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Abstract

I estimate the welfare effects of building different types of housing in the Boston metropoli-
tan area. Both luxury and low-quality construction improve the welfare of poor households
without a college degree. Low-quality construction is twice as effective but hurts rich, edu-
cated households due to negative effects on wages and amenities. Construction is worse for
these households when cross-metro mobility is high, demand for amenities rises with edu-
cation, and gentrification occurs at the neighborhood rather than metro level. Tripling the
construction intensity in Boston would eliminate its affordability crisis, while instituting rent

control would exacerbate it.
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Since 1980, real house prices have significantly risen in many large metropolitan areas. In re-
sponse, poor households and those without a college degree have migrated away (Gyourko, Mayer
and Sinai, 2013; Diamond, 2016; Ganong and Shoag, 2017). Policymakers call this situation an
“affordability crisis” (e.g., White House, 2016). According to economists, easing permitting rules
would allow new construction and bring down house prices (Glaeser, Gyourko and Saks, 2005;
Herkenhoff, Ohanian and Prescott, 2018; Hsieh and Moretti, 2019). Some people, however, worry
that new construction does not benefit poor residents (Been, Ellen and O’Regan, 2019). New hous-
ing is larger and more expensive than existing housing (Rosenthal, 2014; Molloy, Nathanson and
Paciorek, 2019), and migrants from other metropolitan areas occupy many new units (Mast, 2019).
Furthermore, rich migrants might cause gentrification, which could cause further outmigration of
the poor (Guerrieri, Hartley and Hurst, 2013; Brummet and Reed, 2019).

Estimating the effect of construction on a metropolitan area’s population is difficult. A single
new building constitutes a small share of a metropolitan area, so its causal effect on total migration
is hard to detect. Other research has calculated the effect of construction on local neighborhoods
(Schwartz et al., 2006; Baum-Snow and Marion, 2009; Diamond and McQuade, 2017; Gonzélez-
Pampillén, 2019; Singh, 2019), but neighborhood effects do not determine changes at the metro
level because of within-metro moves.

To solve this problem, I develop a structural model in which households choose a metropolitan
area in which to work and live. The model features differentiated housing, gentrification, and
skill-intensive labor markets. I fit this model to Census data from the Boston metropolitan area
in 2016, matching the joint distribution of income, house prices, and education. I calibrate other
key parameters using previous work in urban and labor economics. While this approach certainly
has limitations—no model can capture everything—it includes several important channels and
enables precise counterfactual statements about the effect of construction on migration.

According to my model, luxury construction stimulates no additional migration of rich house-
holds into the metropolitan area. Instead, it induces upgrading of existing residents into nicer
housing units. This chain of within-metro moves frees up lower quality units, allowing poorer
households to in-migrate. For every 100 new luxury units, 47 households in the lower quartile of
the metro income distribution arrive. Another way to state this result: 100 luxury units prevent
47 poor households from leaving the metropolitan area.

The benefit to the poor depends critically on how I model metro amenities, such as school

quality and the absence of crime. According to Bayer, Ferreira and McMillan (2007) and Diamond



(2016), preferences for these amenities rise with education, and metropolitan areas with a higher
share of educated households offer higher amenities. My model contains both channels. When I
shut either down, poor households benefit two to ten times less from luxury construction because
it induces much more in-migration of rich households with college degrees.

Although luxury development helps the poor, low-quality development helps them twice as
much on a unit-for-unit basis. This result is my second main finding, and it is robust to all exten-
sions I consider that allow cross-metro migration. It echoes Sweeney (1974b) and Braid (1981),
who show that low-quality construction lowers house prices for the poor more than luxury con-
struction in the presence of cross-metro migration. In contrast to these papers, low-quality con-
struction makes rich households worse off in my framework. The in-migration of poor, non-college
households lowers the wages and amenities that rich households enjoy. This effect rises when mi-
gration is more responsive and when amenity spillovers occur at the neighborhood level.

Finally, I study rent control and new construction as policy responses to the affordability crisis,
which I generate in my model with a productivity shock that favors college-educated workers in
Boston. While rent control succeeds at slowing down house price growth, it accelerates the out-
migration of poor, low-education households from Boston. In contrast, expanding the housing
stock by 1.6% annually eliminates this out-migration. Raising the construction intensity to 1.6%
from its current value of 0.55% helps the poor but hurts the rich.

The paper proceeds as follows. Section 1 relates this work in more detail to the previous
literature. Section 2 lays out the economic environment, defines equilibrium, and characterizes
equilibrium house prices. Section 3 theoretically analyzes the equilibrium effects of construction
and productivity shocks. Section 4 discusses the strategy for estimating the model and describes
the data I use. Section 5 presents the quantitative results, and Section 6 concludes. Additional

results appear in an included Appendix and an Internet Appendix.

1 Relation to literature

This paper’s main contribution is to incorporate urban spillovers into a quantitative spatial model
of heterogeneous housing quality. Spillovers distinguish this paper from an older theoretical liter-
ature building on Sweeney (1974b), who theoretically analyzes the effects of constructing different
qualities of indivisible housing on house prices (see Arnott, 1987 for a literature review). Braid

(1981), for instance, corresponds to the special case of my indivisible model without spillovers



and mobility. In these older models, neither incomes nor amenities depend on the composition of
households. These spillovers drive my key theoretical and quantitative results.

As I prove in Section 3, the richness of my results arises from cross-metro household mo-
bility and the indivisibility of housing. When households are immobile, construction makes all
local households better off, and building a unit of the highest quality improves welfare more
than building a unit of any other quality. The same holds when housing is divisible—households
can costlessly divide any housing unit into two new units of lesser quality—for a subset of the
spillovers I consider. Papers have studied indivisibility with immobility (Braid, 1981; Mddttinen
and Tervio, 2014; Landvoigt, Piazzesi and Schneider, 2015; Couture et al., 2019) and divisibility
with mobility (Henderson, 1974; Glaeser and Gottlieb, 2009). The combination of mobility and
indivisibility breaks the trickle-down mechanism in these frameworks.!

Another contribution is to explain why certain households oppose construction in their city
of residence. According to my estimates, high-income and high-education households oppose
low-quality construction because it attracts low-education households, who lower amenities and
labor prices.? This mechanism differs from that in Hilber and Robert-Nicoud (2013) and Ortalo-
Magné and Prat (2014). These papers formalize the “homevoter hypothesis” of Fischel (2001)
with models in which homeowners oppose construction in order to increase their home equity
wealth. This incentive is absent from my paper’s static model. My results might explain why the
restrictiveness of zoning correlates more closely with demographics than with homeownership in
multiple empirical studies (Gyourko and Molloy, 2015).

Several empirical papers estimate the effect of subsidies for low-income housing on housing
supply and house prices. Schwartz et al. (2006), Baum-Snow and Marion (2009), and Diamond
and McQuade (2017) find that these subsidies increase the supply of low-income housing in the
neighborhoods they target and increase the value of surrounding homes in low-income and de-
clining neighborhoods. Unlike these studies, my paper estimates the effect of low-quality housing
on an entire metropolitan area. This distinction matters, as many of these subsidies fail to in-
crease the supply of low-income housing at the metropolitan area level (Eriksen and Rosenthal,

2010; Schuetz, Meltzer and Been, 2011). As a result, existing subsidy programs may not identify

IDavis and Dingel (2018) also incorporate spillovers into a spatial equilibrium model with heterogeneous and in-
divisible housing quality. However, their focus is on the sorting of households and firms across cities. They do not
analyze increases to housing supply.

2 Albouy et al. (2019) also present a model in which local residents oppose new construction due to the negative effect
of migration on local amenities. Relative to their model, my innovation is to introduce heterogeneity in the demand
for and provision of amenities by education. This heterogeneity leads to disagreement among existing residents about
whether to allow construction and to disagreement about which type of housing to allow.



the effect of constructing low-quality housing on a metropolitan area. My structural approach
does.

Another paper estimating the effect of construction on house prices with a structural approach
is Anenberg and Kung (2018). My paper differs in how I treat the cross-metro migration that
occurs in response to construction. Anenberg and Kung (2018) assume that households from
outside the metropolitan area occupy all newly built housing, irrespective of any adjustment to
house prices. In contrast, migration demand in my model is an endogenous, downward-sloping
function of house prices. Anenberg and Kung (2018) estimate that building high-quality housing
has no effect on the prices of other types of housing, while I find a large effect of high-quality
construction on low-quality house prices.

My theoretical results on the effect of high-quality construction correspond to the empirical
findings of Mast (2019). Using micro data on address history, he finds that luxury development
frees up housing in poor neighborhoods by inducing a series of moves within a metropolitan area.
This channel exists in my model, and its quantitative size is similar to what Mast (2019) finds
empirically.

Several papers analyze the distributional consequences of rent control, which I examine as a
policy response to house price growth. Diamond, McQuade and Qian (2018) find empirically that
rent control increases the population of high income households relative to poor households. I
find this effect in the model, although the mechanism is different. In the data, rent control leads
to housing supply changes that favor the rich, whereas rent control favors the rich in the model
without any housing supply changes. Favilukis, Mabille and Van Nieuwerburgh (2019) present a
theoretical model of rent control and other policies that try to address affordability. They focus on
the risk-sharing and distortionary effects of these policies with a lifecycle model featuring endoge-
nous housing supply and location choices within the New York City metropolitan area. While risk
and endogenous supply are absent from my model, I have endogenous cross-metro mobility, local
amenities, and wages. Therefore, my paper and Favilukis, Mabille and Van Nieuwerburgh (2019)
present complementary analyses of a similar problem.

My framework does not directly model filtering, the process through which high-quality con-
struction eventually houses low-income households after years of depreciation (Rosenthal, 2014).
Despite this omission, there is a simple way to map my framework into a filtering model. Filtering
models admit a unique steady-state distribution for housing quality that depends on the intensity

of construction of each type of housing (Sweeney, 1974a). The stock of housing in my static model



corresponds to the steady-state distribution in a filtering model. Increasing the housing stock in
my framework maps to the change in construction intensity in a filtering model that would cause

the corresponding shift to the steady-state distribution of housing quality.

2 Environment and equilibrium

2.1 Housing supply

The economy consists of T metropolitan areas indexed by t. In ¢, available housing qualities are
qj,: >0, where j € 7, ={0,...,J;} and g, ; strictly increases in j. Quality is a composite of the physical
characteristics of the property as well as the value of amenities that differ within the metropolitan
area, like distance to the urban center.® The measure of housing of quality qj is hj; >0, and this
housing trades in competitive markets at a price p; ;.

There are two types of agents: households and rentiers. Rentiers are endowed with the entire
housing stock and have utility that is a linear function of a composite non-housing consumption
good ¢, whose price I normalize to 1. They take house prices as given and choose how much

housing to sell and how much c to consume subject to a budget constraint.

2.2 The distribution of households

Households differ in their education, e € {L,H}, labor endowment, z > 0, and taste for each
metropolitan area ¢, €;. Across households and metropolitan areas, €; is distributed indepen-
dently as a Gumbel distribution (McFadden, 1973). The distribution of z among households of
education e equals 7,(z), an atomless distribution with full support on (0, c0).*

Each household lives in one metropolitan area. The household population in t is N;. N,; and
Z, represent the total number and labor endowment, respectively, of households of education e

in t. The measure of households of education e with labor endowment z living in ¢ is n,,(z). I

restrict attention to allocations of households across cities in which N, ; > 0 for each e and ¢.

