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a b s t r a c t
The coupling of heat and mass transfer at the surface of solid or liquid fuels is important when modeling
near-surface gasiﬁcation and combustion processes. Modeling the reacting boundary layer with the use
of ﬁnite-rate chemistry allows for a highly accurate description of the coupling between the ﬂame and
fuel surface, but is not tractable when considering detailed chemical kinetic mechanisms. In this study,
simpliﬁed unsteady 1D ﬂames with mass blowing are considered for a solid biomass fuel where the
ﬂamelet-generated manifold (FGM) method is employed as a model reduction strategy for potential application to multidimensional calculations, such as ﬂame spread over solid materials undergoing pyrolysis
and ablation. Two types of FGM are considered. The ﬁrst are a set of steady-state ﬂames differentiated
by their scalar dissipation rate. Steady ﬂamelets have been used extensively in the past for jets, shearlayers, etc. but, their application to solid fuel boundaries is new. Results show that the use of steady
ﬂames produce unacceptable errors, with temperature errors in excess of 45%. To avoid these errors, a
new methodology for developing an unsteady FGM is presented that accounts for unsteady diffusion effects but, is also independent of surface mass ﬂux. Results using the unsteady FGM greatly reduces errors
in temperature with differences that are under 10%.
© 2016 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction
The ﬂamelet-generated manifold (FGM) [1–3] method has been
used to describe premixed ﬂames [4,5] and non-premixed ﬂames
[3,6] with extensions to multi-dimensional turbulent combustion
environments. Recently, Knudsen and Pitsch [7] have studied the
combination of premixed and non-premixed ﬂamelets to assess
their mutual application to describe partially-premixed combustion environments. Wu et al. [8] introduced the Pareto-eﬃcient
combustion model for predicting and modeling multi-regime
ﬂames. Vreman et al. [9] and Ihme et al. [10] have successfully
applied the FGM method to complex turbulent combustion simulations of the experimental set of Sandia D and E ﬂames developed
by Barlow et al. [11]. The FGM approach has also been extended
to modeling dilute spray combustion including n-heptane [12],
α -methylnaphthalene/n-decane [13], n-dodecane [14], acetone
sprays [15], and Jet-A fuel [16].
Reacting boundary layers of solid/liquid fuels requires an accurate description of the surface heat ﬂux in order to suﬃciently
model the coupling of heat and mass transfer at the surface under∗
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going gasiﬁcation as well as, for determining the resulting ﬂame
conﬁguration. The mass ﬂux at the solid/liquid surface can result
in unsteady diffusion ﬂames in multidimensional burning conﬁgurations such as upward ﬂame-spread and burning propellant in
solid rockets. For this class of ﬂames, Xie and DesJardin developed
an embedded ﬂame modeling approach where the governing
equations for the conjugate heat and mass transfer between a
solid and ﬂuid interface are described [17]. The coupling method
was applied to DNS of upward ﬂame spread of solid poly(methyl
methacrylate) (PMMA) undergoing pyrolysis [18]. Model reduction
of the DNS results were conducted to reduce the degrees of freedom of the problem, but rely on collapsing the entire DNS solution
to generate the reduced lookup table. The FGM has an advantage
in that it maintains generality by storing the ﬁnite-rate chemistry
source terms of individual ﬂames instead of needing multiple,
particular ﬂame spread solutions to generate the manifold. The
goal of this study is to extend the work of Xie and DesJardin by
investigating the application of ﬂamelet-generated manifolds for
solid biomass combustion with constant mass blowing through
the assessment of a steady and unsteady FGM approach.
The rest of this study is organized as follows. In Section 2.1,
the governing equations and boundary conditions for the 1D reacting boundary layer are presented. Section 2.2, describes how
the boundary conditions are determined through the use of a
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2. Problem description
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multiphase equilibrium solver to evaluate pyrolysis species composition of the solid fuel. In Sections 3.1 and 3.2, two FGM modeling
methodologies are presented. The ﬁrst is a steady FGM approach
constructed from the steady-state 1D diffusion ﬂame solutions. The
second approach uses unsteady diffusion ﬂame solutions to create the unsteady FGM method. Results of the exact solution to the
1D reacting boundary layer are presented in Section 4.1. Validation
of the steady FGM approach without mass blowing is conducted
in Section 4.2, and then comparisons of the steady and unsteady
FGM are made to the exact solution of 1D ﬂames with mass blowing. Finally, conclusions are drawn on the application of steady and
unsteady FGM.
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2.1. Reacting boundary in 1D
The gas phase solution is considered one-dimensional, fully
compressible and viscous, resulting in the following set of conservation equations for mass, species, momentum and energy,
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Fig. 1. Equilibrium composition of major species for wood undergoing pyrolysis at
various temperatures.
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where, w˙ i is the mass consumption or production rate of the ith
species, et (= e + u2x /2 ) is the total sensible energy, Ht (= et + p/ρ )
is the total enthalpy, and hof,i is the heat of formation of the ith
species. Assuming constant diffusivity, it can be shown [19] that,
k ∂∂Tx +

