some initial configuration such that it will occur
after one time step.)
Definition 5.1 Given a cellular automaton (with transition rule τ ), a pattern
PG is a Garden-of-Eden if @ PG0 such that τ (PG0 ) = PG .
Consider an intuitive and obvious example, for elementary cellular automata.
Example 5.2 Consider rule 255 (the last rule out of the 256, given the numbering system begins with rule 0). This rule sends every configuration to the
configuration with all “on” nodes; so that, for all t≥1,
∀n, PG (vn ) = 1

(7)

Thus, the configuration of all off-nodes, PG“of f ” = ..., 0, 0, 0, ... is a Garden-ofEden configuration because
@PG0 , τ (PG0 ) = PG“of f ”

(8)

Obviously any pattern that contains a vertex assigned 0 is a Garden-of-Eden
configuration for rule 255. Similarly we could consider rule 0 and the Gardenof-Eden configuration PG“on” = ..., 1, 1, 1, ....
What We Might Expect From Garden-of-Edens
A Garden-of-Eden, by definition, comes from a certain configuration not having a predecessor. This may mean that Garden-of-Edens are more common in
lower class automata because class 3 or 4 might have complex transitions which
“hit” more configurations. State Transition Diagrams will be of great help in
answering this question and will be tackled in the next section. In helping us
with this question, State Transition Diagrams might even help to classify the
automata.
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6

State Transition Diagrams

Useful information can be extracted from observing a cellular automaton’s simulation, obviously only possible when dealing with finite automata. Consider
the examples below (from left to right, rule 30, rule 212 and rule 249, all with
random initial configurations.)

It is easy to see triangle clearings in the rule 30 simulation. It is possible to
take an educated guess on which class each belongs to. Although the image of a
simulation of a given rule is directly dependent on the initial configuration, for
different random initial configurations the simulations will all look qutie similar,
given a large enough X. However, simply viewing the simulation does not give
nearly the same picture as a state transition diagram. In addition to granting
intuition about a given rule, state transition diagrams will help answer a lot
of conceptual questions regarding cellular automata, including the Garden-ofEden problem, although it should be noted early that whatever use these state
transition diagrams give us, like simulations, they are only possible for finite
automata.

Definition 6.1 A directed graph is a pair DG = (Nodes, Arrows) of nodes
with arrows leading from one node to the other, with one node marked as the
beginning of the arrow and the other node marked as the end of the arrow.
Definition 6.2 A state transition diagram is a directed graph that depicts
the behavior of a specific elementary cellular automata rule with finite width
X. Every possibly initial pattern of length X is included in the state transition
diagram as a node and the arrows depict which nodes get sent to which through
τ . Thus, if τ (node1 )=node2 , then an arrow will go from node1 to node2 in the
state transition diagram.
By definition, each node must have an arrow leading away from it, although
not every node may have an arrow leading toward it. By definition, these nodes
that lack an arrow pointing to it are the Garden-of-Edens.
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Example 6.3 Pictured below, state transition diagrams for cellular automata
of length X=3 and X=4, respectively, with rule 72 (class 1).

Example 6.4 Pictured below, state transition diagrams for cellular automata
of length X=3 and X=4, respectively, with rule 30 (class 3).