3Landvoigt, Piazzesi and Schneider (2015) and Epple, Quintero and Sieg (2019) similarly model housing quality.

4] assume an unbounded support only for notational convenience—none of the results require this feature. The
existence of households with arbitrarily small z is necessary for the existence and uniqueness of equilibrium, as I
discuss in the proof of Lemma 2.



2.3 Household preferences and constraints

Households have preferences over four goods—composite non-housing consumption c, housing
quality g, metro amenities a, and an idiosyncratic metro taste e—represented by the utility func-
tion

u,(c,q,a,€)= cﬁCﬂqﬁq»faﬂ“'ﬁ exp(fe.c€) (1)

where B ., BoerPaer Pe,e > 0 for each e. Without loss of generality, I normalize ., = 1.

g0

Cobb-Douglas preferences over housing and non-housing consumption, such as in (1), appear
in many equilibrium models of location choices (e.g., Glaeser and Gottlieb, 2009; Gennaioli et al.,
2013; Diamond, 2016), and are consistent with the stability of housing expenditure as a share of
income across places and time (Davis and Ortalo-Magné, 2011). The term involving € is present
in some recent work (Kline and Moretti, 2014; Hsieh and Moretti, 2019) and limits household
mobility across metropolitan areas in response to changes in utility coming from ¢, ¢, and a. As in
Diamond (2016), preferences may differ across education groups.

Amenities in each metro are non-rival and non-excludable to local households. Amenities

depend on exogenous local characteristics as well as the relative population of households with

~ NH Va
at:at(NL’t) , (2)
,t

education H:

where y, > 0 and a; > 0 for each t. When y, > 0, metro amenities increase when more high
education households arrive. Households may simply enjoy meeting high-education households.
Alternatively, consumption by high-education households may produce non-excludable benefits
to other households, as is the case with philanthropy. Diamond (2016) assumes the same amenity
function and discusses it further. I consider alternate formulations for amenities in Section 5.
Labor in each metropolitan area trades in competitive markets, and I denote the price of labor
of education ¢ in t by w,;. A household’s income then equals w,,z, which I denote y,,(z). Each
household takes house prices, labor prices, and amenities as given and chooses a metropolitan
area t, non-housing consumption ¢, and a housing quality g;; subject to the budget constraint,
¢+pjt < w,z. Housing is indivisible because households can consume only one unit of one type

of house. I explore the importance of this assumption in Section 3.



2.4 Firms

Firms in each metropolitan area t combine low-education and high-education labor to produce

the non-housing consumption good c according to the production function
p Pyo
F(Z1, Zy) = (AL ZL)" + (Ap e Zu)')? (3)

where Z, is the quantity of labor of education e a firm uses, and 0 < p < 1. A large literature
in labor economics adopts (3) to explain the evolution of wages for workers with and without a
college degree (Goldin and Katz, 2008; Card, 2009). Firms in t take A;; and Ay, as given and
choose labor inputs Z; and Zp. The resulting profits accrue to the local rentiers.

The only differences in production technology across cities come from variation in A;; and
A, which govern the productivity of each type of labor. As with amenities, productivity depends

on exogenous characteristics as well as the metropolitan area’s population:

(4)

where yy > 0, yi > 0, and A,; > 0 for each t. When yy > 0, productivity increases when the
metro population goes up and the relative share of each education group remains constant. Labor
productivity is indeed higher in denser areas, and an extensive literature in urban economics
finds that part of this phenomenon is a causal effect of population on productivity (Combes and
Gobillon, 2015). When yy > 0, productivity increases when the metro share of high-education
households rises. The functional form of this effect matches that in Lucas (1988), who posits
a constant elasticity of productivity spillover with respect to the average human capital in the

population.

2.5 Equilibrium definitions

Equilibrium consists of house prices p; ;, labor prices w, ;, amenity levels a;, productivity levels A, ;
and populations 7, ,(z) for each e, j, and t such that households choose t and j to maximize utility,
household demand for each g; ; equals the amount of that housing that rentiers optimally choose
to sell, firms in t maximize profits by demanding the quantities of labor households supply, and
(2) and (4) hold. Given populations ny ;(z) and np (z), local equilibrium holds when house prices

and wages clear labor and housing markets while households, rentiers, and firms in t optimize.



2.6 Equilibrium characterization

I first characterize equilibrium metro choices. To do so, I define indirect utility, v, ,(z), as follows.
If w, sz <minjc 7 p;j, then a household is too poor to live in t, so I set v, ;(z) = 0. Otherwise,

Ve (2) = r}é%x ue(we,tz—pj,t, Gjtr at,O), (5)
t

the maximized utility of a household in t whose idiosyncratic taste for that metropolitan area is
zero. Lemma 1 solves for the equilibrium allocation of households across metropolitan areas in

terms of indirect utility.

Lemma 1. In equilibrium,
ﬁe(z)ve,t(z)

Yho1Ver(2)
Proof. Appendix A.1. O]

Me,1(2) (6)

Metro population rises in the utility households can achieve relative to other metropolitan areas.

To finish characterizing equilibrium, I solve for indirect utilities in each ¢, v, ;, as functions of
the distributions of metro households, 7,;. These population distributions pin down the aggre-
gates Z,;, N,;, and N;. The latter two determine amenities via (2) and productivity via (4). Due

to firm profit maximization, equilibrium labor prices coincide with marginal products:
_ p Pyo—l AP P71
Wer = (ALeZLe)" + (ApeZu)')0 AiZey (7)

for each e and ¢.

The last step is to characterize house prices, p; ;, and the housing quality that each household
chooses. Households in t differ in their income and education, and the equilibrium assigns them
to qualities of housing depending on these differences. Proposition 1 describes this assignment

and the equilibrium prices that yield it.

Proposition 1. In equilibrium, jo; = sup(j € J; | Z?:j hj; > Ny) exists, p;; strictly increases over
j = jo,+ and equals zero ifZ;’,:j hj + > Ny, and housing demand equals zero for j < jo and h;; for j > jo ;.

The quality chosen by a household of education e and labor endowment z weakly grows in z for each e.

Proof. Appendix A.2. O



According to Proposition 1, households live in the N; highest quality units in f, and house prices
strictly increase in quality among these occupied units. Households positively sort on income
within each education group.’

Proposition 1 pins down the price of the lowest quality occupied unit, p;,  ;, when the housing
stock exceeds the metro population: if } ;. 7 hj; > Ny, then pj, , = 0. The prices of higher quality
units solve the system that equates household demand for these units to the rentiers’ endowments.

This system of equations admits a unique solution:

Lemma 2. If ) e 7 hj; > Ny, then a unique local equilibrium exists.
Proof. Internet Appendix I.1. O

I characterize this local equilibrium when a positive measure of households from each educa-
tion group choose each type of occupied housing. Such equilibria are the focus of the comparative
statics analysis in Section 3 and the estimation in Section 4. The other case, in which a positive
measure of only one education group chooses some types of housing, complicates the comparative
statics analysis and does not hold for the data I analyze in Section 5.

For each chosen quality level—that is, for each j > jo ,—I define z, ; ; to be the greatest lower
bound of labor endowments z among households of education e choosing g;,;. When j > jo;, 2 j 1
also equals the least upper bound of labor endowments among households of education e choosing
the quality one step below, g;_; ;, because of sorting and because the support of 7, is convex. A

household with this endowment and education level is indifferent between g; ; and gq;_1 ;:

ﬁf,f [)7 ,€ IBC,C [)7 ,e
(we,tze,j,t —Pj,t) qj,qt = (we,tze,j,t_Pj—l,t) qjjl,t (8)
for each j > jo; and e. By Proposition 1, the measure of households choosing each such quality

level coincides with the total housing stock available:

Ze,j+1,t

o= Y [ e )

e€{L,H}

e,j,t

for each j > jo ;, where z,j 1 s = c0. As I show in Appendix I.2, (8) and (9) admit a unique solution
for the endowment cutoffs and house prices, and prices in this solution strictly increase in quality.

When the endowment cutoffs also strictly increase in quality, this solution delivers the unique

SMaittinen and Tervié (2014) show that for more general utility functions, this sorting condition holds whenever
the marginal rate of substitution from housing to non-housing consumption increases in non-housing consumption.



local equilibrium in f. The j that maximizes utility for a household is the one for which z €

(2¢,j,t2e,j+1,t]- This j pins down indirect utility via (5).

3 Equilibrium effects of construction

This section studies the effect of constructing housing in a single metropolitan area, t*, on equi-
librium house prices and welfare there. Constructing housing of quality g ;- corresponds to in-
creasing h; .. I interpret such construction as the outcome of a relaxation of permitting rules for
housing of this quality. House prices exceed the marginal costs of land and structure in many
metropolitan areas (Glaeser and Gyourko, 2003), suggesting that easier permitting would lead
developers to build more housing.

In Section 5, I also explore the equilibrium effect of exogenous changes to labor productivity.
To encompass these changes as well, I consider the equilibrium effect of marginally increasing
each h; by 6y ; and each loggelt* by 64 .. The equilibrium effect of these combined changes on

outcomes is d.

3.1 Equilibrium assumptions

I make two assumptions about the equilibrium around which I compute comparative statics.
Assumption 1. Households of each education choose each occupied quality of housing in t*.

Assumption 2. Some of the lowest quality occupied housing, qj, ..+, remains vacant.

Due to Assumption 1, (8) and (9) characterize the local equilibrium in #*. Due to Assumption 2,
Pjo .+ = 0in any perturbation to the equilibrium. These assumptions rule out edge cases in which
equilibrium allocations are insufficient to determine comparative statics.® Sections 4 and 5 defend

these assumptions in light of the data.

3.2 Local approximation

An exact solution for comparative statics in t* necessitates computing comparative statics in all

other metropolitan areas as well. This interconnectedness is apparent from (6), which shows

®For instance, suppose that jg;+ > 0 and that households occupy all hjy ¢+ units of quality qj, . ;+ (which violates
A'ssumption 2). If the metro populfition .rises', the.n quality gj, .—1,¢+ becomes the 19west 9ccupied quality, and Pjot"
rises above zero. The extent to which this price rises depends on gj, ..—1 ¢, but this quality does not affect the initial
equilibrium and is therefore unobservable.

10



that the population distributions in t* depend on indirect utilities in all metropolitan areas in
the economy. Computing comparative statics in every metropolitan area substantially compli-
cates both the theoretical and quantitative analysis. To avoid these complications, I propose an

approximation under which comparative statics in t* depend only on the local equilibrium:
Assumption 3. For each e and z, dlogv, (z) > alog(zle ve,t(z)).