0

(2)

where, Pr is the Prandtl number, Sc is the Schmidt number, Le
is the Lewis number, and h is the sensible enthalpy. Although
differential diffusion is important, it has been neglected here to
maintain a one-to-one correlation between the exact solution and
transport equations for Z and C when comparing to the FGM
implementation and to simplify the interpretation of results.
Prandtl (Pr) and Schmidt (Sc) numbers are both set equal to 0.707,
resulting in a unity Lewis number assumption. Viscosities are
determined from the Sutherland viscosity model, while thermal
and molecular diffusivities are calculated using the deﬁnitions of
Pr and Sc respectively. Molecular ﬂuxes are approximated using a
second-order centered differencing approach, employing a semiimplicit operator to avoid diffusion time step stability limitations.
The boundary conditions for the mass, species, and energy are
explicitly set at the surface by imposing a total convective mass
ﬂux and specifying the species mass fractions and temperature at
the solid/gas interface. Species and temperature at the surface are
determined from a multiphase chemical equilibrium solution and
mass ﬂuxes are set to values typical of biomass combustion, to be
discussed.
A ﬁnite volume method is used to solve the coupled system of non-linear equations and a second-order fractional step

method is used to integrate the equations using a two-stage
Runge–Kutta time integration. Convective ﬂuxes are discretized
using an AUSM+UP ﬂux vector splitting [20] with a combination of
second-order upwind biased and essentially non-oscillatory (ENO)
interpolants for determining ﬂuxes [21,22]. The GRI-Mech 3.0 [23],
consisting of 53 species and 325 reactions, is used to describe
the combustion of pyrolysis gases, which is an appropriate choice
considering the primary combustibles are CH4 and CO. While
the kinetic mechanism is not speciﬁcally tailored for biomass
decomposition into tar and char, the objective of this study is to
assess the FGM method applied to biomass-like combustion and is
expected to be insensitive to these assumptions.
2.2. Fuel boundary
To determine the values of Yi, s at the fuel boundary a local
multiphase chemical equilibrium is assumed. For this study, the
interest lies in the solid biomass combustion of wood, where the
fuel is assumed to be composed of, CH1.7 O0.72 N0.001 . A one-step
atomic balance is used to estimate the chemical decomposition of
the solid fuel into a set of realizable species expressed as,

CH1.7 O0.72 N0.001 → 0.28 CH4 + 0.36 CO + 0.29 H2
+5 × 10−4 N2 + 0.36 O + 0.36 C(s )