Example 6.5 Pictured below, state transition diagrams for cellular automata of
length X=3 and X=4, respectively, with rule 110 (class 4). Notice the symmetry
of the system.
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Definition 6.6 A cycle C in a state transition diagram is a sequence of nodes
n1 , n2 ,..., nm , such that there is an arrow from n1 to n2 , from n2 to n3 ,...,from
nm−1 to nm , and from nm to n1 . We say a node nc is a cycle node if ∃ a
cycle C such that nc ∈ C.
In the right half of Example 6.5, the only cycle nodes are 1101, 0111, 1110, 1011
and 0000.
Definition 6.7 A node nb is a branch node if it is not a cycle node and ∃
some n0b , 6= nb , such that there exists an arrow from n0b to nb .
In the right half of Example 6.5, the branch nodes are 1100, 0011, 0110, 1001
and 1111.
Definition 6.8 A node nl is a leaf if @ some n0l such that there is an arrow
from n0l to nl .
It follows that any leaf branch may not also be a branch node nor a cycle node.
In the right half of Example 6.5, the leaves are set in boxes: 0100, 0001, 0010,
1000, 1010, 0101. An important connection to make is that “leaves” are Gardenof-Eden configurations.
What Node Divisions Can Tell Us About Garden-of-Edens
Cellular automata in class 3 and class 4 exhibit more “chaos” than the other two
classes. We hypothesize that this should imply larger cycles, and thus more cycle nodes (and thus fewer branch nodes and even fewer leaf nodes). This should
also imply that there are minimal state configurations that are not found in one
cycle or another, which would imply less Garden-of-Edens. We now explore,
computationally, whether these three effects are correlated: higher class, more
cycle nodes and fewer Garden-of-Edens.
Obviously this can only be done in the finite case, but the finite case for relatively large X can (hopefully) tell us how these automata will work for the limit
X → ∞.
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The chart above represents the number of cycle nodes, branch nodes and leaf
nodes for eight different elementary cellular automata rules with X ranging from
2 to 13 (the case where X = 1 is trivial and equal for all rules). Our prediction
looks correct given the general trend (more cycle nodes for the Class 3 automata,
rules 30 and 182 versus the Class 2 and Class 1 automata, rules 108, 232, 32
and 160 respectively). Despite this not showing uniformity (Class 2 rule 108
tends to show more cycle nodes than our Class 3 automata), it hints that the
theory behind the prediction might have some validity and further research is
necessary.
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The chart above shows the number of Garden-of-Eden nodes and two-hit nodes
(nodes that are hit by two or more other nodes in the State Transition Diagram) for nine different elementary cellular automata rules with X, the automata width, ranging from 2 to 13. Our prediction (higher complexity implies
lower Garden-of-Edens and lower two-hit nodes) looks correct given the general trend of the graph. Again, despite the chart failing to show uniformity, it
provides support for the connection between class, cycles and Garden-of-Eden
configurations.

7

Potential For a Garden-of-Eden Classification
System

Wolfram’s system of classification (dividing the 32 legal cellular automata quantitatively into four classes based on triviality of spatial and temporal dimension
and universal Turing machine ability) is useful, but is not without its restraints.
1. Some rules fall into more than one class under Wolfram’s classification
scheme, or are somewhat ambiguous. For example, Rule 54 is often called
class 4, but it is still not known if it is capable of universal computation,
which seems to be a contradiction in definition. Rule 73 is another case
of an ambiguously classed rule, as detailed in the following example.
2. Wolfram’s classes require the computation of dimension, which is the limit
as X (or T) approaches infinity. Although computable (with an approximation), for more complex rules, this may take considerable time. Also,
as exemplified above, for τ such as rule 73, it’s hard to discuss a rule’s
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limiting behavior when a moderate change in initial conditions induces an
extreme change in behavior.
3. Wolfram’s classes only helpfully divide the legal elementary cellular au1
tomata, 32 out of 256 (or ) of all elementary cellular automata (although
8
the Wolfram class system works for all 256, in most texts they are excluded). This is clearly not optimal.
4. Wolfram’s classes work strictly for one-dimensional elementary cellular
automata, without the ability to extend to higher dimensions without
severely complicating the classification system.
Example 7.1 As alluded to above and exhibited below, a simulation of a disordered initial configuration of rule 73 will show interesting behavior, somewhat ordered and somewhat chaotic. By nature of the rule, anytime the pattern
{0, 1, 1, 0} appears in the initial pattern (or any pattern thereafter, although not
likely to form after a few iterations of τ ), “walls” of width two form. These
walls fundamentally parse the simulation into finite segments. And although
seemingly chaotic behavior forms between the walls, the behavior will eventually
begin to repeat itself (as the segments between the walls are finite). Thus, Rule
73 is agreed to be class 2.