Assumption 3 seems likely to hold when T is large, both because v, ;- constitutes a small share
of the sum and because population flows into and out of t* do not affect any one of the other
metropolitan areas much. An analogous approximation in urban models with perfect mobility is
that reservation utility remains constant as primitives in one city change.” Applying Assumption
3 to (6) yields

dlogn, s (z) = dlogv, 1+(2), (10)

meaning that population rises one-for-one with indirect utility. Using (10), I can solve for com-
parative statics using only the local equilibrium, so for ease of notation, I drop t* from subscripts.
3.3 Derivatives of local equilibrium conditions

The welfare change for an inframarginal household—one who remains in the metropolitan area

in the same house—comes from differentiating (5):

Beeye(2) Be.e
dlo v(z):(’— dlogw, —| ———=———|dp; + B..dloga, (11)
g e yg(z)_p] g e ye(z)_pj p] ﬁa,e g
where z € (Ze’]',ze’]'_',l).s Welfare rises in wages and amenities but falls in house prices. Due to (10),
the migration response is proportional to this welfare change. In particular, the net migration of

households of education e into housing of quality g; is

alogNee:)]?t = ﬁc,eEe,j(
]

1
)alogwe—ﬂaelie,j(ﬁ)apj + Bacdloga, (12)
]

7In Roback (1982), the utility workers can achieve is constant across cities. She assumes that this reservation utility
remains constant when amenities in one city changes, allowing her to calculate the effect of amenities on wages and
rents in the same city. In the equilibrium of my model of imperfect mobility, exp(E(logu, | e,z,t)) = exp(y) Zzzl Ve 1(2),
where y is Euler’s constant. Therefore, Assumption 3 makes the analogous assumption that the average utility a type
of household can achieve in any metropolitan area remains constant.

8The change for marginal households depends on whether the corresponding endowment cutoff increases or de-
creases. If dlogz, j > 0 (resp. < 0), then marginal households choose the lower (resp. higher) quality level as a result of
the changes to primitives, so the relevant house price for them in (11) is pj_; (resp. pj).

11



where E, ;(-) denotes the expected value given that y € (v, , Ve j+1), With 3 j = 9.(2,, ;). I refer to this
change as the extensive margin. The elasticities ., and f,, govern the strength of the migration
response to changes in wages, house prices, and amenities.

The intensive margin—population changes arising from switching of existing residents be-

tween adjacent qualities of housing—comes from differentiating the limits of integration in (9):

aNei,’}t = ye,j+1fe(ye,j+1)alogze,jﬂ _ye,jfe(ye,j)alogze,j' (13)

where f, is the probability density of income among education e households. Differentiating (8)

yields the changes in the endowment cutoffs:

Yej —Pj-1 )a __( Ye,j ~Pj

dlogz, ; = (
8% Ye,j(Pj —Pj-1) Ye,j(Pj —Pj-1)

)ap]-_l - dlogw,. (14)

As (13) and (14) show, movements in house prices can induce intensive margin population changes.
If p; increases, then z, ; increases and z,j, decreases, increasing Ne”]’frl and N’”t1 at the expense
of N;’]Z-t. These intensive margin adjustments connect housing submarkets.

The housing market must clear, so

Snj = Z (NI + INZY), (15)

ee{L,H}

which follows from fully differentiating (9). Differentiating (2), (4), and (7) gives

8loga:yualogNH—yualogNL (16)
) Ny
alogAe=bA,e+(yN +VHYT )alOgNH+(7/N VH)_alogNL (17)

~e A~e
e) (1-p)~ 910g(A

e

Z.
dlogw, = dlogA, + (1 -p) e&log( ), (18)
the changes in amenities, productivities, and labor prices.” Changes to metro population totals
come from aggregating the extensive-margin changes to each bin population: JN, = }_; aNg’;f.

Changes to total labor endowments aggregate bin changes: dlogZ, = }_;(Y, ;/Y;)dlog Z:}’;t, where

Y Y
8logZ£’;f — ﬂc,eEe,j (y =

o )Bp]+ﬁuealoga, (19)

)alogwe BeE e](y
]

pj

9Ye’j, Y, Yj, and Y are income totals for education e households choosing g;, all education e households, all house-
holds choosing g;, and all households, respectively; ~e denotes the opposite education group.

12



and Ei),j(') is the income-weighted expected value over (. j, 9. j+1)- These equations deliver a linear
system whose coefficients are either elasticities or measurable outcomes of the local equilibrium.

I estimate these coefficients from the data and prior literature.

3.4 When trickle-down economics works

Before estimating the coefficients, I present two variants of the model in which trickle-down eco-
nomics works. That is, construction improves the welfare of all metro households, and a single
new housing unit improves welfare most when that unit has the highest quality, q;. These prop-
erties fail in the main model, so these variants illustrate the features of the model that drive this
failure. In these variants, 641 = 64,5 = 0 in order to focus on the effect of construction.

The first variant shuts down migration into or out of the metropolitan area. In particular,
dlogn,(z) = 0, leading to constant labor prices and amenities. Only house prices may change,
with (13)—(15) solely determining these adjustments. Proposition 2 characterizes welfare changes

from construction.

Proposition 2. Suppose 6, > 0 for j > jo, with at least one strict inequality, in the no-migration
variant of the model. For each e and z > z, .1, alogve(z)/aéh,jf is positive, increases over j’ € {jo +

1,...,j}, and stays constant over j’ € {j,...,J}. If <z, 11, then dlogv,(z) = 0.
Proof. Appendix A.3. O]

An analogous result appears in Section 3C of Braid (1981).

The benefits of constructing high-quality housing trickle down to lower income households
(with the exception of non-marginal households choosing the lowest unoccupied quality, who
are indifferent). Welfare growth is largest when construction occurs at the highest quality, g;.
Therefore, the strict Pareto optimum for constructing a set amount of housing is to build all of it
at this highest quality. Building any type of housing makes no one worse off. Intuitively, house
prices must fall to induce households to move up the quality distribution into new supply, and
declines in house prices make households better off.

The second variant maintains cross-metro migration but relaxes the assumption of housing
indivisibility. Households can now choose continuous amounts of all housing qualities in their
metropolitan area. The quality entering their utility function equals the total quality of the hous-

ing they consume. Internet Appendix II characterizes equilibrium in this divisible variant and
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discusses changes to the comparative static equations. Proposition 3 summarizes the effect of

construction on welfare.

Proposition 3. In the divisible model variant, for each e and z,

Jlogve(z) < ) gonj, (20)
je7

where oc denotes proportionality that is positive if the equilibrium is stable and yy = 0.

Proof. Internet Appendix IL.5. O

The equilibrium is stable when perturbations to the metro population raise the welfare of
departing households or decrease the welfare of arriving households. A formal definition appears
in Appendix II.3. According to the proposition, construction can only make a household worse off
when stability fails, as long as ¥y = 0.!° When the conditions of Proposition 3 hold, constructing
high-quality housing improves the welfare of lower income households, and building the highest
quality housing is again the strict Pareto optimum.

As Propositions 2 and 3 show, both cross-metro migration and housing indivisibility are nec-
essary for trickle-down economics to fail. While cross-metro migration is self-evident empirically,
the extent to which housing is indivisible is less apparent. Although households can split time
between different locations, only 2.5% of the housing stock inside metropolitan areas in 2016 was
held off the market for occasional use or temporarily occupied by persons with usual residence
elsewhere, according to the U.S. Census Housing Vacancy Survey. Homeowners can divide hous-
ing through renovations, but local regulations like minimum lot sizes and maximum occupancy
constraints may constrain this activity (Gyourko, Saiz and Summers, 2008; Glaeser and Ward,
2009). An additional cost to dividing housing is congestion dissipating local amenities that the
quality index subsumes. The main model is more appropriate to the extent that divisibility costs

are large.

10When this equation holds, spillovers depend only on the relative population of households with different education.
The proof of Proposition 3 exploits this symmetry.
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4 Data and estimation

4.1 American Community Survey

Household-level data come from the American Community Survey (ACS), which the U.S. Census
Bureau has conducted annually since 2005 to provide current economic information about the
United States (see U.S. Census Bureau, 2014 for recently available documentation). I use the
public use microdata sample that is part of the Integrated Public Use Microdata Series (Ruggles
et al., 2018). The data are a weighted random sample of the U.S. population. I limit the sample
to the 2016 Boston-Cambridge-Newton, MA-NH metropolitan area, one of the largest and most
expensive in the United States.!!

I aggregate all persons in a housing unit into a single household observation, i, by summing
total personal incomes and by assigning e; = 1 when the householder has a bachelor’s degree and
0 otherwise.!? T calculate the annual price of the housing unit, p;, as 12 times the rent for renters
and ¢ times the self-reported value of the house for owner-occupants, where ¢ is a user cost of
housing specified below.!® I drop a small number of renters (about 3%) who do not pay cash
rent. To capture households living in g; (the lowest occupied quality in excess supply), I use
a subsample of “group quarters” persons who likely live in homeless shelters.!* Assumption 2
holds as long as there remain unoccupied outdoor locations in the Boston metropolitan area where
households could feasibly reside, which seems likely. Education and income data are available for
these persons, while I assign p; = 0 based on the model. Finally, I designate units as new if their
build year is 2015, the year before the survey. To capture new units that are still unoccupied, I
include vacant units in the process of renting or selling when I measure new construction.

Table 1 lists summary statistics, with means calculated using household weights available in
the data. In the estimation sample, owner-occupants have the highest incomes and education

while the homeless have the least. Rent and home values for new construction are nearly double

New York-Newark-Jersey City, NY-NJ-PA and San Francisco-Oakland-Hayward, CA may be larger or more ex-
pensive than the Boston metro area, but New York and California allow rent control while Massachusetts and New
Hampshire prohibit it. The model assumes that a competitive market determines rents.

12Income is available for all persons at least 15 years old. The survey respondent designates someone living in the
housing unit as the “householder.”

13The Census Bureau top-codes rent and home values above thresholds with the average value above that threshold.
Top-coding is not a problem because fewer than 2% of the observations in the estimation sample are top-coded and
because I bin house prices using averages.

14Homeless shelters are one of many categories of group quarters, but the Census Bureau does not disclose whether
arespondent is in a homeless shelter. I rule out many alternative group quarters by keeping only non-institutionalized
persons who are non-student, non-employed adults. For a taxonomy of group quarters, see U.S. Census Bureau (2012).
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TABLE 1
SUMMARY STATISTICS

Estimation sample New construction

Homeless Renters Owners Renters Owners
Income $7,530 $64,961 $138,223 - -
Education 0.128 0.397 0.554 - -
Rent - $1,284 - $2,101 -
Home value - - $491,724 - $851,353
Weighted observations 15,486 678,917 1,120,455 4,814 5,126
Unweighted observations 430 5,946 11,893 36 45

Notes: Data come from the 2016 American Community Survey for the Boston-Cambridge-Newtown, MA-NH
metropolitan area. “Homeless” denotes non-institutionalized group quarters persons who are adults, non-students,
and non-employed. “New construction” denotes units build in 2015, including vacant units, which I designate as
“renters” versus “owners” based on whether the unit is for rent or for sale.

that for corresponding units in the estimation sample. The number of new units as a share of total

units in the estimation sample is 0.55%.

4.2 Real Capital Analytics

Real Capital Analytics, Inc. (RCA) provides quarterly averages of the capitalization rate (i.e.,
the annual income return) of multifamily rental properties with at least ten units in the Boston
metropolitan area that sold in 2016. RCA, through a partnership with the National Council of Real
Estate Investment Fiduciaries, also provides quarterly rental revenue and net operating income
per square foot for multifamily properties held by institutional investors. For each quarter in
2016, I calculate the annual rental return by multiplying the capitalization rate by the institutional
rental revenue per square foot and then dividing by the institutional operating income per square

foot. The average of the rental yield estimate for each quarter, 0.088, serves as the estimate for ¢.

