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a b s t r a c t
A droplet ﬂamelet-generated manifold (DFGM) is developed to account for the effects of ﬁnite-rate chemistry of individual droplet combustion during simulations of a turbulent combustion environment. A
spherically symmetric droplet model is developed for methanol using the hydrocarbon and nitrogen kinetic mechanisms developed at UC San Diego to account for chemical reaction rates. The inclusion of
ﬁnite-rate chemistry allows for the capturing of the transition from diffusion to kinetically controlled
combustion as the droplet diameter decreases. The droplet model is used to create a DFGM by successively solving the 1D ﬂame equations at varying drop sizes, where the source terms for energy, mixture
fraction (Z), and progress variable are cataloged as a function of Z and droplet diameter. A unique coupling of the spherical and planar FGMs is developed and is used to account for individual and group combustion processes simultaneously. Three combustion models are considered when modeling a methanol
spray ﬂame; (i) an evaporative model coupled with an unsteady planar ﬂamelet-generated manifold
(UFGM), (ii) using only the DFGM method, and (iii) the DFGM coupled with the planar UFGM. The models are compared against one another as well as experimental data for a methanol spray ﬂame with an
annular air jet. The DFGM model is shown to agree well with burn rates and normalized ﬂame radii
from individual droplet burning experiments. Good overall agreement is observed between the experimental data and the DFGM and coupled UFGM models for temperature, particle size distribution, and OH
concentration.
© 2017 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction
The use of liquid fuels for combustion applications consist of
automobile engines, rockets, aircraft motors, oil boilers, etc., where
the combining of the fuel and oxidizer occur by spraying the fuel
into a combustion chamber [1,2]. The desired combustion would
occur at the designed operating equivalence ratio of the device,
but is dependent on a number of factors. Atomization of the fuel
by the nozzle is the ﬁrst process used to increase the surface to
volume ratio of the fuel to increase evaporation rates and promote
combustion [3]. Combustion chambers with spray ﬂames can be
diﬃcult to access and due to the presence of the liquid fuel, are
challenging to probe and investigate experimentally. It is therefore
important to be able to accurately model reacting spray environments in order to assist in the development of future devices with
increased eﬃciency, lower emissions, and better reliability. The increased desire to operate combustion devices at the fuel lean limit
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to reduce the production of harmful emissions such as NO and
CO could result in a more distributed liquid fuel where individual
droplet combustion is important [4].
The ﬂamelet-generated manifold (FGM) method has been used
to describe premixed ﬂames [5,6] and non-premixed ﬂames [7–
10] with extensions to multi-dimensional turbulent combustion
environments. The FGM approach is applied in this study due to
its ability to reduce complex chemistry in a tabular form through
the use of a progress-variable to describe the extent of combustion as the ﬂame transitions between states caused by local
ﬂame strain. Previous FGM studies have focused on the combination of pre-mixed and non-premixed ﬂamelets to assess their
mutual application to describe partially-premixed combustion environments [11,12]. More recently, the use of the FGM approach has
been extended to modeling two-phase, spray combustion processes
including n-heptane [13], α -methylnaphthalene/n-decane [14], ndodecane [15], acetone sprays [16], and Jet-A fuel [12]. In these
studies the droplets are assumed to only evaporate, therefore burning occurs in an external surface sheath surrounding the spray
core, or a group combustion mode of burning. This approximation is appropriate for dense sprays such as those found in internal
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combustion engines (ICEs). Combustion in a dilute spray ﬂame
however, can also occur from individual burning droplets. The
group combustion number (G) deﬁned by Chiu and Liu provides
a global indicator of the relative importance of combustion modes
[4]. It is deﬁned by the relative rate of heat exchange between
the phases to that of the latent heat of vaporization. Low values
of G correspond to sprays that mostly burn as individual droplets,
whereas large values of G correspond to spray ﬂames with burning conﬁned to an external sheath. The local contributions of group
versus individual droplet burning modes for two-phase LES, however, will be a function of both time and space. The focus of this
study is to account for both modes of burning so the relative effects of group versus droplet burning can be better understood.
Most droplet burn models rely on a thin-ﬂame assumption
[17,18]. It has been shown, however, that these models fail as the
droplet size decreases since the rate of burning transitions from
diffusion to kinetically controlled. The reason for this transition is
because the scalar dissipation rate at the ﬂame (χ ) is inversely
proportional to droplet radius to the fourth power, and scales as,
χ  1/rs4 . All droplets will therefore transition from diffusion to
a kinetically controlled modes of burning, and extinguish as rs
→ 0 [19]. To account for this transition, a new droplet ﬂameletgenerated manifold (DFGM) modeling is developed based on detailed 1D spherically symmetric solutions of droplet burning with
full chemistry.
To explore the use of the DFGM, three combustion submodels
are investigated. First, an evaporating methanol droplet model is
coupled with a planar unsteady FGM (UFGM) recently developed
by Bojko and DesJardin [20] to model combustion for interfaces
with mass blowing. A Lagrangian droplet description is used to
evaluate the mass, momentum, and energy transfer between the
evaporating methanol droplet and the gas phase, similar to the
multiphase spray formulation of Refs. [12–16,21] and consistent
with previous approaches discussed above. This model is referred
to as, the “evapFGM” model and corresponds to high values of G.
The second model considers the DFGM on its own to account for
droplet combustion only (low G), denoted as “DFGM”. Finally, the
third approach couples the DFGM with the UFGM from the ﬁrst
case and is referred to as, “coupFGM” and is able to account for
locally varying G. All three cases (evapFGM, DFGM, coupFGM) are
assessed and compared to an experimental dataset for a methanol
spray ﬂame with an annular air jet that exhibits individual droplet
combustion investigated by Friedman and Renksizbulut [22].
The rest of the study is organized as follows. The mathematical formulation of the two-phase equations for LES are ﬁrst presented. Subgrid scale (SGS) models needed for the closure terms
are summarized; including important phase coupling terms. The
phase coupling terms are determined using a Lagrangian description of the droplets and are presented in Section 2.2. For burning
droplets, a DFGM model is used to determine the unsteady heating
and mass transfer rates of the liquid fuel. Section 3 presents the
FGM formulation for both (unsteady) planar and (steady) spherical
coordinate systems. Section 4 introduces the transport equations
needed for the FGM combustion model and the three droplet models used in this study. Results for both individual droplet burning
and a methanol spray ﬂame are given in Section 5. Finally, conclusions are drawn in Section 6.
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ﬁltering operator results in the following system of equations for
mass, momentum, species, and energy transport,
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where, ρ̄ is the spatial averaged mixture density, φ is the gas
volume fraction, 
u is the spatial density weighted velocity, p̄ is
˜ t − R˜T˜ ) is the total resolved energy and 
the pressure, e˜t (= h
ht (=