(3)

where, thermodynamic properties are readily available for the
species on the R.H.S. of Eq. (3). This composition is used as an
input into a multiphase equilibrium solver using a Gibbs minimization procedure and elemental conservation which is solved
using an algorithm similar to that in STANJAN [24].
Figure 1 shows pyrolysis products as a function of temperature.
The char yield is estimated by C(s ), when this value plateaus at
31.5% for temperatures between 300 o C and 550 o C is when the
main pyrolysis event occurs, consistent with values reported in the
literature from thermal degradation experiments conducted with
a batch reactor [25]. As the temperature increases further beyond
550 o C, the CO2 begins to decompose and the major species
within the pyrolysis gases transitions to carbon-monoxide. Using
the center of the region where the 31.5% char yield is constant
to deﬁne the active gasiﬁcation region, the pyrolysis temperature,
Ts = Tpyr , is chosen to be 425 o C (700 K) and is typical of reported
pyrolysis temperatures [26,27]. At this temperature the major
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Table 2
Species and associated
weights used to deﬁne
the progress-variable as
determined from the cost
function
minimization
procedure.

Table 1
Dirichlet boundary conditions for
the pyrolysis species mass fractions
and temperature at the fuel surface.
Pyrolysis property

Value

CH4
CO
H2 O
CO2
N2
H2
T

0.151
0.010
0.398
0.426
7.03E − 4
0.015
700 K

combustible species are methane and carbon monoxide. Carbon
monoxide consists of roughly 1% of the total composition by
mass, methane consists of only about 10% and the most abundant
pyrolysis species are CO2 and H2 O at ∼27% each. These ﬁndings
are consistent with the results of Bajus [25] and Wei et al. [28] for
pyrolysis products from wood.
3. FGM formulation
3.1. Steady fames
In 1D Cartesian coordinates, the only valid steady solution of
Eq. (1) is the limit when the total mass ﬂux is zero. In this limit,
the velocity ﬁeld is zero (ux = 0) and Eq. (1) reduces to,
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where, pressure work and viscous dissipation are neglected. The
system of non-linear equations are solved on discrete domain
lengths (L) using a time marching technique until steady-state
is reached. Dirichlet boundary conditions are used for the fuel
and air side, where the fuel boundary conditions for species and
temperature are set equal to the pyrolysis gas phase species mass
fractions and the pyrolysis temperature, values shown in Table 1.
Since a steady-state solution is only possible with the constraint
m˙ T = 0, the sum of individual species mass ﬂuxes must equal
zero at every location. Also, considering m˙ F is non-zero at the fuel
boundary, this assumption implies that products of combustion
diffuse back and are absorbed into the solid. The air-side boundary is a Dirichlet boundary at standard conditions, YO2 = 0.23,
YN2 = 0.77, Tair = 300 K, and Pair = 1 atm. In this study all air side
boundary conditions are set to standard conditions, while the type
of boundary, i.e. Dirichlet or Natural, is explicitly stated. Once
steady-state is obtained, L is reduced and the solution procedure
continues until L is so small that a diffusion ﬂame cannot be
maintained. The steady solutions are cataloged by the physical
size of the ﬂame domain, L, for which their corresponding scalar
dissipation rate, χ = 2D(L2 )−1 , is constant. Figure 2(a) shows
the temperature proﬁles of several steady ﬂames for decreasing
values of L. As χ increases, diffusion of heat away from the ﬂame
increases until extinguishment occurs. Extinguishment occurs at
L = 2.1 mm corresponding to quenching scalar dissipation rate of
χq  115 s−1 , which is approximately twice as large as χ q for pure
methane ﬂames and is a direct result of the pyrolysis boundary
conditions containing products species.
Figure 2(b) shows the ﬂames of Fig. 2(a) in terms of the mixture
fraction, Z.  in this ﬁgure is the value of the progress-variable, C,
at the stoichiometric ﬂame limit (Zst ) and varies between 0 and 1,
corresponding to the pure mixing case and the equilibrium limit

Species

Weight (α i )