4.3 Estimates from other work

Several papers in labor economics estimate the inverse elasticity of substitution between college
and non-college labor to be about 0.7 (see the discussion in Card, 2009). This inverse elasticity

corresponds to 1 —p, so p =0.3.
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Combes and Gobillon (2015) find that the typical estimate in the literature of the elasticity of
productivity with respect to population density lies between 0.04 and 0.07. I set yy = 0.055, the
midpoint of this range. Moretti (2004) estimates that log output in an industry within a metropoli-
tan area rises about 0.0055 when the college share in other industries in the same area rises by one
percentage point. Interpreting this estimate as 100 times the derivative of log productivity with
respect to Ny /Ny, I obtain 0.55 = yyN;/Np ;. The college shares in the two years in the sample
in Moretti (2004) are 0.161 and 0.191. Setting Ny ,/Np equal to the average gives yy = 0.097.

Diamond (2016) estimates ¥ = (By,1, fuw,H: Pa,L  Ba,H» Va), Where By, . = Bee + Byger using the lo-
cation choices of workers with and without a college degree in the United States between 1980
and 2000. I use the estimate from her “full model,” corresponding to column 3 of her Table 5,
which is 1 = (4.026,2.116,0.274,1.101, 2.60). For reasons I discuss below, I also use the sampling

distribution of 1, available in her replication files.

4.4 Estimation strategy

The parameters f,, pj, Ve,j, Pcer Ne/N, and Y,/Y determine the remaining coefficients in the linear
system of Section 3. I take the population and income shares directly from the data and estimate
the other parameters in three steps.

The first step assigns households, i, to quality indices, j. I partition households in housing
units into 50 quantile bins according to their house price, p;, placing (approximately) equal num-
bers of households in each bin.!> Group quarters persons occupy the lowest bin, j = 0, so that

J =10,...,50}. The price of each quality bin is the sample average: p; =} _; g;6;,jpi/}_; §i0; j, where

ijr
gi is the household weight, and ¢; ; is a dummy for whether household i is in bin j. For j > 0, the
housing stock estimate is /Ej/ N =)_;8:9; /) ;&i, which is approximately constant by construction.
The second step estimates the income distributions, f; and fy, which I specify as double
Pareto-lognormal, a four-parameter family that Reed (2003) and Reed and Jorgensen (2004) pro-
pose to characterize income distributions. I jointly estimate these eight distributional parameters
and C = (By,1/Bc,L)/(Bg,H/Bc,1), which governs the relative taste for housing versus non-housing
consumption across the two education groups. I denote the nine total parameters by 6.

I could calculate f; and fy directly in the data, but Proposition 1 sharply restricts the set of

valid joint distributions of income, housing quality, and education. In particular, it rules out in-

1511 the absence of measurement error, each distinct value p;, corresponds to a different quality by Proposition 1.
Measurement error arises for a variety of reasons, including misreporting and unmodeled search frictions leading to
price dispersion for similar housing units. Binning households along p; smooths this error.
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stances in which a household with the same education and lower income than another household
chooses a higher housing quality. To accommodate such occurrences, I assume that the income in
the data, y;, equals the income from the model, y,,(z;), plus noise. This noise may come from tem-
porary fluctuations in income that, due to adjustment costs, do not cause households to change
the quality of the housing they choose (Chetty and Szeidl, 2007). I proceed under the following

identification assumption:
Assumption 4. 0 = Eo; je;(yi —ve,(2i)) = E6; j(1 — €;)(yi — ¥e,(2;)) for each j € J.

The noise not only has a mean of zero but also is uncorrelated with a household’s education,
housing choice, and the interaction of the two.

To estimate 0, I compare several conditional expectations of income and education in the
model to the data. For certain 0, there exist unique, strictly increasing income cutoffs such that
(8) and (9) hold at the house price and stock estimates, p; and ﬁj. Appendix A.4 defines this set,
which I denote ©. For 6 € ©, define ,, ;(6) to be the average income among education e households
choosing ¢;, and denote ¢;(0) to be the share of households choosing q; who have education H.
The following moment conditions equate empirical realizations of these conditional expectations

to their model-based counterparts:

0=Ed;j(1-¢)(yi-7.,(0)) (21)
0= Ed; jei (9; ~T,1(0) (22)
OZE(SZ"]‘ (ei—Ej(Q)) (23)

for each j. These moment conditions hold due to Assumption 4. I estimate 6 via two-step general-
ized method of moments (Hansen, 1982), using (21)—-(23) as moment conditions and the diagonal
inverse of the sample variances as the weighting matrix. This estimator chooses the 6 that best
fits the joint distribution of income, education, and housing quality in the data.

The final step allocates the estimates of g, . from Diamond (2016) to B, . and B .. In Diamond
(2016), the share of income spent on housing is 8, ./fu,.- Davis and Ortalo-Magné (2011) find that
renters in the U.S. between 1980 and 2000 (the same location and time in Diamond, 2016) spend
24% of their income on housing, yielding the equation 0.76 = (1 —e""")(B..1/Buw.) + € Be.i/ Bu,t>»
where """ is the share of renters with a college degree, which I calculate in IPUMS to be 0.18.

Together with the one defining C, this equation uniquely determines f.. and ;. from f, ..
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4.5 Stability

I restrict attention to stable equilibria to guarantee that instabilities do not affect comparative
statics. To impose stability, I rule out self-reinforcing perturbations to house prices, wages, and
amenities as follows. Such perturbations induce population changes via (10) and (11). These
migration responses then alter the equations determining house prices, wages, and amenities:
(15), (16), and (18). Combining these steps, I obtain a matrix mapping the initial perturbations
to deviations in the corresponding equations driven by migration responses. I require that this
matrix is stable, meaning that all of its eigenvalues have negative real parts.!®

Equilibrium is unstable under the point estimates from Diamond (2016).!7 To guarantee sta-
bility, I draw 10,000 times from her sampling distribution for ) and use the mean of the estimates
under which the equilibrium is stable. This procedure alters B ., ., and y,, but it does not

change any other parameters that affect coefficients in the linear system of comparative statics.

5 Quantitative results

5.1 Estimation

Table 2 reports estimates of model parameters as well as equilibrium outcomes. Households split
roughly evenly between college and non-college. College households earn about double what non-
college households earn. The  estimates imply that college households value amenities versus
non-housing consumption 8.5 times more than non-college households do. My amenity spillover
elasticity is y, = 1.082, less than half the 2.6 estimate in Diamond (2016) due to the stability
criterion I impose.

Figure 1 displays the average incomes and education shares of households choosing each qual-
ity of housing, in both the model and the data. As Panel A shows, the model matches the empirical
income averages quite well. Conditional on housing quality, the incomes of college households
exceed the incomes of non-college households in both the model and the data. This outcome is

consistent with the estimated value of ¢ = 1.597, which indicates that non-college households

16gamuelson (1941) and Mas-Collel, Whinston and Green (1995) discuss the link between comparative statics and
this definition of stability. Internet Appendix II.3 compares this definition to the one in the divisible model.

17Because our models differ, instability here does not imply instability in Diamond (2016). In particular, Assumption
3 assumes away economy-wide changes in utility levels from migrations into and out of Boston. Diamond (2016)
estimates her model for the entire United States, meaning that such migrations change economy-wide utility levels.
As a result, re-allocations of households that cause instability in my approximate model may not do so in her more
complete framework.
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TABLE 2
ESTIMATES OF MODEL PARAMETERS

Description Name Value
College population share Ny/N 0.491
College income share Yy/Y  0.667
Non-college migration elasticity to consumption ~ f.;  3.288
Non-college migration elasticity to amenities Bar  0.242
College migration elasticity to consumption By  1.666
College migration elasticity to amenities Bor  1.044
Relative housing taste, non-college over college C 1.597
Amenity spillover elasticity Va 1.082

value housing versus non-housing consumption relatively more than college households. Panel
B shows that the model closely fits the increasing relation between education shares and housing
quality. Only about 10% of households choosing the lowest quality levels have a college degree,
while more than 80% of the households choosing the highest quality levels do. Assumption 1

holds because these shares never equal 0% or 100%.

5.2 Baseline construction effect

I estimate the welfare effects of low- and high-quality construction by increasing the housing
stocks in bins 10 and 40, representing the 20th and 80th percentiles of the occupied housing
quality distribution.!® In these experiments, I expand the metro housing stock by 0.55%, the
construction intensity in the data, solely by building in the chosen bin. The welfare effect for
an inframarginal household of type e and z is dlogv,.(z). 1 aggregate this welfare effect across
education groups and metro income quartiles. I also report the welfare effect on local rentiers,
assuming that local rentiers exclusively own the metro housing stock.

Panel A of Table 3 displays the results. Three key take-aways emerge. First, luxury construc-
tion makes poor households better off—for instance, the welfare of non-college households in the
lowest income quartile rises by 1.17%. Second, low-quality construction helps these households
almost twice as much, as the welfare change becomes 2.03%. Finally, low-quality construction is

significantly worse for rich households, both with and without a college degree. Such households

18Respectively, 11% and 66% of new construction in the data are at or below bins 10 and 40. Although subsidies may
support low-quality construction, the prevalence of such construction in the data suggests that developers can feasibly
supply low-quality housing.
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Panel A. Income by education group Panel B. College shares
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even suffer to a lesser degree from high-quality construction.

To clarify the mechanism behind these results, I display other outcomes in the baseline model
and conduct a number of robustness checks. Figure 2 decomposes the welfare effect of luxury
construction for two extreme groups from Table 3: the poorest non-college households and the
richest college households. Poor non-college households benefit entirely because the price of their
housing falls. In contrast, rich college households suffer solely because metro amenities decline.
These responses reinforce each other in equilibrium. Few rich households move to the metropoli-
tan area in response to the luxury construction, meaning that existing households move up the
quality ladder to occupy it. As a result, housing becomes cheaper throughout the quality distri-
bution, improving the welfare of even the poorest households. More of them move to the city.
Because most poor households lack a college degree, metro amenities decline, which justifies the
initial lackluster migration of rich college households, as they strongly value amenities.