h +
u ·
u/2) is the total enthalpy including the resolved sensible en˜ ) and kinetic energy.
thalpy (h
The ﬁltered viscous stress tensor (τ̄ ), species diffusion (q̄i ), and
∼

heat ﬂuxes (q̄) are modeled using Newton’s, Fick’s, and Fourier’s
laws respectively and are expressed in terms of resolved quantities,
thereby neglecting any subgrid scale (SGS) ﬂuctuations. Assuming
equal diffusivities for all species, simple expressions may be determined for these relations as shown below.
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Consistent with the assumption of negligible molecular SGS effects, the term u · τ on the right hand side of Eq. (1d) is approx∼

˜ · τ̄ , where τ̄ is given in Eq. (2a). For lack of estabimated as u
∼

∼

lished models, all SGS contributions to mixture weighted thermodynamic properties associated with ﬁltering are neglected. The remaining second-order correlation quantities, T , in Eq. (1b)–(1d)
∼ αβ

represent unknown SGS correlations for variables α and β , and
) and are closed using dynamic
β
are deﬁned as: T
≡ −γ̄ (αβ − α
∼ αβ

Smagorinsky and gradient diffusion models [24].
‡
The terms ci , c‡, m‡, and e‡ represent source terms for species,
mass, momentum, and energy phase-exchange processes between
the droplets and gas phases and are deﬁned as,

ci‡ =
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∂

(3a)

m˙  G dA
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2. Mathematical formulation
2.1. Gas phase
The multiphase system is formulated by phase-averaging of the
instantaneous multiphase equations over a representative volume
that is compactly deﬁned by the ﬁlter function, G(x − x ), with

the normalization property, V∞ GdV = 1 [23]. Application of the
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where, m˙ i (= ρi (V I − u ) · n) and m˙  (= ρ (V I − u ) · n), are the
species and total mass ﬂuxes per unit surface area across the
phase boundary (∂ ) deﬁned in terms of the species/phase
density (ρ i /ρ ), phase interface velocity (VI ), and phase boundary
surface area normal (n). The quantities q˙  = −k∇ T · n and σ are
∼

the heat conduction and Cauchy stress at the surface of the phase
boundary, respectively. For dilute sprays the phase coupling terms
are approximated as a summation over the droplets as [25,26],

ci‡ = −G
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where, the subscript “d” represents a droplet property, m˙ d is the
mass loss rate, and Lv is the latent heat of evaporation. The throttling terms on the RHS of Eq. (4c) and (4d) come from decomposing the terms in Eq. (3c) and (3d) into ﬁlter mean and ﬂuctuating


components and using the identity: b̄ · ∂ GdA = b̄ ·
∇ GdV =

−b̄ · ∇ ·
GdV = −b̄ · ∇φ , where
is the gas phase ﬁltering volume and b̄ is an arbitrary ﬁltered vector quantity.
In Eq. (1c) and (1d), ω˙ i is the species source/sink term from
homogeneous reactions originating from both individual droplet
and group combustion modes of burning. The heat released from
burning droplets appears in the gas-phase equations by decomposing the homogeneous reaction term of Eq. (1d) into ﬂames from
individual burning droplets and from secondary burning from the
evaporating fuel that mixes with the air via group combustion
[4,27], i.e.,