NH3
HCN
C2 H2
NO
HOCN
HCCOH
HNCO
NCO
C3 H7

0.0
0.0
7.8E − 3
1.0
0.0
0.98
0.0
0.0
9.1E − 4

respectively. The peak ﬂame temperature is approximately 1900 K
and is 1650 K just prior to extinguishment.
To account for the effects of χ on ﬂame shape, the progressN
variable deﬁned as, C = N
i=1 αi (Yi )/ i=1 αi (Yeq,i )st , is introduced,
where the weighting factors, α i , must be determined. Previous
studies have often used linear combinations of CO2 , H2 O, H2 , and
CO [9,29,30]. These combinations work well for simple boundaries where the products do not appear in either the fuel or air
streams; however, for wood pyrolysis, off-gas fuel components are
also combustion products. To compute α i , a new method is developed based on the optimization strategy of Ihme et al. [30], where
a cost function is minimized. The cost function is deﬁned as,




∂C
H  −
+ H (−C ) dZd
∂

(5)

where,  is a penalty factor, H is the Heaviside function,  is
a small positive value and  is Cst . The ﬁrst Heaviside function
enforces monotonicity of C and is described in the method of Ihme
et al.. The second Heaviside function introduced in this study encourages the weighted values to span as much of the  − Z space
possible, discouraging negative values of C and reducing manifold
gradients of tabulated species and source terms. In this study,
 is chosen to be the absolute value of the energy source term.
Penalizing the cost function by the energy source term guarantees
the most dynamic areas of the ﬂame are accurately captured in
the FGM. The numerical solution procedure to minimize the cost
function is a multidimensional downhill simplex method [31].
Considering only species that are not in the pyrolysis gas and
vary monotonically in , results in the following species and
weights, as shown in Table 2. Therefore, for the wood fuel considered in this study, NO, C2 H2 and HCCOH are the most heavily
weighted species. Figure 3(a) and (b) shows the contour of C and
heat ﬂux in  − Z space respectively, where monotonicity and
smoothness of C is observed. Figure 4(a) and (b) shows the trajectories of NO and C2 H2 , respectively, as a function of C for discrete
values of mixture fraction that were chosen to bound Zst = 0.25.
Figure 4 veriﬁes that the monotonicity constraint is satisﬁed and
the species gradients are relatively low for the steady-state case.
Once the α i ’s are deﬁned then a mapping between any ﬂame
parameter, φ , originally expressed in  − Z space, can be mapped
to Z − C space, i.e. φ = φ (Z, C (χ )).
3.2. Unsteady ﬂames
The question of whether or not a collection of steady-state
solutions can be used to model unsteady ﬂame effects has been
studied extensively and modeling extensions have typically relied
on either higher dimensional FGMs [32–34] or solving unsteady
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Fig. 2. Steady-state diffusion ﬂames at (a) different domain lengths and (b) collapsed into Z-space showing the deﬁnition of  at the stoichiometric limit Zst .

Fig. 3. Contour of the steady (a) progress-variable (C) and (b) the heat ﬂux (kW/m ) as a function of  and Z.
2

ﬂamelet equations during runtime [35–37]. An accurate model of
unsteady effects such as ignition/extinction, heat loss, pollutant
formation (i.e. soot and NOx ), etc., is particularly important in regions where diffusion and kinetic time scales are comparable. Unsteady diffusion ﬂamelets without convection have been studied by
Pitsch et al. [35], where a time dependent analytical expression for
χ is given considering a semi-inﬁnite medium to account for its
unsteady evolution during a ﬂamelet solution. Ihme et al. [38] explored unsteady ﬂamelet effects to predict autoignition by solving
the unsteady ﬂamelet equations at speciﬁed values of χ , such that
the ﬂame properties were a function of Z, C, and χ . Instead of relying on the unsteady analytical solution or speciﬁed functional form
of χ , or a multidimensional manifold, the objective of this study
is to capture the effects of the unsteady progression of χ = χ (t )
during the expansion of a diffusion ﬂame in physical coordinates
and catalog the results using the progress-variable deﬁnition.
Investigating the analytical solution to the 1D unsteady transport equation for mixture fraction with mass blowing is used to
determine the necessary requirements for developing the unsteady
FGM. Assuming constant density, species diffusivity and mass ﬂux