But what would happen if we added the condition that lengths of consecutive
1’s be odd? This would ensure such stabilizing walls would not occur and thus
chaos would be present. What do we say about a rule that is clearly class 2 for
a random initial pattern but clearly class 3 when a small condition is added?
Because Wolfram defines his classes fairly quantitatively, it’s truly hard to say.
And thus we explore a new classification method for elementary cellular automata.
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Pictured below are a few choice elementary cellular automata rules and the
percent of total nodes that fall under Garden-of-Eden categorizaton. Shown is
the class of the rule, the explicit code of that rule (if meaningful to the eye),
the rule #, and then the percent of Garden-of-Eden nodes found at each length
of X. For example: rule 218. The graph shows class 2 and the explicit code
as 1, 1, 0, 1, 1, 0, 1, 0. This means that τ (111) = 1, τ (110) = 1, τ (101) = 0, et
cetera. Then for length X = 4, 50% of the nodes are Garden-of-Eden nodes.
For length X = 5, 46.9% of the nodes are Garden-of-Eden nodes, et cetera.

Quadruplets (and sometimes Twins)
Through the Garden-of-Eden results, it quickly becomes apparent that each rule
has three (or one) easily identifiable sibling rules with the same exact Garden24

of-Eden results. One can think of how this might work intuitively by thinking
of random initial configurations. For all intents and purposes, switching all 0’s
to 1’s and vice-versa in a code (such that the rule for the neighborhood {110}
will be the rule for the neighborhood {001}) showed a new code with identical
behavior or an identical ratio of Garden-of-Eden nodes to total nodes. Somewhat similarly, switching all of the results of a certain rule (such that if τ sends
a neighborhood to 0 it now sends it to 1 and vice-versa) showed the same effect.
Lastly, applying both of these changes should showed the same result.
These quadruplet rules are identified thusly:
Consider some rule τ . Each τ has three sibling rules: τ 0 , τ 00 and τ 000 .
Definition 7.2 The explicit code for τ 0 will be the reversed explicit code for τ .
In other words, τ 0 (111) = τ (000); τ 0 (110) = τ (001); τ 0 (101) = τ (010), et
cetera.
The explicit code for τ 00 will be the opposite of the explicit code for τ 0 .
In other words, τ 00 (111) = 1 if τ 0 (111) = 0; τ 00 (111) = 0 if τ 0 (111) = 1
τ 00 (110) = 1 if τ 0 (110) = 0; τ 00 (110) = 0 if τ 0 (110) = 1
τ 00 (101) = 1 if τ 0 (101) = 0; τ 00 (101) = 0 if τ 0 (101) = 1
et cetera.
The explicit code for τ 000 will be the opposite of the explicit code for τ .
In other words, τ 000 (111) = 1 if τ (111) = 0; τ 000 (111) = 0 if τ (111) = 1
τ 000 (110) = 1 if τ (110) = 0; τ 000 (110) = 0 if τ (110) = 1
τ 000 (101) = 1 if τ (101) = 0; τ 000 (101) = 0 if τ (101) = 1
et cetera.
Example 7.3 Consider elementary cellular automaton rule 218 = τ , explicitly
1, 1, 0, 1, 1, 0, 1, 0.
⇒ τ 0 = 0, 1, 0, 1, 1, 0, 1, 1 = rule 91.
⇒ τ 00 = 1, 0, 1, 0, 0, 1, 0, 0 = rule 164.
⇒ τ 000 = 0, 0, 1, 0, 0, 1, 0, 1 = rule 37.
It can be checked that these quadruplets all have identical Garden-of-Eden results
from the previous graph.
It also may be the case, given a rule with explicit code such that the first four
binary numbers are the opposite, reverse or both of the second four binary
numbers, that two sets of the two quadruplets are in fact equal, and thus we
have twins instead of quadruplets.
Example 7.4 Consider elementary cellular automaton rule 150 = τ , explicitly
1, 0, 0, 1, 0, 1, 1, 0.
⇒ τ 0 = 0, 1, 1, 0, 1, 0, 0, 1 = rule 105.
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⇒ τ 00 = 1, 0, 0, 1, 0, 1, 1, 0 = rule 150.
⇒ τ 000 = 0, 1, 1, 0, 1, 0, 0, 1 = rule 105.
Thus, τ = τ 00 and τ 0 = τ 000 .
It can be checked that these twins have identical Garden-of-Eden results from
the previous graph.
Exploring the behavior of each set of quadruplets (or twins) gives us insight
into any fundamental Garden-of-Eden configurations intrinsic to that set of
rules. Below are two graphs, the first of which shows behavior where the percent
of Garden-of-Eden nodes strictly increases after a certain length X. The second
graph shows rules with less interpretable behavior.
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Very interestingly, we can say something about the relationship between
quadruplets, in terms of Wolfram’s classes.
Note: τ and τ 000 will have the same Wolfram class, and show identical behavior
(although with all 0-cells and 1-cells switched).
Lemma 7.5 The moves from τ to τ 0 and τ to τ 00 , otherwise respectively called
“reverse” and “opposite,” are commutative.
The proof is left to the reader. 
Proposition 7.6 τ 0 and τ 00 will also be of the same class, and show identical
behavior.
Proof: Set τ 0 = ψ, defining ψ 0 , ψ 00 and ψ 000 the same as the three τ siblings.
⇒ ψ 000 is ψ both reversed and made opposite and thus ψ and ψ 000 have the same
Wolfram class and show identical behavior.
As defined, ψ 000 is the reverse and opposite of τ 0 , which is the reverse of τ ,
and because these moves are commutative, ψ 000 is just the opposite of τ .
⇒ ψ 000 = τ 00
As stated before, ψ and ψ 000 have the same Wolfram class and identical behavior,
ψ=τ 0 and ψ 000 =τ 00
⇒ τ 0 and τ 00 have the same Wolfram class and identical behavior. 
The above note and proposition make sense intuitively. We can think of the
“reverse” move (τ
τ 0 ) as negating the codomain of τ and the “opposite”
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move (τ
τ 00 ) as negating the domain of τ . Thus the move from τ to τ 000 ,
which negates both the codomain and the domain of the function τ , is for all
intents and purposes τ .
Interestingly, from all of this we find that because rule 110 and 137 exhibit
identical behavior, rule 137 is also a Turing machine, capable of universal computation.
To show an example of identical negated behavior, rule 110 and 137 are shown
below, respectively.