−φ
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S˙ E,d + S˙ E,g

To track the time dependent change in droplet mass, momentum, and energy needed for the evaluation of Eq. (4), the droplet
ﬁeld is ﬁrst decomposed into groups of droplets, or parcels, with
each parcel having identical droplet properties. The number of
droplets per parcel is selected to best balance computational efﬁciency while maintaining the appropriate mass loading of the
fuel spray. Each parcel is governed by the following system of
ordinary differential equations, describing conservation of mass,
species, momentum, and energy of an isolated lumped droplet:

dmd
= m˙ d
dt

(6a)

dmi
= m˙ i
dt

(6b)

mdCv

dTd
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dt

l,s
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0.424

for Red ≤ 10 0 0
for Red > 10 0 0

(7)

The quantities m˙ d and q˙ l,s represent the mass loss rate of the
droplet and conductive heat loss across the liquid surface, respectively. The heat transfer to the droplet is approximated as:
q˙ l = −kl dT /dr|s  −kl (Ts − Td )/rd [30]. While more sophisticated
droplet heat transfer models are available [29], these were not explored in this study. Both m˙ d and Ts are determined by a droplet
evaporation model or a DFGM, to be discussed next.
3. FGM formulations
3.1. Creation of FGMs
Both the UFGM and the DFGM are created solving the compressible 1D conservation equations for a reacting gas with surface
blowing:
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2.2. Lagrangian spray model

d ud
π
= ρg D2d CD |ug − ud |(ug − ud ) + gmd
dt
8

d

cent limit and the term in square brackets is a correction to account for ﬁnite-slip effects based on the Ranz–Marshall correlations [28,29]. The drag coeﬃcient, CD is expressed in terms of a
droplet Reynolds number, Red (= Dd ρg |ud − ug |/μg ), using standard
drag laws for ﬂow over a sphere.

(8b)

(5)

d

where, S˙ E,d is the energy production rate from a single droplet and
S˙ E,g is the net heat released due to group combustion.

md

where md is the mass of the droplet, mi is the mass of an individual species, ud is the droplet velocity, CD is the drag coeﬃcient, Cv is the speciﬁc heat of the liquid, and Td is the temperature of the droplet core. The term Q˙ d accounts for the heating or
cooling of the droplet and is modeled as: Q˙ d = Q˙ do[1 + Re1d/2 P rg1/3 /3]
where, Q˙ o(= Ad q˙  ) corresponds to the heat gain/loss in the quies-

(6c)
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i

where τ xx is the viscous stress tensor,
is the viscous dissipation
term, n = 0 corresponds to the Cartesian coordinate system used
for the UFGM, and n = 2 is for spherical coordinates, used for the
DFGM. CHEMKIN formatted reaction mechanisms and transport
properties(i.e., CP , k, Di , etc.) [31], are tabulated for each temperature and pressure between 300 and 5000 K; and at 1 atm for efﬁcient lookup during run-time. Equal diffusivities are assumed for
all species and transport properties are determined using a Sutherland transport model. Viscosities are determined from the Sutherland viscosity model, while thermal and molecular diffusivities are
calculated using the Prandtl and Schmidt numbers, P r = 0.707 and
Sc = 0.707. Soret and Dufour diffusion effects are neglected. While
the FGM formulations are not limited to an equal diffusivity assumption, the creation of the FGMs and interpretation of the results are greatly simpliﬁed. The UCSD hydrocarbon and nitrogen
mechanisms are used in conjunction to determine the chemical reaction rates and consists of 70 species and 322 reactions [32].
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Table 1
Species and associated weights used
to deﬁne the progress-variable as determined from the cost function minimization procedure.
Species

Weight (α i )

NO2
NH3
NO
H2
CO
CO2
H2 O
HNO

−0.026
0.215
1.00
0.011
5.99E − 3
5.90E − 3
6.01E − 3
0.424

A ﬁnite volume method is used to solve the coupled system
of non-linear equations given in Eq. (8). A second-order fractional
step method is used to integrate the equations using a two-stage
Runge–Kutta time integration. In this approach, source terms are
constructed for processes of convection, diffusions, and reactions.
Convective ﬂuxes are discretized using an AUSM+UP ﬂux vector
splitting [33] with a combination of second-order upwind biased
and essentially non-oscillatory (ENO) interpolants for determining
ﬂuxes [34,35]. Molecular ﬂuxes are approximated using secondorder centered differencing employing a semi-implicit operator to
avoid diffusion time step stability limitations. The equations are
marched in time and either cataloged as a function of time for
the UFGM case or until a steady-state solution is achieved for the
methanol droplets. The solution is used for determining burning
rates, energy release rates, and ﬂame structure for the UFGM and
DFGM.
For the UFGM, an expanding diffusion ﬂame initially at a high
scalar dissipation rate is considered and allowed to diffuse outward
to the low strain limit. The fuel boundary is set to YCH3 OH = 1,
T = 300 K, and P = 1 atm and the far-ﬁeld boundary is set to ambient air conditions (P = 1 atm; T = 300 K; YO2 = 0.23; YN2 = 0.77).