How much low-quality housing does high-quality construction make available? High-quality
construction raises the metro population by 0.40%. Because the housing stock expands by 0.55%,
100 new luxury units bring 73 new households into the city, freeing up new units for 27 existing
residents on net. As a result, many poor households move up to higher quality housing. In
aggregate, the measure of existing residents in the bottom quartile and bottom half of the non-

homeless housing distribution who move to a nicer house equals 0.36% and 0.49% of the total

21



TABLE 3
EFFECT OF CONSTRUCTION ON RESIDENT WELFARE (%)

Non-college College
Ren-

Income quartile: 1 2 3 4 1 2 3 4 tiers
Panel A. Baseline

20th 203 049 -045 -1.25 0.28 0.06 -0.27 -0.50 -1.02

80th 1.17  0.60 031 -0.44 0.25 0.17 0.07 -0.03 -0.24
Panel B. Exogenous amenities

20th 1.17 0.42 0.03 -0.24 0.59 0.49 0.30 0.19 -0.09

80th 0.67 056 059 016 043 042 041 0.37 0.31
Panel C. Neighborhood amenities

20th 216 048 -0.58 -1.50 -0.00 -0.08 -0.37 -0.54 -1.03

80th 1.31 0.63 0.18 -0.77 0.06 0.05 -0.05 -0.10 -0.30
Panel D. Exclusively-college amenities

20th 075 038 026 026 073 070 058 052 0.35

80th 011 051 091 083 063 070 078 0.83 0.92
Panel E. Local services

20th 196 047 -043 -1.18 031 0.10 -0.22 -0.44 -0.96

80th 1.12 059 033 -0.38 0.28 0.20 0.11 0.02 -0.19
Panel F. Stronger migration

20th 3.12 0.49 -140 -3.18 -0.20 -0.49 -1.02 -1.41 -2.90

80th 1.21 046 -0.02 -0.97 0.05 -0.02 -0.15 -0.27 -0.65
Panel G. No migration

20th 7.43 3.79 2.23 1.36 2.68 1.78 1.07 0.55 -1.46

80th 749 446 326 212 268 1.85 130 0.82 -1.30

Notes: “20th” and “80th” denote counterfactuls in which the housing stock in the Boston metropolitan area expands
by 0.55% purely through construction at the 20th or 80th percentile of the quality distribution.
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metro population, corresponding to 65 and 90 vacated units. These numbers are higher but close
to the 34 and 65 that Mast (2019) calculates. Of the 65 vacated units in the bottom quartile, new
migrants from outside the metropolitan area occupy 47 of them (46 non-college and one college
household). Previously homeless households occupy the remainder.

Figure 3 explores the effect of building low-quality housing. Why does this construction hurt
the rich while helping the poor non-college households so much? These results depend critically
on the model’s spillovers as well as the differential preferences of college and non-college house-
holds. In Panels A and C, I turn off all spillovers by setting yxy = yg =y, =0and p =1, in
which case amenities and wages no longer depend on the city population. Panels A and B elimi-
nate preference heterogeneity by setting f,; and B,y (resp. B, and f. p) to their average value
in the city before the construction, so that the migration response to amenities and non-housing
consumption is identical across the two education groups.'® The baseline appears in Panel D.
In each panel, I plot the average welfare response among households of each education group in
each bin. Low-quality construction benefits poor, non-college households much more in Panel D

than the other panels. The rich suffer much more in this panel as well. In fact, without spillovers

19College and non-college households still differ in Bg,e» but this parameter does not govern cross-city migration
by (11). The estimation forces this difference by selecting a value of C # 1. When f., changes, I hold the ratio
(Bg,L/Bc,L)/(Bg,H/Bc,) constant at the estimated value of C.
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Panel A. Preference homogeneity without spillovers Panel B. Preference homogeneity with spillovers

2 L
— 2r '\3
o\c < KX XX
\q_; X><><><><><><><><><X (0] caoooooééoéx
o 2 O8 8505
2 S OO
go 5 0f R0
[&]
o o
IS 8
© s
[}
=5l Z 2t
< c
[} ()
o °
2 3
o o
4+ -4
0 10 20 30 40 50 0 10 20 30 40 50
Housing value quantile Housing value quantile
Panel C. Preference heterogeneity without spillovers Panel D. Preference heterogeneity with spillovers
Xxxxx
2r o 2y XXXX
—_ \0 X
& X XXXXXX X < i
-~ Xx [} Xx
[) XXX =) XXy
g 2000000000000, XXXXXXXXXXXXXXXXXX g °060000000, Xxxxxx
EEy ©2000000000000000000OEEBTEEED 5 0F OOOOOOOOOOOOO LT
S ) OO0 BeaRErd
] 8 “x
5 ©
2t Z -2t
€ c
[0} [0}
e} kel
3 3
o o
4 -4
0 10 20 30 40 50 0 10 20 30 40 50
Housing value quantile Housing value quantile

‘ o College * Non-college

Ficure 3. EFrFecT OF 20TH PERCENTILE CONSTRUCTION ON RESIDENT WELFARE

Notes: The size of each marker is proportional to the number of housing units in each housing value and education bin.

(Panels A and C), no one suffers from construction. The strong distributional effect of low-quality

construction hinges on the combination of urban spillovers and preference heterogeneity.

5.3 Extensions

The remaining panels in Table 3 explore welfare effects of construction under different parameters
and assumptions. In Panel B, y, = 0 so that amenities no longer depend on the composition of city
households. Luxury construction still makes poor non-college households better off, but by only
half as much as before. Low-quality construction now makes college households better off. In fact,
both types of construction make all four groups of college households better off than in Panel A.

The endogeneity of amenities amplifies the benefit of luxury housing for the poor and is crucial in
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generating the negative welfare effect on college households. In contrast, low-quality construction
continues to improve poor non-college welfare more than high-quality construction. Therefore,
this feature of the baseline model does not depend on endogenous amenities.

The next panel reports results from an extension in which endogenous amenities differ across
housing bins. This extension captures the empirical dependence of amenities on the composition
of households in one’s neighborhood (Bayer, Ferreira and McMillan, 2007). Specifically, amenities
for households choosing q; are now

. :E(%)Vu Yal (%)%1, (24)

2

where N, ; is the measure of households of education e choosing g;. This specification re-allocates
some of the metro amenity channel to each housing sub-market, which I think of as a neighbor-
hood. Specifically, an increase in Np,;/Np ; that is uniform across all j raises amenities the same
amount under this new specification as under (2), the baseline amenity specification. I use es-
timates from Bayer, Ferreira and McMillan (2007) on the willingness-to-pay for an increase in
college households in one’s neighborhood to get a value of y,; = 0.028.2° I then re-estimate 0
using this new amenity specification, as the trade-off between adjacent housing bins must now
reflect the different college shares in each bin. The new 6 is very close to the baseline value. I
perform comparative statics with the new 6 for internal consistency.

Panel C displays the results. Unsurprisingly, poor college households are worse off than un-
der the baseline, as the migration of poor non-college households into their bins has a negative
effect on local amenities. More notable is that rich households are also worse off than under the
baseline, even though amenities are more localized than before. The in-migration of poor non-
college households is stronger because they more easily push out poor college households. This
effect is large enough to increase the overall non-college population. Because metro amenities
still depend on this population (although less than in the baseline), the welfare of rich college
households decreases. Rich non-college households suffer due to wage competition. The negative
effect of construction on rich households is not only robust to this localization of amenities, but
gets stronger.

Panel D considers another alternative to (2): a = ENIZ“. The non-college population no longer

20 According to their Table 8, a 10 percentage point increase in the neighborhood college share increases the average
willingness-to-pay of households to live in the neighborhood by $10.46 per month. Using their summary statistics on
mean income, housing costs, and college neighborhood shares, as well as my values for f,./f,., I calculate y,;.
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affects amenities. Both types of construction now make all groups better off, including the ren-
tiers. However, poor non-college households benefit ten times less than they do under the base-
line. They must compete more with rich and college households, whose migration is stronger
in this scenario. The negative effect of non-college households on amenities helps the poorest of
them benefit from construction.

I next add to the model local supply of services by non-college households. These jobs have
become an increasingly important part of the U.S. labor market (Autor and Dorn, 2013). I follow
Autor and Dorn (2013) in modeling the production of services using a linear production func-
tion of non-college labor. I allow services to enter the utility function, splitting the log of utility
from . .logc into f.s.logcs + Pemelog ey, With Bes e+ Beme = Pee- Here, c; denotes consumption of
services, and ¢, denotes consumption of manufactured goods, which firms in the baseline model
produce. Households consume only services that other households in their metro supply. Equi-
librium pins down the local price of services, the wage paid to labor from L households, and the
allocation of this labor across the service and manufacturing sectors in each metropolitan area.

To calibrate this extended model, I set 5. ; = 0, meaning that only college households consume
low-skilled services. This assumption gives the greatest chance of attenuating the negative effect
of construction on college households. To estimate f., I calculate the total wage and salary
earnings of non-college workers in service occupations in the data. The ratio of this total to the
aggregate income less housing costs of college households equals f.; 7, which I calculate as 8.0%.
The results appear in Panel E. As expected, construction harms college households less than in
the baseline. The in-migration of poor non-college households lowers the price of services, which
makes college households better off. However, the aggregate effect of low-quality construction
still makes rich college households worse off.

Panel F reports results in which I increase cross-city mobility by scaling all § coefficients by 1.5
and then dividing welfare effects by 1.5 as well. This procedure is equivalent to decreasing f .,
which is normalized to 1, by 50%. The main results remain but get much stronger. Low-quality
construction now makes all college groups worse off. With stronger mobility, poor non-college
households move into the metropolitan area more readily, which makes others suffer under the
mechanisms described above.

Finally, Panel G turns off cross-metro migration. As Proposition 2 states, construction now
makes all households better off, and all households prefer high-quality construction to low-quality

construction. Furthermore, all households are better off than they are in the baseline. For instance,
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welfare of poor non-college households improves by more than 7%. Migration significantly atten-

uates the welfare gains from construction, turning them negative in some cases.

5.4 Addressing the affordability crisis

House prices have grown so much in certain cities because productivity has risen while construc-
tion has been low (Hsieh and Moretti, 2019). I study a productivity shock that raises house prices,

asking how effective different policies are in addressing welfare losses.

5.4.1 Effects of a skill-biased productivity shock

The exogenous productivity shifters for L and H labor are 64 and 64 y. Diamond (2016) esti-
mates that, for the period between 1980 and 2000, the values of these shifters are —0.314 and
0.075 for the Boston metropolitan area (see Table A.6 of her online appendix). According to
these estimates, the Boston production function changed to make high-education labor more pro-
ductive and low-education labor less. I annualize these numbers by setting 64 = —0.0157 and
04, = 0.0038. During this period, the real median house price in Boston doubled by growing at
an annual rate of 3.2%.%!

Figure 4 plots the house price and population changes that occur in response to this shock.
House prices sharply increase relative to their initial value, as Panel A shows. The largest gains
occur in the lowest quality bins. House price growth during the 2000-2005 U.S. boom also fol-
lowed this pattern (Guerrieri, Hartley and Hurst, 2013; Landvoigt, Piazzesi and Schneider, 2015).
The remaining panels clarify why this pattern holds in the model.

Panel C shows the net measure of households moving into each bin from outside the city. The
high bins accept an influx of college households, while non-college households move out of the
low bins. Therefore, the shock generates an affordability crisis: a sharp rise in prices accompany-
ing an out-migration of poor households without a college degree. The combined effect, shown in
gray, is in-migration to high bins and out-migration from low bins. Given the out-migration from
low bins, why do house prices increase most sharply there?

The answer comes from changes in demand between adjacent bins. Panel D plots the net
switching into each bin from households already in the city before the shock. Because the housing
market clears, the combined switching effect—appearing in gray—exactly cancels the combined

migration effect in Panel C. In particular, college households exert demand on the low bins by

21Sources: U.S. Census sample of owner-occupied properties in the Boston metropolitan area, and CPI from the BLS.
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Notes: Panels C and D plot the change in demand for each house type from outside and inside the city, respectively.
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switching down into them. To induce this switching, the slope of house prices with respect to
quality cannot increase too much, as switching households are using this slope to decide which
bin to choose. Consistent with this idea, the growth in house price levels across bins is relatively
constant, as Panel B shows. Only between the lowest bins does this slope increase much. The net
demand to switch into these bins is very strong so the slope must rise more there.