8

Defining a New Scheme, The Pros and Cons
of

So if we are to utilize these discoveries regarding Garden-of-Eden, how do we do
so? Is it possible to create an entirely new system, or should Garden-of-Eden
percents be used as a supplement to Wolfram’s system? How do we open up
these rules further to understand more?
It seems that both systems are useful, but even together do not paint a full
picture of cellular automata behavior. Wolfram’s system divides elementary
cellular automata behavior fairly sharply with a very high comprehension level.
The cons of his classification scheme were discussed earlier.
Through exploring Garden-of-Eden, we uncover data that is accessible, like
Wolfram’s classes, but also concrete and computationally easy to discover finite
patterns indicative of infinite behavior. In other words, just from looking at the
Garden-of-Eden node ratios for X = 2, 3, 4, 5 and 6, it is easy to see what kind
of limiting behavior the Garden-of-Eden test will have. Through Garden-ofEdens, we also come across quadruplets and twins, and discover that we don’t
really have 256 distinct rules, but sets of rules that show identical behavior
and/or identical Garden-of-Eden test results. In a lot of ways the Garden-ofEden results correspond enough with Wolfram’s classes, but also provide new
information about the rules. But what can we make of them? What are the
cons of such a system?
Definition 8.1 Define the Garden-of-Eden percent function GoE% (X, τ ),
as the percent of total nodes (2X ) that are Garden-of-Eden nodes, given some
rule τ and the finite length considered, X.
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Definition 8.2 Define the limiting Garden-of-Eden percentage, κ, as:
κ(τ ) = lim GoE% (X, τ )
X→∞