N
A progress-variable deﬁned as C = N
i=1 αi (Yi )/ i=1 αi (Yeq,i )st , is
constructed where the weighting factors, α i , are determined using
a cost function approach [36] and a downhill simplex method described previously by Bojko and DesJardin [20]. Associated weights
are shown in Table 1, where all weights have been normalized by
αNO , which has the largest weighting factor.
A single ﬂame index, , is used to catalog each ﬂame, where 
= Cst = C (Z = Zst ). This ensures statistical independence between
the ﬂame index and Z for determining statistical distributions necessary for LES closure terms, to be discussed. Figure 1(a) shows the
development of the expanding methanol diffusion ﬂame initialized
from a steady-state planar solution at a scalar dissipation rate of,
χst = 326.6 s−1 , which is the largest value of χ observed before extinguishment occurs. Starting from a ﬂamelet solution with a value
of χ st above χst = 326.6 s−1 will result in ﬂame extinguishment,
while starting from a smaller value of χ st would neglect possible
ﬂame conﬁgurations within the manifold. The ﬂame is then able
to diffuse outward in a domain of length, L = 15 cm, to successively lower dissipation rates until χ → 0 s−1 . The transient ﬂames
are cataloged at discrete time steps then are mapped to mixture
fraction space as seen in Fig. 1(b), where a dash-dotted line is positioned at Zst to show how the initial ﬂames are cataloged as a
function of Z and , where all thermodynamic quantities are distinct functions of Z and , ϕ = ϕ (Z, ), to ensure statistical independence. Figure 2 shows contours of S˙ C and S˙ E for the gas-phase
combustion as a function of C and Z, where the peak values indicate the area of highest strain before extinguishment occurs. The
UFGM approach is applied in this study instead of a steady FGM
based on previous studies, where the UFGM is shown to better approximate the gas phase reaction for a solid/liquid fuel boundary
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with low values of mass blowing. As discussed in Ref. [20], the
dominate effect of mass blowing is the unsteady evolution of scalar
dissipate rate, with the actual magnitude of the mass ﬂux being of
secondary importance, therefore the mass blowing is set equal to
zero in the present application.
It is common in droplet modeling to assume a quasi-steady behavior in the gas since the times scales of heat and mass transport in the gas phase are much smaller than the liquid phase regression rate. The transient evolution of the ﬂame is therefore approximated as a sequence of steady-state solutions. For the DFGM,
steady ﬂame solutions are computed as a function of droplet diameter. The far-ﬁeld boundary is chosen as air, at atmospheric
pressure, but with an increased temperature of Tamb = 1200 K, to
account for an average temperature between the adiabatic ﬂame
temperature of methanol (T = 2200 K) and standard room temperature (T = 300 K). The DFGM is created for droplets burning
at Tamb = 1200 K, which corresponds to a quenching diameter of
Dq = 40 μm. As the droplet size decreases, the scalar dissipation
rate scales as, χ  1/rs4 , where rs is the droplet radius. Therefore,
as the droplet size decreases χ increases, which drives the transition from a diffusion controlled (diffusion limited) burning mode
to kinetically controlled (reaction-rate limited), eventually leading
to ﬂame extinguishment [19]. Although ambient temperatures have
a direct effect on the quenching diameter, i.e., for the temperature ranges of T = 300 and 2200 K the quenching diameter ranges
nearly linearly between 100 and 10 μm respectively; the nearly linear response between ambient temperature and quenching diameter suggests Tamb = 1200 K to be a reasonable estimate. A third degree of freedom for the DFGM could potentially be introduced to
account for the changes in ambient conditions, however increasing the dimensions of the manifold increases the overall computational overhead and is beyond the scope of this study. An adiabatic
boundary is used for the liquid–vapor interface, such that all heat
going into the droplet is assumed to only contribute to its evaporation and all species are assumed insoluble in the liquid fuel (including water as an approximation), therefore the mass ﬂuxes of
all species (other than fuel) are set equal to zero at the surface,
resulting in the following boundary conditions;

mass:

m˙ F,l = m˙

(9a)



fuel:

m˙ F,l = m˙ YFs − 4π

rs2

dY 
ρ DF F 
dr

(9b)