The mechanism in Figure 4 resembles the endogenous gentrification that Guerrieri, Hartley
and Hurst (2013) study. In both cases, richer households drive up low-quality house prices by
pushing out lower income households. The importance of switching between adjacent housing
qualities is similar to phenomenon that Landvoigt, Piazzesi and Schneider (2015) describe. How-
ever, they generate the pattern in Panel A with a housing demand shock that is strongest for poor

households. In contrast, I generate the same pattern with a shock that is weakest for the poor.

5.4.2 Policy effectiveness

Table 4 analyzes the effectiveness of various policies in addressing the migratory responses to this
shock. Panel A reports the population changes of non-college households in each income quartile,
Panel B gives the same information for college households. Panel C summarizes house price and
quantity changes from each policy.

Results in column (1) correspond to the case in Figure 4 when there is no policy response.
Consistent with Panel C of that figure, the poor non-college population declines while the college
population increases at all income levels. House prices rise by 5.72% on average, with a median
increase of 4.11%. There is no change in the housing stock (by assumption).

Column (2) presents the case where construction matches the data for 2015. This level of
construction does curtail the out-migration of poor non-college households, but it does not come
close to reducing it to zero. In the lowest income quartile, the population change is —2.45% versus
—-3.77% in the baseline. At the same time, this construction lowers the welfare of rich college
households, curtailing their in-migration from 3.52% to 3.41%. This change is small, which may
explain why local governments enacted this policy in reality, as households with more education
are more active in the political process (Galston, 2001; Milligan, Moretti and Oreopolous, 2004).
House price growth falls to 3.80% and 2.74% for the average and median, respectively. These
values are close to the empirical house price growth of 3.2% in response to the shock.

How much construction is necessary to stem the out-migration of poor non-college house-

holds? Columns (3)-(5) answer this question in different ways. I search for a set of construction
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TABLE 4

EFFECTS OF SKILL-BIASED PRODUCTIVITY SHOCK UNDER DIFFERENT POLICIES (%)

Consruction policies

Unit- Cost- 2015
minimizingminimizing quality Rent
None 2015 optimum optimum optimum control
(1) (2) (3) (4) (5) (6)
Panel A. Non-college population change
Income quartile
1 -3.77 =245 0.08 0.07 0.12 -4.21
2 -1.42  -0.85 0.02 0.02 0.23 -1.79
3 0.29 0.35 0.02 0.02 0.47 0.53
4 1.80 1.43 0.17 0.05 0.75 0.90
Panel B. College population change
Income quartile
1 2.28 2.51 2.87 2.92 2.96 -1.22
2 2.68 2.77 2.84 2.90 2.95 -1.50
3 3.16 3.11 2.83 2.89 3.01 291
4 3.52 3.41 2.94 2.89 3.19 3.96
Panel C. Housing market changes
Average price 5.72 3.80 0.45 0.41 0.23 1.77
Median price 4.11 2.74 0.41 0.37 0.18 1.96
Rentier welfare 3.14 2.92 2.05 1.81 2.49 1.49
Housing units 0.00 0.55 1.40 1.41 1.61 0.00
Construction cost 0.00 0.84 1.80 1.53 2.47 0.00
Construction quality - 0 -16 -29 0 -

Notes: “Construction cost” gives the total value of new housing as a share of the value of existing housing, using
pre-shock prices. “Construction quality” gives the average value of new housing relative to the average value of new
housing in 2015, using pre-shock prices.
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amounts, oy, j, so that the combined effect of the productivity shock and construction makes no
household in the city worse off. Such an outcome represents a Pareto improvement over the base-
line. In particular, poor non-college households no longer leave the city.

Column (3) finds the minimal number of new housing units necessary to achieve this objective.
As Panel C reports, this minimal construction expands the housing stock by 1.40%, about triple
the amount in the data. Furthermore, the quality of new housing is 16% lower in column (3) than
column (2). I compute construction quality as the average price of new housing in the pre-shock
equilibrium. The population of all eight household groups increases, which must hold because
the shock and construction response makes no one worse off.

Should governments in the Boston metropolitan area change permitting rules to implement
the construction in column (3)? Doing so would make poor non-college households better off, but
would harm many households relative to the status quo in column (2). In particular, the welfare
of households in the upper half of the income distribution would fall. Switching from actual
construction to that in column (3) is not a Pareto improvement.

In column (4), I instead minimize the value of new housing using the pre-shock equilibrium
prices. This minimand addresses the possibility that it is cheaper to supply lower quality housing.
The “construction cost” column reports this sum as a fraction of the initial value of the housing
stock. The construction in column (4) involves a cost of only 1.53% of the housing stock, which is
lower than the 1.80% cost in column (3). The construction tilts even more toward lower quality
housing, with a quality that is 29% lower than the 2015 amount. While cheaper to implement,
this policy further lowers the welfare of households in the top income quartile.

Column (5) checks the usefulness of changing the quality of new construction in columns (3)
and (4). It requires that the quality distribution match that in column (2), while solving for the
total quantity of construction that eliminates out-migration. The resulting optimum expands the
housing stock by 1.61%, which is only slightly more than in columns (3) and (4). The construction
cost, at 2.47% of the housing stock, is much higher than the 1.53% number from column (4).
The welfare losses relative to column (2) are much smaller. Therefore, while keeping the quality
distribution involves higher construction costs, many households prefer that policy over one that
involves building lower-quality units.

Finally, column (6) reports an analysis of rent control. I limit all price changes to 2%. For
housing bins where demand exceeds supply, I ration households randomly within each bin. To

solve the system, I impose 2% growth of prices at certain indices and solve for the rationing at
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those indices and the price responses at other indices. Using iteration, I find a set of indices where
demand exceeds supply at the rationed indices and price growth is less than 2% at the un-rationed
indices. The rationed indices are the lowest 22 occupied housing bins.??

Consistent with this price cap, price growth is much smaller in column (6) than under the
baseline without construction or the 2015 construction policy. Both average and median price
growth are between 1.5% and 2%. However, the policy fails to limit the out-migration of the
poor. In fact, it accelerates it—the out-migrations in the bottom two quartiles are larger in column
(6) than in column (1). By capping price growth, rent control limits the growth in the slope of
prices with respect to quality at the low end of the distribution. As a result, switching down the
quality distribution is stronger. Consistent with this mechanism, the populations of third quartile
non-college households and top quartile college households grow under rent control. These are
the households exerting the most downward pressure through switching in Panel D of Figure 4.
Rent control makes these households better off even though it does not directly limit the growth
of their house prices. Diamond, McQuade and Qian (2018) find empirically that rent control

attracted higher income residents to San Francisco, which is consistent with these results.

6 Conclusion

This paper develops and estimates a structural model of the Boston metropolitan area housing
market. The model allows me to calculate the welfare effects of varying types of construction
for different households. Luxury housing makes the poor better off: 100 new luxury units pre-
vent the outmigration of 47 poor households. This trickle-down effect is strong, however, only
because metro amenities deteriorate when households without a college degree move into the
metropolitan area. Without this endogenous amenity channel, the benefit to the poor from lux-
ury construction is two to ten times smaller.

Poor households benefit more from low- rather than high-quality construction. To the extent
that governments aim to help the poor, this result may explain the prevalence of subsidies to
low-quality housing construction. Although such construction helps the poor, it makes the rich
worse off when metro amenities depend negatively on the non-college population. The quality of

construction emerges from my analysis as a point of contention between different groups of metro

22In the data, 71% of the housing in those bins are rentals, while only 11% of the housing in the non-controlled bins
are rentals. Therefore, the units subject to rent control in this model exercise are highly correlated with the actual
rental housing stock.
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residents.

My analysis considers only positive construction amounts, but the model applies equally to
negative construction, such as teardowns. For instance, the effect of building one luxury unit and
demolishing one low-quality unit equals the welfare effect of the former minus that of the latter.
Poor non-college households would suffer from this policy because they benefit more from low-
quality construction. An important caveat, then, is that luxury construction might not benefit
the poor if it involves tearing down low-quality housing. Quantifying this aspect of the housing
production process is an important task for future research.

I evaluate policy responses to an affordability crisis I generate within my model. Rent con-
trol exacerbates the crisis by driving even more poor households out of the metropolitan area. In
contrast, tripling the construction intensity in Boston eliminates the outmigration of the poor by
slowing down house price growth. By granting relatively more permits for low-quality housing,
Boston achieves this objective with slightly fewer total permits. In either case, tripling construc-
tion makes rich households worse off and lowers the welfare of rentiers endowed with the housing

stock. Construction is a solution to the affordability crisis with winners and losers.
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A Appendix

A.1 Proof of Lemma 1

The denominator in (6) is well-defined for all e and z. For a contradiction, suppose not. Then for
some ¢ and z, v,(z) = 0 for all ¢, implying that w,;z < min;c 7, p;; for all t. There are households
of education e with z’ < z because the support of each 7, is (0,00). For such households, w,;z" <
w1z <minjcy, p;j,; for all ¢, contradicting the budget constraint.

To prove (6), consider households of education e with endowment z. No such household
chooses t if v, ;(z)exp(e;) < v, p(z)exp(ep) for any t’ = t. If v, ;(z) = 0, then this inequality holds
because v,(z) > 0 for some t’, as proved above. In this case, n,;(z) = 0, validating (6). If
V,+(z) > 0, then the measure of such households choosing t equals the measure for whom €, — ¢, >
logv, (z) —logv,(z) for all t’ # t such that v, ;(z) > 0. Train (2009), on pages 36 and 7475, shows
that the probability that independent draws from a Gumbel distribution satisfy this inequality is
Ve,t(2)/ Ly, ,(2)>0 Ve,r/(2). Because the total measure of e and z households is 77,(z), (6) follows.

A.2 Proof of Proposition 1

In equilibrium, the housing market clears, so the measure of households must be no greater than
the total measure of housing rentiers may sell: }_;c 7 hj; > N;. It follows that jo ; exists.

I next prove the statements about housing demand, which I denote x; ;. Because rentiers op-
timize, they sell h;; units of housing of quality g;; when p;; > 0, they sell any amount of such
housing when p;; = 0, and p;; < 0 is impossible. Consider j < jo; such that x;; > 0. Because
Z;t,:jm hy; > N, there exists j’ > jo; such that xj,; < hj ;. It follows that p;;, = 0, which implies
that households choosing g ; are failing to optimize because g;; > q;; and 0 = pj; < p;;. This
contradiction implies that no such j exist, so x;; = 0 when j < jo ;. Similarly, consider j such that
j>josand xj; <hj,. Then p;; = 0. Furthermore, because Z;t:joﬁl hj ; < Ny, there exists i <jor
such that xj;; > 0. Households choosing g;,; cannot be optimizing, as p;; < pj.: and g;; > qj+-
This contradiction implies that there are no such j, proving that x; ; = h; ; when j > jg ;.

To prove the statements about house prices, first consider j such that Z hj ;> N;and h; ;

0. By the definition of jo s, j < jo,- If j <jos then 0 =x;; <hj;, sopj; = 0 If] = jo,t» then x],t =

Z o ] ¢ <hj,,+ = hj;, again implying p; ; = 0. Next, consider j,j" such that h;;,hj ; > 0
and jou <j <j'. Because x;; = h;; >0, there exist households choosing g;;. If p;; > pj;, these
households are failing to optimize because g;/; > g;,;. It follows that p; ; <pj ;.