Potential Garden-of-Eden Systems
First I list possible systems that rely solely on Garden-of-Eden results, and then
I discuss the cons to any such system. Finally, I provide a system based on both
Wolfram’s classes and the Garden-of-Eden results.
1. The first system is the simplest. Divide the automata into two classes: a)
rules that have a limiting Garden-of-Eden percentage of 1, such that κ(τ )
= 1, and b) rules such that κ(τ ) 6= 1.
2. Divide the automata into two classes: a) rules in which ∃ χ such that if
X > χ, then GoE% (X, τ ) is a strictly increasing function, and b) rules in
which @ such a χ. In this system (and the above), classa rule behavior is
shown on the first graph on page 26 and classb rule behavior is shown on
the second graph on page 26.
3. Similar to the first system, divide the automata into two classes: a) rules
that have a limiting Garden-of-Eden percentage of 0, such that κ(τ ) = 0,
and b) rules such that κ(τ ) 6= 0.
4. Similar to the second system, divide the automata into two classes: a)
rules in which ∃ χ’ such that if X > χ’, then GoE% (X, τ ) is a strictly
decreasing function, and b) rules in which @ such a χ’.
5. Divide the automata into three classes: a) rules that have a limiting
Garden-of-Eden percentage of 1, such that κ(τ ) = 1, b) rules that have
a limiting Garden-of-Eden percentage of 0, such that κ(τ ) = 0, c) rules
such that κ(τ ) 6= 0, 1.
6. Divide the automata into three classes: a) rules in which ∃ χ such that
if X > χ, then GoE% (X, τ ) is a strictly increasing function, b) rules in
which ∃ χ’ such that if X > χ’, then GoE% (X, τ ) is a strictly decreasing
function, c) rules in which @ such a χ or χ’.
Despite each of these classification schemes providing insight into Gardenof-Eden data, they all have disadvantages. The problem with the first and the
third is that it’s still unclear if κ can limit to 1 or 0, or if it just asymptotically
approaches numbers close to 1 and 0. Once we get past this problem, with
schemes 2 and 4, we still have that rules that show different behavior have
identical Garden-of-Eden values. This is why it’s of great importance to think of
the Garden-of-Eden data as a supplement (in addition to considering Wolfram’s
classes a supplement, and not the end all in defining complexity in cellular
automata). Certain rules also show high complexity, but Garden-of-Eden wise
would be placed in the lowest complexity category, such as the example below.
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Example 8.3 Consider rule 22 and rule 151. If rule 22 = τ , then rule 151 =
τ 000 (and vice-versa), and thus the two have identical behavior (and Garden-ofEden data). This behavior is clearly chaotic, as depicted (both are obvioulsy in
Wolfram’s class 3). However, in all six classification schemes above, both rules
would be placed in class a, the least complex. By looking at the simulations, it’s
easy to tell why. While chaos forms, it is chaos that is weighed to one particular
state (0 in rule 22, and 1 in rule 151). So in rule 22, we’ll find a large grouping
of Garden-of-Eden nodes that contain a majority of 1’s, and in rule 151 we’ll
find a large grouping of Garden-of-Eden nodes that contain a majority of 0’s.

In a way, however, this brings back the fundamental question: What is complexity?
Is rule 30 somehow more complex than rule 22? Despite the fact that both
are Wolfram class 3, κ(τ30 ) = 0 < 1 = κ(τ22 ).
If nothing, why omit such information? κ is only a tool that provides more
information, and may even offer help where Wolfram’s systems cannot (i.e. κ
is still relevant for n-dimensional automata). In addition, an even greater perspective might be gained by studying the relative growth of GoE% (X, τ ) as X
increases.
Thus, I conclude that we add κ (the representation of Garden-of-Eden behavior)
to the toolbox used for automata analysis. This is said with the hope future
tools and methods will be added and discussed to provide a more comprehensive
understanding of cellular automata, elementary and otherwise.
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