s



0 = m˙ Yi,s − 4π

other species:

rs2

dY 
ρ Di i 
dr

(9c)

s

energy:

m˙ F,l Lv = 4π




dr 

dT
rs2 kg

(9d)

s

where, m˙ is the overall mass ﬂow rate, m˙ F,l is the mass ﬂow rate of
the liquid fuel (methanol), and Lv is the latent heat of vaporization.
Assuming saturation conditions at the liquid–vapor interface, the
partial pressure of the fuel is related to the surface temperature
(Ts ) using a vapor pressure curve for methanol [37].
A series of steady ﬂame solutions are conducted for varying
values of Dd ranging from 200 μm down to  40 μm where upon
ﬂame extinguishment occurs. The ﬂames are tabulated as a function of Z(r) and droplet diameter (Dd ). For each ﬂame, the radial distribution rates of energy (S˙ E ) and C (S˙ C ), along with Ts
and m˙ d are known. To obtain a point source representation for
the droplets, the energy source term required for Eq. (5) is determined by numerically integrating S˙ E over the droplet solution
r
to obtain S˙ E (Z∞ , Dd ). That is, S˙ E,d = 4π rs∞ r 2 S˙ E dr, where r∞ is
selected as the value of r for when Z from the DFGM equals
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Fig. 1. Unsteady ﬂame development for an expanding methanol diffusion ﬂame, showing (a) several ﬂame temperatures of the expanding ﬂame and (b) a set of unsteady
ﬂames collapsed in Z-space, indicating the location of  = Cst .

 (kg/m3 − s) and (b) S˙  (GW/m3 ) plotted in C − Z space.
Fig. 2. UFGM source term contours of (a) S˙ C,g
E,g

Z∞ , therefore S˙ E,d (Z∞ , Dd ). The far-ﬁeld mixture fraction for the
droplet, Z∞ , is estimated using a local interpolated value from
the gas-phase, i.e., Z∞ = Z˜∞ = Z˜ (xd , t ). This value is used to determine the ﬁltered gas-phase coupling terms from the manifold
– to be discussed in Section 3.2. The same procedure is used
for the progress variable source term, S˙ C,d . In the limit of Z∞ →
0, S˙ E,d corresponds to that of an isolated droplet burning in air.
As the far-ﬁeld value of mixture fraction approaches the value
of Z at the surface, Z∞ → Zs , then S˙ E,d → 0 and S˙ C,d → 0 corresponding to the fuel rich ﬂame limit due to the high concentration of products in the far-ﬁeld. The integrated values of S˙ E,d
and S˙ C,d in terms of Z∞ and Dd are stored in the ﬂamelet table
along with m˙ d and Ts , which are required in Eq. (6a) and (6d), respectively. If the droplet diameter falls below the extinguishment
limit (Dd  40 μm), then a droplet evaporation model is used to
transfer fuel to the gas phase. Where the mass loss rate is modeled as, m˙ d = m˙ od [1 + Re1/2 P r 1/3 /3], with m˙ od = 2π Dd ρ Dln(1 + Bm ),
where D is the diffusivity and Bm = (YF,∞ − YF,s )/(YF,s − 1 ) is the
Spalding mass transfer number [38].

Figure 3(a) shows several solutions of the ﬂame structure from
a quasi-steady burning methanol droplet with decreasing diameters. As the droplet diameter decreases, the ﬂame temperatures
decreases until ﬂame extinguishment occurs due to an increase in

dissipation rate. Figure 3(b) shows a steady-state solution of S˙ C,d

˙
(left) and S
(right) for a droplet size of Dd = 200 μm prior to
E,d

 < 0 from mainly
integrating as a function of r. For r/rs < 4, S˙ E,d
endothermic reactions associated with the pyrolysis of the fuel.
 > 0 and is due to exothermic reactions associFor r/rs > 4, S˙ E,d
ated with combustion. The integrated net energy source terms for
the droplets are positive as shown in Fig. 3(d). Figure 3(c) and
 and S˙  , respectively as a
(d) shows the integrated values of S˙ C,d
E,d
function of droplet diameter. Both S˙ C and S˙ E decrease nearly lin-

early with decreasing droplet diameter, until Dd  50 μm, where a
sudden decrease is observed as droplets transition to a kinetically
controlled regime until extinguishment at Dd  40 μm. Figure 4
shows contours of S˙ C and S˙ E for droplet combustion as a function of Dd /Dmax (Dmax = 200 μm) and Z, where Dd /Dmax is used to
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 and S˙  for a 200 μm droplet as a
Fig. 3. Steady-state ﬂame structure for the detailed droplet model, showing (a) several droplet temperature proﬁles and (b) resulting S˙ C,d
E,d
function of normalized radius. The integrated source terms, S˙ C,d (kg/s) and S˙ E,d (W) are shown in (c) and (d), respectively.