I prove the final statement by contradiction. Consider two households with education e and
respective labor endowments z < z" and quality choices g;; > q;, ;. Optimality for each household

Ba.e Ba.e Bae /
implies the inequalities (w,;z —pj )ﬁ”q],t > (Werz—pj, t)/gceq ,; and (We,r 2’ -pj, t)lgceq = (We,2' —

Poe 1f w1z = pj, then the first optimality inequality is violated because p;; < p; ;, which

pj, t)ﬁceq
1mp11es that WetZ = Pt > WesZ2 = pjs = 0. By the budget constraint, w,;z > pj;, s0 W,z > pj ;-
Because z < 2/, w, ;z < w, ;Z, sO we,tz’—p]’,t >w,z—pj; > 0. Rearranging the optimality inequalities

therefore produces
Bg.e
= 7
w 'tZ— it it Bee w ,tZ —Pirt
e Pj < ( qdj < Ve Pj

< 5 .
We,tZ = Pjt qj,t We,t2" = Pj,t

Cross-multiplying the outer terms yields the contradiction (p;; —p;,)(z'—2) < 0.

(A1)
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A.3 Proof of Proposition 2

Solving for z, ; using (8) gives
Pg.e Pge

ﬂt,e ﬁc,e
45 Pj—4j-1Pj1

Zej = T hae fae (A2)
Pee Pee
(q] - q];l ]we
for j > 0. Cumulatively summing (9) yields
J co
Zhj = Z f M (2)dz. (A3)
j'=j ee{L,H} " %ei
Substituting (A2) into (A3), differentiating, and solving for dp; produce
J
dpj o xjdpj1 - Zéh,ju (A4)

I'=i

where x; > 0. By way of this equation, induction on j’ proves that dp;/ddy, ;. is negative for j, ;" €
{jo + 1,...,]}, strictly decreases over j’ € {jo + 1,...,j}, and remains constant over j" € {j,...,J}. The
claim is immediate for j’ = jy+1 because dpj, = 0. The inductive step follows immediately as well.

Because dlogn,(z) = 0 by assumption, dloga = dlogw, = 0, as metro population and labor
endowment totals remain constant. Therefore, (11) indicates that dlogv.(z) = —f.dp;/(v.(z) - p;)
when z € (z,j,2,,1). This equation holds for z = z, ; because alogze,]- < 0, which comes from
differentiating (A3) and applying the assumption that o, ;; > 0 for j’ > j,. Proposition 2 then
follows from the earlier statements proved about dp;.

A.4 Definition of ©

I show that 6 uniquely determines v, ; if

50 7
NS L W] fwdy (AS)
j’=j ec(L,H} pPj

for each j. Equating the two solutions to (8) for q;/q;_; and then re-arranging terms gives
PP
(1o P )
YLj=Pj-1
for each j > 0. The term in parentheses strictly increases from zero to one in yr ; € [p;, o). There-

fore, as a function of yy ;, yy,; strictly increases from p; to oo for y; ; € [p;, ). Dividing (9) by N,
changing variables from z to y, and taking cumulative sums yields

YH,j =Dj-1+ (A6)

50 7
N=N | Awdy+F fur(v)dy (A7)
i'=j YL Vm,j(VL,j)
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for each j > 0. The right side is defined for y; ; > p; and strictly increases in y; ;. When (A5)
holds, the intermediate value theorem implies the existence of a unique solution for y; ;, which
then delivers a unique yy ;.

If C =1, then yy; = y; ;. The solutions to (A7) then strictly increase in j because the left side
does. A valid definition of ©, then, is the set of 6 for which (A5) holds and C is sufficiently close
to 1. I verify numerically that © is non-empty.
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I Equilibrium proofs

I.1 Proof of Lemma 2
First, I prove technical conditions about equilibrium #,; that are necessary for the proof.

Lemma IA1. In equilibrium, n,, is an atomless distribution with convex support. If Zjejt hj; > Ny,
then the greatest lower bound of the support is zero.

Proof. The denominator of (6) is positive (see proof in Appendix A.1), and v, ;(z) is zero or positive.
Therefore, n,; has a mass point only if 7, does, which Section 2.2 rules out by assumption. For
convexity, consider z’ < z” such that n,(z"),n,,(z”) > 0. By (6), ,(2), 11,(2"), v, (2) > 0. If z €
(z,2”), then 7,(z) > 0 because Section 2.2 assumes that 7, is convex. Furthermore, v, ;(z) > v, (z’)
because w,;z > w,;z’, meaning that a household with endowment z can choose the same housing
bundle and greater non-housing consumption as a household with endowment z’. It follows that
1e+(z) > 0, implying that the support of n,; is convex.

For the final statement, szt =inf{z | n,(z) > 0} exists because N,; > 0 due to the assumption
in Section 2.2. By another assumption in that section, inf{z | 77,(z) > 0} = 0. By (6), n.4(z) > 0 if
V,+(2) > 0 and 7,(z) > 0. It follows that zéf’t =inf{z | v,4(z) > 0} = we‘} min;c 7 p;,;, which equals zero
because p; , ; = 0 by Proposition 1 when Zjej, hj;> Nj. O

Next, I derive housing demand as a function of price vectors p; = (po,...,pj,¢) in the set P; =
{p+10<po; <... <pj ). For j,j’ € J; distinct, a household of education e and endowment z prefers
and can afford g; ; over gq;, ; only if two conditions hold. First, w,;z > p; ;. Second, either w,;z <pj ;
or both w,;z > pj ; and

ABC,E ﬁ ,e ﬁC,e ﬁ ,€
(weuz=pje) a5 = (werz=pye) a5 (IA1)
with strict preference in the case of strict inequality. The point where (IA1) reaches equality is

Bg.e Bg.e

lgc,e m
q]',t pj,t - qj',t pj’,t

ﬁC,t’,’ ﬁt,e
(q]‘,t — g ]we,t

If j > j’, then (IA1) holds if and only if z > z, ; ;- ,(p;). Furthermore, because p;/; < p;;, z,j,j1(Pt) =
w;}p]',t > w;%pjf’t. Therefore, if j > j’, the household prefers and can afford g;; over g;, only
if z, ; i1 +(ps), with strict preference when z >z, ; i (p;). By symmetry, when j < j’, these prefer-

Ze,j,j’,t(pt) = (IA2)

ence relations hold when z < z, ;» ; (p;) = 2, j j7,+(p;), strictly with strict inequality. Let ZZ]?'ZI(Pt) =

max{z, i +(p¢) | j > j’} for j > 0 and zero for j = 0. Let Zzlﬁ’t‘(pt) =min{z, ;i (py) | j <]’} for j <],

and infinity for j = J;. Demand for g;; equals

5P = ) Xejlpe), (1A3)
ee{L,H}
where .
Zg’j_[(pt)
Xejulpr) = | ey(2)dz. (IA4)
ZIHI

e,j,t (pt)

1



The following lemma collects useful facts about demand.

Lemma IA2. For each j € J, x;; is continuous. Let p;,p; € P;. pr]’.,t > pj and p]’.,’t <pjforj =j,
then x;,(p;) < x;¢(py), with strict inequality 1fp]’.’t <pj, and x;+(py) > 0. Finally,

p,=inf{p>0 ZJ Ne(2)dz <hy , (IA5)
el H) T VeiP

exists, and if py, .1+ = Py, then X +(py) < hj; if pit = pjs1,ee

Proof. 1 prove the first two sentences for each x,;;; they then hold for x;; immediately. Both

min and 2% (the latter only for j < J;), are continuous functions of p,. Because 1, is atomless by

ejt et
Lemma IA1, and because the composition of continuous functions is continuous, the fundamental

theorem of calculus implies that x, ; ; is continuous.
From (IA2), z, j» ;(p;) strictly increases in p;; and decreases in Pjt if j > j’ and strictly de-

z

creases in p;, and increases in p; ; if j < j’. Therefore, Zg”]”Z(pt) > Z’ff’t‘(pt) and zg”]“f(pt) < Z’fff(pt).
It follows that x, i (p;) < x,;(p:). Now suppose that x,;(p;) > 0 and that p]’t < pj: We claim

that 0 < zZ”]”tz(pt) < sup{z | n,,4(z) > 0}. The first inequality follows because for j > j’, z,; i :(p;) >

w;tpj,t > 0. If the second inequality fails, then [z ’gq]”t‘(pt) ;”]“’t‘ pi)]N{z | n,s(z) > 0} is either 0 or
{sup{z | n,+(z) > 0}}, both of which have measure zero under #,;, contradicting x,  ;(p;) > 0. Then
inf{z | n,4(z) >0} =0 < zg’]”;(pt) < supf{z | n,(z) > 0}. Therefore, because zZ“’Z(pt) < z;”]”tl(p;), the
convexity of the support of 1, (from Lemma IA1) implies that xe,]-,t(p;) < xe,],t(pt) as desired.

Let j <]y If pjr = pjir,er then zgj i1 4(ps) = W;}Pj,t- A household of education e can afford
qj+ only if z > we_,}Pj,t and prefers qj,1; over q;; only if z < z, ;.1 :(p;) = we_}p]-,t. Therefore,
only those with z = w;%pj,t may choose q; ;, and the measure of such households equals zero, so
x;(pt) = 0 < hj;. Iturn to the case j = J;. The limit of the integral in (IA5) as p — oo equals zero,
so p, exists. A household chooses qj, ; only if z > w,;pj, ;, so the summation in (IA5) provides an

upper bound on xj, ;(p;) when p = p; ;. Therefore, x;, ;(p;) < hj,; when py ; <p, = pj, 1, O

I prove local equilibrium existence by constructmg a sequence p! € P; whose limit provides a
local equlhbrlum Forall i > 0, set py .1 = p;- Set pt 0.Ifi+j=0 (mod J;+1)and x],t(pt) >hjs,
then p + is the unique solution to h;; = x;, t(p] pp- ]t) Uniqueness and existence follow from
the 1ntermed1ate value theorem and Lemma IA2 because x;, t(p]t ,p ]t) > h]t > x;, t(P]+1 t;pi}}t)
and hj; > 0. Otherwise, set p].’t = p].”t . At each step, p]-t [p]t ,p]Jrl t] sop' € P for all i > 0.
Furthermore, p;-’t weakly increases in i for each j € {0,...,J;}, and p] ¢ <Pj 41, = P forall such j and

all i > 0. By the monotone converge theorem, p! converges. I denote the limit pj.
Consider j such that p]t > 0. Let i; be the first i such that p]t > 0. I claim that x;, (ph) > hj

fori > i;. Wheni =i, p]t > p]t =0, so xj, H(ph) = hj;. I proceed by induction. For each i > 1],
pj,t p] Lfor j = . If p]t p]t , then by Lemma IA2, x]t(pt) > x]t(pt 5> hj; If pj’t > p].,t ,

then x],t(pt) h; ;. Therefore, x;, t(pt) > hj; for all i > i}, as claimed. It follows that xj,t(pi) =hj;

7’ )
for all i = —j (mod J; + 1). Because x;, is continuous by Lemma IA2, x;(p;) converges because

p! does. This limit must equal h; ; because it appears infinitely often in the sequence. Therefore,
xj,t(P;) =lim;_, xj,t(l’;) = hj,t-



Consider j such that p}ft =0. Forall i >0suchthati =—j (mod J;+1), x]-,t(pi) < hj,t. Because x; ;
is continuous by Lemma [A2, x]-’t(pi) converges. This limit cannot exceed h;; because xj,t(pi) <hj;
for infinitely many i. Therefore, x; ;(p}) = lim;_, X ((pt) < h;j -

Given that wy ; and wy ; clear the labor market when (7) holds, local equilibrium holds if and
only if prices clear the housing market. Rentiers sell all housing at positive prices and any amount
of housing at zero prices, so the market clears at p; if and only if x; ;(p;) = hj; when p]*.’t >0 and
x;(p;) < hj; when p + = 0. Therefore, p; provides local equilibrium house prices.