the transport equation of the mixture fraction can be expressed
as,

ρ

∂Z
∂ 2Z
∂Z
+ m˙ T
= ρD 2
∂t
∂x
∂x

(6)

where the convection term can be eliminated through the transformation to η − τ space via relations analogous to the wave
equation, η = x − (m˙ T /ρ )t and τ = t. In doing so, one obtains the
transient diffusion equation, ∂ Z/∂ τ = D(∂ 2 Z/∂ η2 ), with constant
diffusivity. Comparable to the solution procedure used to solve the
transient 1D heat conduction equation on a ﬁnite domain [39],
the Fourier series method is applied here to obtain an analytical
expression for Z. The analytical expression for, Z = Z (η, τ ), on a
ﬁnite domain of width, Lη , is given as,

Z ( η , τ ) = Z1 −
×

η ( Z1 − Z2 )
Lη

Z1 − (−1 ) Z2
n
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∞
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Fig. 4. Trajectories of (a) NO and (b) C2 H2 as a function of C for discrete values of Z for the steady FGM.

where, m˙ T /ρ is assumed constant, λn = nπ /Lη , f(η ) is the initial
condition for Z (x, 0 ) = Z (η, 0 ) = f, and the Dirichlet boundary
conditions are, Z (0, τ ) = 1 and Z (Lη , τ ) = 0. Mass blowing is
absorbed into the deﬁnition of η. The corresponding analytical
expression for χ = 2D|(dZ/dη )(dη/dx )|2 is then,



χ ( η , τ ) = 2D Z1 −
×

( Z1 − Z2 )
Lη

Z1 − (−1 ) Z2
n

λn

−

2

∞
2 
2
−λn e−Dλn τ cosλn η
Lη
n=1

(8)

where, dη/dx = 1, and f(η ) from Eq. (7) is assumed 0 for simplicity. It is clear the leading order effect on χ is the exponential
decay term, exp(−Dλ2n t ), which is unaffected by m˙ T . Therefore, the
unsteady ﬂames are deﬁned by χ (t), and show a weak dependence
on m˙ T for relatively low blowing rates, where any value of m˙ T can
be used to generate the manifold using the unsteady computation.
Consequently, one can consider constructing a ﬂameletgenerated manifold from a set of expanding diffusion ﬂames
with m˙ T = 0 to capture the effects of the unsteady ﬂame. The
conservation equations in Eq. (4) are solved in their unsteady form
by simply replacing the zeros on the R.H.S. of the equations with
∂ (ρ Yi )/∂ t and ∂ (ρ et )/∂ t for species and energy, respectively. The
same Dirichlet boundary conditions for air and fuel as deﬁned
in Table 1 and used in the steady solution are applied here for
the unsteady diffusion ﬂame solution. Figure 5(a) shows a series
of ﬂames starting from an initial ﬂame conﬁguration at t = 0s
with a large scalar dissipation rate of χ = 115 s−1 and associated
length of ∼2.1 mm. The initial ﬂame is then allowed to diffuse
outward to the far-ﬁeld boundary with the maximum length of
4 cm. During this unsteady process the maximum value of product
species and temperature exceed those found on the steady-state
manifold, indicating the importance of the unsteady ﬂame dynamics. The temperature increases from 1650 K, corresponding to the
extinction limit, to over 20 0 0 K and then decreases as the ﬂame
approaches a quasi steady-state solution. Figure 5(a) represents
only 7 of the nearly 200 ﬂames used to construct the manifold.
Figure 5(b) shows the temperature proﬁles as a function of Z
with the line indicating where  exists for the unsteady ﬂame
solutions. One could consider using the optimization procedure as
described above; however, the same values of α i determined for
the steady-state manifold are used for the sake of direct compar-