 (kg/m3 − s ) and (b) S˙  (GW/m3 ) plotted versus the normalized droplet diameter (D /D
Fig. 4. Droplet source term contours of (a) S˙ C,d
max ) and Z.
d
E,d
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(PDF) description of Z and , shown below,

ϕi,g =

Fig. 5. m˙ d (kg/s) versus Dd (μm) for methanol droplets burning in air at T = 1200 K
using the two-zone [17], multi-zone [18], and the DFGM.

3.2. FGM extension to LES
The required ﬁltered thermodynamic properties are determined
by using a density weighted ﬁltered probability density function

ϕ (Z, )P(Z, )dZd

(10)

where the joint PDF of  conditioned on Z is obtained by apply(Z, ) = P
(|Z )P
(Z ). A beta PDF
ing Bayes’ theorem, such that P
is used to described the statistical distribution of Z and a Dirac
(|Z ) = δ ( − |Z ). The
delta is used to described , such that P
ﬁltered values are obtained for all dependent variables, including
, before all variables are mapped in terms
the progress variable, C
 only. The cataloging of all ﬁltered thermodynamic
of 
Z , vz , and C
 , etc. are computed a priori and queried
properties, including ρ̄ , Y
i
 source terms, S˙
˙
during run-time. The energy and C
E,g and SC,g , are
i,g and are used to close
included in the variables represented by ϕ
SGS terms in Eqs. (5) and (12c), respectively.
The required droplet source terms are determined from the
joint PDF description of Z∞ and Dd , with Dd acting as a ﬂame index, using the relation,

S˙ i,d =
visualize the manifold on an axis ranging between 0 and 1. In the
case of the DFGM, Dd is chosen as the ﬂame index and is a natural
choice because as the droplet size decreases, the ﬂame characteristics will change accordingly.

 Z

Dd

Z∞

S˙ i,d (Z∞ , Dd )P (Z∞ , Dd )dZ∞ dDd

(11)

where i = {E,C}, and P(Z∞ , Dd ) is the joint PDF of Z∞ and
Dd . Assuming statistical independence between Z∞ and Dd , then
P (Z∞ , Dd ) = P (Z∞ )P (Dd ). The Dirac delta function is used to described both distributions of Z∞ and Dd , such that P (Z∞ ) = δ (Z∞ −
+
+
Z
∞ ) and P (Dd ) = δ (Dd − Dd ), respectively, where the term, Dd
is the local Lagrangian representation of the computational parcel. Employing these assumptions and neglecting the effects of
turbulent mixing on individual droplet combustion, then S˙ i,d =
S˙ i,d (Z˜∞ , D+ ) and the combined droplet and gas-phase source terms
d

Fig. 6. Experimental ﬂame images of the Friedman and Renksizbulut [22] methanol spray ﬂame for an annular volumetric ﬂow rates of (a) 4.77 l/s and (b) 9.52 l/s. Reprinted
from Combustion and Flame, [22], Copyright (1999), with permission from Elsevier.
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are used to close the energy (Eq. (5)) and progress variable transport equations, to be discussed next.
4. Combustion model
In principle, the contribution of the species chemical source
terms from droplet burning in Eq. (1c) can also be directly determined by integrating over the DFGM, however, transport of a
large number of species is computational prohibitive. An alternative approach is therefore pursued, where all species are mapped
solely in terms of mixture fraction (Z), mixture fraction variance
(vz ), and a reaction progress variable (C) and the system of equations described by Eq. (1c) are replaced with the following ﬁltered
transport equations for Z, vz , and C,

∂ (φ ρ̄ 
Z)
+ ∇ · (φ ρ̄ 
Z
u ) = ∇ · [φ (T + q̄Z )] + cZ‡
∼ uZ
∂t
∂ (φ ρ̄ vz )
+ ∇ · (φ ρ̄ vz
u ) = ∇ · [φ ( T
+ q̄vz )]
∼ uvz
∂t

+2ρ̄ Dt (∇ 
Z )2 − ρ̄ χ

(12a)

(12b)

∂ (φ ρ̄C)

+ ∇ · (φ ρ̄C
u ) = ∇ · [φ (T + q̄C )]
∼ uC
∂t
+G



S˙ C,d + S˙ C,g

(12c)

d

‡

Fig. 7. Slice of computational domain at the y = 0 plane showing the solid nozzle
geometry, grid spacing, and compression. Liquid methanol is injected in the center
of the nozzle at z = 0.225 m.