Finally, I prove that this local equilibrium is unique. Consider two local equilibrium price
vectors p; and p;. For a contradiction, suppose that p; # p;. By Proposition 1, p;  ; = 0 because
Yjeg hjt > Ni. Proposition 1 then further implies that p;, = p;, = 0 for j < jo., pj+,p;, > 0 for
j > jo,» and py, p; € P,. Furthermore, for j > jo;, x;¢(ps) = x;,/(p;) = hj;. Without loss of generality,
suppose that p;; < p]f’t for some j > jo,. Let 7/ = {j €{0,....J;} | pj; < p;’t}. Given p;, a household
of education ¢ and endowment z prefers and can afford g;, over all g, where j € 7/ and j" ¢ J/,
only if max{z,  +(p;) | j > j" € J/} <z <min{z, i 1(p;) | j < j’ € J/}. Therefore, total demand for
qualities g;;, where j € 7/, equals

Zhﬂt = Z Xj,e(pt) = Z J net (IA6)

jed; jed; ec{L,H}

where
Zoa(pr) = | [max{zejrilp) 1> € 7} min{z, 5, (p0) 1 < j 2 T/)]. (IA7)
jeF/
I define Z, ;(p;) similarly. Because Pt < p]’-,t for j € J/ and pjt> p]f’t forje J/, Ze,j it (Pr) < ze’j,j/’t(p;)

if 7/>j>j ¢ J/ and Ze,jjrt(P1) > ze,]-’]-/,t(p;) if 7/ 3j<j’ e J/. Therefore, Z,,(p;) C Z,:(p;). Fur-
thermore, 2, ; i (p;) > 0 when J/ 3 j > j” because p]f’t > 0 and p; € P;. It follows that min Z, ,(p;) >
min Z, ;(p;) > 0. Because the greatest lower bound of the support of #,; equals zero (Lemma IA1),

j e (z)dz < j 1e,4(2)dz, (IA8)
Z,(p1) Z1(pt)

with strict inequality if Z,,(z) # 0, which holds for some e due to (IA6). Therefore, by (IA6),
Yiea hit = Lieq xj1(pt) < Ljeg; %j,+(Pt) = Ljeg hjt, a contradiction.

I.2 Solution to (8) and (9)

For each j € {jo; + 1,...,J;}, I rewrite (8) and (9) as

Zejtp]tp] 1t

]t
Nt—Zhj,,t: Z J 1e,4(2)dz, (IA9)

j’=j ec{L,H}

where z,; (i, Pj-1,1) = Ze,j,j-1,:(Pr)- By the definition of jg ;, the minimum value of the left side of
(IA9) is positive. The maximal value is less than N; because h;, ; > 0. Therefore, the left side of
(IA9) lies in (0, Ny) for each j € {jo s +1,...,J;}. Because z, j ;(-,) is an increasing linear function of its
first argument, and because the support of each n,; is convex, the right side of (IA9) strictly and
continuously increases in p;; over the range [0, N;). Therefore, given p;_; ;, a unique value of p;;
solves (IA9) for each j € {jo:+1,...,J;}. Because pj  ; =0, induction shows that unique values of p; ;



solve (IA9).

I now prove that this unique solution for p;; strictly increases over j € {jo,...,J;}. Because
Ze,jo,+1,t(Pjo.tr Pjo,t) = 0 and the left of (IA9) exceeds zero, pj; 41,1 > 0 = pj, - Proceeding induc-
tively, I note that

-1
Ze,jt(Pj-1,6Pj-1,t) = We i Pj-1,t = Ze,j-1,t(Pj-1,-Pj-1,¢) < Ze,j-1,6(Pj-1,60 Pj-2,t) (IA10)

as z,,j_1,+(+,-) strictly falls in its second argument. The left of (IA9) strictly rises in j, so pj; > pj_1 -

II Divisible housing

II.1 Household constraints
Households choose c, Xj, and t to maximize u,(c, g, a;, €;) subject to g = Zj€$ Xiqjts C+Zje$ pjixj <

w1z, and x; > 0. The main model further imposes (x;);c7, € {0, 1Y and Zjej, xj=1.

II.2 Equilibrium characterization

Equilibrium definitions remain the same, as do (6) and (7). Lemma IA3 characterizes house prices.

Lemma IA3. In equilibrium, p; ; = p;q; s for each j € J;, where

-1
Zee{L,H} (ﬁc,e + ﬂq,e) ﬂq,ewe,tze,t

= (IA11)
i Yieq gyt
Proof. Each household’s first-order condition with respect to x; is
du,/d j
Ue/0q. _ Pit (1A12)

du./dc ~ qj,’

with consumption of x; only in the case of equality. If p; ;/q; ; exceeds pj ;/q;,; for any j’ # j, then
no household chooses quality g; ;. This situation cannot hold in equilibrium because the market
for that type of housing must clear. Therefore, p;;/q;: = p; for all j € J; for some p;.

To solve for y;, I re-write the budget constraint as ¢ + y;q < w,;z. Given t, maximizing (1) is
equivalent to maximizing the Cobb-Douglas utility function c!~%q® given income w,;z and prices
one and p; for ¢ and q, where a = B, (B + /5,1,6)‘1. If u; <0, then households cannot optimize,
so p; > 0 in equilibrium. As shown on pages 55-56 of Mas-Collel et al. (1995), the optimal
consumption bundle in this environment consists of expending a share a of income on g, so that
9= Bge(Beet /Bq’e)’lyt_lweltz. Given that p; ; > 0 for all j € J;, rentiers maximize utility by selling
all of their housing. Equating the total housing quality rentiers sell to the total quality households
demand produces (IA11). O

Substituting a household’s g and c choices into (1) yields

(BetBy)

c - _[3 e a,e
ve,i(2) = BBy’ (Be + By) (we,s2)PortPac P gl (IA13)



II.3 Stability

In any equilibrium, n,,(z)/N,; = 7,(z)/N,, where N, equals the mass of households of education
e in the economy. This relation follows from substituting (IA13) into (6). As a result, Z,, =
fooo zh,4(2)dz = Ne,tfooo zﬁ;ln (z2)dz = N,,z,, where z, equals the average z among households of
education e. Therefore, in equilibrium, Ny ; and Ny ; determine Z; ; and Zp ;. Because amenities,
productivities, and prices in t are all functions of Ny ;, Ny s, Z1+, and Zp ;, the populations Ny ;
and Np; pin down the local equilibrium in any equilibrium. By (IA13), there exist functions
vgt(NL,t,NH,t) such that v, ;(z) = zﬁfe+ﬁﬂfv (N, t,NH ¢) in any equilibrium.

An equilibrium is stable in t if the ]acoblan of vt (vi\'t, vg ;) at (N, Ny ;) is Volterra-Lyapunov
stable (Cross, 1978). Equivalently for a two-by-two Jacobian, the diagonal is negative and its de-
terminant is positive (Cross, 1978).

Because the diagonal is negative, perturbing N, ; moves equilibrium welfare of households of
education e in the opposite direction when local stability holds. Furthermore, perturbing both
Np; and Ny ; moves equilibrium welfare of at least one of the education groups in the opposite
direction. If not, then there exist dNj ;, d N ; # 0 and a non-negative diagonal matrix D,{\] such that
(va\[)(dNL,t, dNp ) = Df\](dNL,t,dNH,t). As a result, va\’ —DtN has an eigenvalue of zero, meaning
that dvl is not strongly stable and hence is not Volterra-Lyapunov stable, a contradiction (Cross,
1978).

In the indivisible model, N} ; and Ny, do not determine local equilibrium, so vY, does not
exist. For that reason, Section 4.5 proposes an alternate stability definition using perturbatlons to
house prices, wages, and amenities instead of Ny ; and Ny ;. This definition rules out instabilities
from perturbations to ny; and ny, that arise from perturbations to house prices, wages, and
amenities, the outcomes households take as given when making metro choices.

I1.4 Comparative statics

I still make Assumption 3, so (10) holds, permitting me to drop t* subscripts as in Section 3.
Differentiating (IA13) yields

dlogv,(z) = (Bee + ﬁq,e)alog w, — ﬁq,ealogy + Badloga. (IA14)

Differentiating (IA11) gives

(IA15)

Jlog j = - ]ejéh]%+ Z (Bee + Bge)” lﬁqe o(dlogw, +dlogZ,)

Z;ej i4j celLH) (Be,L + Bg,L) lﬁqLYL+(ﬁcH+ﬁqH) 1ﬁq,HYH‘

Equations (16)—(18) continue to hold. Because dlogv,.(z) does not depend on z, neither does
dlogn,(z), so dlogN, = dlogZ, = dlogv,.

II.5 Proof of Proposition 3

Each ¢, ; enters the derivatives of the equilibrium conditions only in (IA15), where it appears
with a coefficient proportional to g;. Due to the linearity of the system of equations, dlogv,(z) is
proportional to }_;c 740, as claimed.

Suppose that yy = 0 and that the equilibrium is locally stable in ¢*. Define Q =} ;c 7 g;h;. To
prove positive proportionality in (20), I assume without loss of generality that dQ > 0. For a con-
tradiction, suppose that dlogv,(z) < 0 for some ¢’ and z. By (IA14), dlogv.(z’) = d1logv,(z) for all



z’, which, by (10), implies that N, < 0. Consider the following perturbation to the equilibrium:

0, dlogN_, € (—00,0]
dlogN, = dlogN, —{ dlogN_,, JdlogN_, €(0,dlogQ] (IA16)
dlogQ, dlogN_, € (dlog Q, )

for each e, where ~ denotes the opposite education group. In equilibrium, Z, =z,N,, so Z;/Zy =
Ni/Ny. As a result, N;/Ny determines labor prices and amenities in t* in equilibrium when
yn = 0. Because dlog(N;/Ny) = dlog(N;/Ny), da = da and dw, = dw,. Combining (IA15) with
(IA16) yields

dlogQ, dlogN_, € (—00,0]
dlogu = dlogu+{dlogQ—-dlogN_,, dlogN_, €(0,dlogQ] (IA17)
0, dlogN_, € (dlogQ, ).

When dlogN_, <0, dlogvY < dlogvY < 0 for each e. These inequalities contradict local stability
because dlog N, < 0 for each e. When 0 < dlogN_, < dlogQ, dlogvY < dlogv) < 0. This inequal-
ity contradicts local stability because dlogN, < 0 and dlogN_., = 0. When JdlogN_, > dlogQ,
dlogN, < dlogN, < 0 and dlogN_, > 0. These inequalities contradict local stability because
dlogvg\,’ = Blogvfj <0and dlogvlfe, = alogvfle, > 0.
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