ison. The contour of C is shown in  − Z space in Fig. 6(a), where
monotonicity and smoothness are again achieved. The differences
in the C-contours between the steady and unsteady FGMs show a
narrower band of the progress-variable in the unsteady formulation. This corresponds to the increased values of species contributing to C as the ﬂame progresses from a region where χ is large to
a region of χ ࣃ 0, opposed to a broader distribution of C observed
in the steady FGM counterpart. Figure 6(b) shows the heat ﬂux for
the unsteady ﬂames as a function of  and Z, with similar magnitudes as the steady FGM heat ﬂux. The major differences in the
heat ﬂux appear between the ﬂame and ambient air, where the
values near the air are closer to zero for the unsteady conditions.
Figure 7(a) and (b) shows the trajectories of NO and C2 H2
versus C at discrete values of Z, similar to the trajectories shown
for the steady FGM. Although the weights determined from
the steady-state solution and cost function analysis are used to
create the unsteady FGM, the paths of NO and C2 H2 show that
monotonicity is again maintained. However, the gradients of the
species are much steeper compared to their steady counterpart.
Considering monotonicity is maintained between both the steady
and unsteady FGM, the weights are kept constant between the
two such that the only difference is the solution procedure of the
ﬂames used to create their respective manifold. In the unsteady
case, all ﬂame parameters, φ , can be mapped to Z and C similar
to the steady case, except that χ is no longer set as a function of
the solution domain and is rather allowed to freely form as the
diffusion ﬂame expands from high to low χ . Therefore, χ = χ (t ),
and has a single trajectory in time and φ = φ (Z, C (χ (t ))). The
application of the unsteady FGM is not exclusive to boundaries
with a convective ﬂux, however, further investigation is required
to assess its application to other practical scenarios where unsteady effects are important. By capturing the unsteady evolution
of χ for different events, it is possible to catalog unsteady ﬂame
parameters as a function of Z and C(χ (t)).
4. Results and discussion
4.1. Exact solution of unsteady ﬂames with mass blowing
To asses the utility of the FGM for near-wall pyrolysis modeling (with reactions) with possible extensions to ﬂame spread
simulations, unsteady one-dimensional simulations are conducted
at ﬁnite blowing rates. To investigate the reacting boundary layer
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Fig. 5. Representation of the (a) unsteady ﬂame progression of a diffusion ﬂame from high to low values of χ and (b) the ﬂames collapsed into Z-space indicating the
location of .

Fig. 6. Contour of the unsteady (a) progress-variable (C) and (b) the heat ﬂux (kW/m ) as a function of  and Z.
2

and application of the FGM approach, two different mass ﬂuxes
are used, with values of 0.01 and 0.02 kg/m2 − s, consistent with
estimates of mass ﬂux by Drysdale [40] for wood. The domain size
explored has an overall length of L = 3 cm with 200 nodes resulting in a grid resolution of 0.15mm to ensure a grid independent
solution.
The boundary conditions for temperature, Tpyr = 700 K, and
gas phase species composition, YCH4 ,s = 0.151, YCO,s = 0.01,
YH2 O,s = 0.398, YCO2 ,s = 0.426, YH2 ,s = 0.015 are set at the fuel
surface. The far-ﬁeld conditions are set to ambient air with a
natural boundary condition imposed such that the ﬂame motion
is unconstrained by the solution domain. The initial condition for
the domain is a ﬂame conﬁguration in the ﬁrst 1/6 (5 mm) of the
entire domain width, while the remainder of the region is set to
ambient conditions. The starting ﬂame conﬁguration has an initial
scalar dissipation rate of, χst = 41 s−1 , which is approximately 1/3
of the initial value used to generated the unsteady FGM. The solution of Eq. (1) with the imposed Dirichlet boundary conditions, is
presented in Fig. 8(a) for the temperature and major species, and