where cZ = −G d m˙ d is the source term for Z from evaporating
 is the ﬁltered scalar dissipation rate.
and burning droplets, and χ
, is modeled by considering an equilibrium hypotheThe term, ρ̄ χ
 = Dt vz /2 , where  is
sis and linear relaxation; expressed as, χ
the characteristic ﬁlter width and Dt is the turbulent diffusivity
[14,39,40]. Using the same deﬁnition of C for the UFGM and DFGM,
, S˙
˙
then the source terms for C
C,g and SC,d in Eq. (12c), are readily determined. It should be noted there is not an explicit interphase coupling source term in Eq. (12c) to account for interphase
mass transfer from the droplets since it is assumed that none
of the species deﬁning C are in the evaporation products of the
fuel droplet. If, however, one considered more complicated droplet
burning phenomena such as water dilution in alcohol based fuels
 transport would be required.
then an additional source term for C
4.1. evapFGM
The “evapFGM” model employs the droplet evaporation model
discussed in Section 3.1, to account for the mass and heat transfer between the droplet and gas phases. An energy sink term is
calculated to account for the heating and evaporation of the liquid
fuel, shown in Eq. (4d). The transport of fuel to the gas phase is
determined from the mass loss rate of the fuel and converted to a
‡
source term, cZ = −G d m˙ d , for the mixture fraction. Group combustion is determined assuming a non-premixed diffusion ﬂame
between evaporated fuel and oxidizer; it is accounted for using the
planar UFGM. Group combustion source terms for the energy (S˙ E,g )
and progress variable (S˙ C,g ) are looked up directly from the UFGM
and applied to Eqs. (5) and (12c), respectively. It is important to
note here individual droplet combustion is not considered, therefore droplet source terms S˙ E,d and S˙ C,d are set to zero.

Fig. 8. Instantaneous slices of centerline gas and droplet temperatures. Left, center,
and right columns correspond to the evapFGM, DFGM, and the coupFGM, respectively. Top and bottom rows correspond to Qg of 4.77 l/s and 9.52 l/s, respectively.

4.2. DFGM
The “DFGM” model, as opposed to the evapFGM case, does not
consider any group combustion modes of burning, therefore S˙ E,g
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Qg = 4.77 I/s

Qg = 9.52 I/s

Fig. 9. Temperature comparisons of the experimental measurements (symbols), evapFGM (dot-dash line), DFGM (dashed line), and the coupFGM (solid line) for 4.77 (left)
and 9.52 l/s (right). Measurement planes increase from bottom to top, z = 25 mm (bottom), z = 60 mm (middle), and z = 100 mm (top).

and S˙ C,g are set to zero. All chemical reactions are assumed to occur near the surface of individual burning droplets and treated as
point sources in the computational domain. Depending on the local
value of 
Z∞ and the value of D , the droplet source terms, S˙
and
d

E,d

S˙ C,d are looked up directly from the DFGM. Source terms for each
parcel are then summed and multiplied by the ﬁltering function, G,
to determine the contributions to each computational cell. When
droplet diameters dip below the quenching diameter, the Spalding
based evaporation model is used to determine m˙ d and Td instead
of the DFGM.
4.3. coupFGM
The “coupFGM” model combines the contributions from the
droplet and group combustion modes as described by the DFGM
and evapFGM models, respectively. The Lagrangian parcels are
tracked in space with individual droplet combustion accounting for
the droplet source terms of energy and C, via S˙ E,d and S˙ C,d . The
group combustion modes are modeled using the tabulated source

terms, S˙ E,g and S˙ C,g , from the planar UFGM. Droplet and group
combustion source terms are used congruently in Eqs. (5) and
(12c). Source terms for Z and C originate from the DFGM before being passed to the planar UFGM, and the same deﬁnition of progress
variable is used between the DFGM and UFGM, such that contributions to C from individual droplet combustion result in combustion
products when passed to the gas phase.
5. Results and discussion
5.1. Individual droplets
Validation of the DFGM is explored by comparing the burn rates
(K = dD2 /dt [mm2 /s]) and normalized ﬂame radii (rf /rs ), where rf
is the ﬂame radius determined by the peak ﬂame temperature, to
experimental data from Refs. [41–45], and also to the two-zone
[17] and multi-zone [18] models. All experiments are conducted for
single burning methanol droplets in micro-gravity environments to
avoid natural convection effects on combusting droplets by either
utilizing a drop tower or conducting experiments in a spacelab.
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Fig. 10. D10 and D32 average droplet size comparisons of the experimental measurement (symbols), evapFGM (dot-dash line), DFGM (dashed line), and the coupled FGM
(solid line) for the z = 25 mm plane at both ﬂow rates.

Fig. 11. Instantaneous slices of OH concentration at the y = 0 plane showing the evapFGM, DFGM, and coupFGM results for the two volumetric annular ﬂow rates increasing
from top to bottom compared to the instantaneous experimental OH PLIF images of Friedman and Renksizbulut [22]. Reprinted from Combustion and Flame, [22], Copyright
(1999), with permission from Elsevier.
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Fig. 12. Averaged slices of OH concentration at the y = 0 plane showing the evapFGM, DFGM, and coupFGM results for the two volumetric annular ﬂow rates increasing
from top to bottom compared to the averaged experimental OH PLIF images of Friedman and Renksizbulut [22] taken from 100 snapshots. Reprinted from Combustion and
Flame, [22], Copyright (1999), with permission from Elsevier.