Fig. 8(b) for the heat ﬂux at times of 0.1 and 0.2 s. Starting from
the initial ﬂame width, the ﬂame is pushed out to the right and
broadened as it is transverses out of the domain. It is interesting
to note that combustion products CO2 and H2 O never increase in
magnitude beyond their values at the solid fuel boundary undergoing pyrolysis. This is an important feature of solid fuel combustion
which increases the diﬃculty of deﬁning the progress-variable.
4.2. FGM comparisons
Consistent with the exact solutions, an equal diffusivity assumption is used in Eq. (1) for direct comparison to the manifold
method. The following transport equations for Z and C are solved,



∂ ( ρ Z ) ∂ ( ρ ux Z )
∂
∂Z
+
=
ρD
∂t
∂x
∂x
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Fig. 7. Trajectories of (a) NO and (b) C2 H2 as a function of C for discrete values of Z for the unsteady FGM.

Fig. 8. One-D reacting boundary layer solutions for (a) temperature and major species and (b) heat ﬂux with an applied mass ﬂux of 0.02 (kg/m − s ) at the solid surface
and for a domain width of 3 cm.
2
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3

Fig. 9. Contour of the energy source term (W/m ) in C − Z space for (a) the steady FGM and (b) the unsteady FGM. As well as, the contour for the source term for C
3
(kg/m − s) for the (c) steady FGM and (d) the unsteady FGM.

where, S˙ C is the source term for C that is pre-tabulated in the
FGM. In addition, the energy equation is required for the compressible ﬂow formulation and has an associated source/sink term,
S˙ E = − w˙ i hof,i , which is also stored in the FGM. Figure 9(a) and
(b) shows the source terms for energy for the steady and unsteady
FGM, respectively. For both the steady and unsteady FGM, as the
scalar dissipation rate is increased (decreasing ), the chemical
source term increases due to ﬂame dynamics shifting from a
diffusion to a kinetically controlled burning. The major differences
between the two are the relative magnitudes of the source terms,
with the steady-state manifold containing source terms that are
nearly a third larger than the unsteady manifold. The source term
contours for the progress-variable can be seen in Fig. 9(c) and (d)
for the steady and unsteady manifolds. The range of the progressvariable source term for the steady-state FGM is nearly 6-times
that of the unsteady source term and the relative peak has shifted
to a higher value of Z and is slightly angled for the unsteady case.
The two peaks in the unsteady progress-variable source term seen

in Fig. 9(d) are due to a bimodal shape of S˙ C as the diffusion
ﬂame progresses during the unsteady solution procedure.
Both a priori and a posteriori comparisons are conducted between the exact solutions and the steady FGM for m˙ T = 0. The
a priori tests are carried out using the ﬁnite-rate chemistry solution and reconstructing the progress-variables based on the deﬁnitions of Z and C used to populate the manifold. The values are then
used to lookup species and source terms from the FGM and compared directly to the current solution. Results (not shown) from the
a priori test indicate maximum errors of 0.5% and 0.8%, associated
with interpolation errors. A posteriori comparisons involve transporting the mixture fraction and progress-variable and directly
using S˙ C and S˙ E from the FGM in the solution. Comparisons of the
ﬁnite-rate chemistry and the FGM solutions of temperature and
major species are shown in Fig. 10(a) and minor species are shown
in Fig. 10(b). As expected, good overall agreement is seen between
the ﬁnite-rate chemistry solution and the FGM solution, with the
maximum error of 2% occurring between the temperatures.
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Fig. 10. A posteriori comparisons of (a) major species and temperature and (b) minor species of a 1D ﬂame using the ﬁnite-rate chemistry (solid-lines) and the steady FGM
(symbols).

Fig. 11. Major species and temperature comparisons of the ﬁnite-rate chemistry (solid lines), the unsteady FGM (closed symbols) and the steady FGM (open symbols) at
2
2
constant mass ﬂuxes of (a) 0.01 (kg/m − s ) and (b) 0.02 (kg/m − s ) on a domain width of 3 cm.
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2

Fig. 12. Heat ﬂux (kW/m ) comparisons of the ﬁnite-rate chemistry (solid lines), the unsteady FGM (closed symbols) and the steady FGM (open symbols) at constant mass
2
2
ﬂuxes of (a) 0.01 (kg/m − s ) and (b) 0.02 (kg/m − s ) for a domain width of 3 cm.

Comparisons of the steady and unsteady FGM to the exact solution for each mass ﬂux are shown in Fig. 11. Solutions
are presented for when Zst is located at 1.2 cm and 1.9 cm.
Figure 11(a) shows the comparisons of H2 O, CO2 , and T from
the ﬁnite-rate chemistry (solid-lines), the unsteady FGM (closed
symbols) and the steady FGM (open symbols) for the mass ﬂux
of m˙ T = 0.01 kg/m2 − s. While the ﬂame locations match up
relatively well between the exact and steady FGM, the error in
the major species and temperature are found to be 28% and
48%, respectively. Similar trends are observed in Fig. 11(b) for
m˙ T = 0.02 kg/m2 − s, where temperatures are over-predicted. The
unsteady manifold represented with closed symbols in Fig. 11,
greatly reduces associated errors with max errors in temperature,
CO2 and H2 O of 10%, 6%, and 7%, respectively.
It is interesting to note the insensitivity of the solution to
the initial condition. Although the unsteady FGM was created
considering the expansion of a ﬂame starting from χst = 115 s−1 ,

the reacting boundary solutions were started at an initial value
of χst = 41 s−1 and the results matched within a reasonable tolerance. The difference between the steady and unsteady solution
then, is the relative trajectory of χ , where a steady FGM assumes
that χ will evolve slowly [41]. By including the unsteady ﬂame
effects within the FGM, the unsteady trajectory of χ and the ﬂame
solution better match the exact solution to the reacting boundary.
Another critical component for accurately capturing the effects
of reacting boundary layers with ﬂamelet-generated manifolds, is
the ability to capture the near-wall heat ﬂux that will be used
during the coupling procedure between the gas phase solution
and the solid/liquid fuel boundary. The heat ﬂux for the ﬁnite-rate
chemistry (solid lines), the unsteady FGM (closed symbols) and
the steady FGM (open symbols) solutions are shown in Fig. 12.
The error in the heat ﬂux between the steady manifold and the
ﬁnite-rate chemistry can be as high as 130%, which could result
in an error propagation of the resultant mass ﬂux with coupling
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in place. Applying the unsteady FGM results in an accurate match
of the heat ﬂux term when compared to the ﬁnite-rate chemistry
solution, with the maximum error of 18%.
5. Conclusion
In this study, steady and unsteady FGM are developed for
application to biomass combustion. The steady FGM are developed
from a series of steady-state strained diffusion ﬂames. Manifolds
are generated based on the minimization of a cost function deﬁned to achieve monotonicity and to expand the manifold in order
to reduce source term gradients within the  − Z space. Steady
FGM comparisons are made with ﬁnite-rate chemistry solutions in
a posteriori calculations and show overall good agreement, however
it does not perform well for unsteady ﬂames. A unique approach
is introduced in this study to capture unsteady ﬂame effects by
tracking an expanding ﬂame. The resulting unsteady FGM is then
created with the same procedure used for the steady FGM and is
compared to the exact solution. Applying the unsteady FGM proved
to reduce errors in temperature and major species mass fractions
signiﬁcantly, resulting in errors that do not exceed 10% in both
cases. The heat ﬂux comparison is also within good approximation,
with errors not exceeding 20%, when comparing the unsteady FGM
and ﬁnite-rate chemistry and will be invaluable when applied to a
more complicated reacting boundary ﬂow problems.
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