Table 2
Comparison of experimental [41–45] burn rates (K [mm2 /s])
and normalized ﬂame radii (rf /rs ) to a two-zone [17], multizone [18], and the DFGM combustion models.
Method

Do (μm)

K (mm2 /s )

rf /rs

Drop tower [41]
Drop tower [42]
Drop tower [43]
Drop tower [44]
Spacelab [45]
Two-zone [17]
Multi-zone [18]
DFGM
DFGM
DFGM
DFGM
DFGM

400
900
10 0 0 − 1500
1440
30 0 0
400 − 3000
400 − 3000
400
900
1300
1440
30 0 0

0.692
0.604
0.590
0.540
0.543
0.734
0.537
0.687
0.675
0.668
0.666
0.587

–
–
4.06
5.35
–
10.10
5.49
5.34
5.51
5.41
5.46
5.44

Only cases with zero cross-ﬂow are considered for comparison and
all experiments use a ﬁber support to stabilize the droplet except
for Yang et al. [41], that considers unsupported droplets in freefall. The two-zone and multi-zone models are desirable models due
to the computational eﬃciency achieved when assuming a diffusion controlled ﬂame with inﬁnitely fast chemistry. The two-zone
model considers only regions between the droplet surface and the
ﬂame, and then the ﬂame to the far-ﬁeld conditions, where transport properties are averaged in these two regions. The multi-zone
model improves on the two-zone approach by considering more
regions to more accurately capture the changes in transport properties versus temperature. However, neither model is capable of
capturing the effects of ﬁnite-rate chemistry.

Table 2 summarizes the comparisons K and rf /rs for all droplet
sizes burning in air at an ambient temperature and pressure
of Tamb = 298 K and Pamb = 1 atm, respectively. The two-zone and
multi-zone models are reported for all droplet ranges as these values are unaffected by droplet size since the rate of burning is assumed to be diffusion controlled. Without including the effects of
ﬁnite-rate chemistry, the multi-zone model is able to better capture the burn-rate and ﬂame standoff than the two-zone model
through better treatment of the transport properties in the gasphase. Accounting for the effects of ﬁnite-rate chemistry with the
DFGM results in a decrease in burn rates with decreasing droplet
diameter consistent with the data in trend and magnitude, with
an average error in K of 11.28%. Figure 5 shows m˙ d versus Dd
for the two-zone, multi-zone, and the DFGM combustion models
for methanol droplets burning at T = 1200 K in air. The effects of
ﬁnite-rate chemistry are observed for the DFGM as m˙ d gradually
decreases with decreasing droplet diameter down to Dd  50 μm,
where ﬁnite-rate chemistry effects become important and droplet
extinguishment occurs at Dd  40 μm. The simpler droplet models
show linear trends of m˙ d versus Dd – consistent with D2 theory.
The thin-ﬂame models tend to bound the values of m˙ d from the
DFGM until Dd = 50 μm and then continue to burn in a diffusion
limit until reaching zero, after the DFGM model has extinguished.
Due to the inability to account for intermediate species such as
OH, the thin-ﬂame models will not be considered when comparing to LES simulations.
5.2. Spray ﬂame
A methanol spray ﬂame surrounded by an annular air
jet was investigated by Friedman and Renksizbulut [22] using
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Fig. 13. OH concentration comparisons of the experimental measurement (symbols), evapFGM (dot-dash line), DFGM (dashed line), and the coupFGM (solid line) for 4.77
(left) and 9.52 l/s (right) cases increasing in distance of the measurement planes from bottom to top.

phase-doppler interferometry (PDI) to determine droplet characteristics, planar laser-induced ﬂuorescence (PLIF) for imaging OH
concentration, and 75 μm type S thermocouples to determine temperature proﬁles. A standard pressure-swirler nozzle is used to inject methanol droplets in a hollow-cone conﬁguration. The nozzle
is surrounded by a brass ﬁtting with a diameter of 50.4 mm that is
surrounding by another tube with a diameter of 63.6 mm to create
an annular air inlet to surround the spray. A single mass ﬂow rate
of liquid methanol fuel is set at 0.42 g/s. Two different volumetric
ﬂow rates of the surrounding air jet are chosen at Qg = 4.77 (Q1),
and 9.52 l/s (Q2) corresponding to Reynolds numbers of 13,000 and
26,000, respectively. Measurements of gas temperature, OH concentration, along with liquid Sauter mean diameter (D32 ), and volume
ﬂux are collected at 25, 60, and 100 mm downstream of the injector.
Experimental images of the methanol spray ﬂame for the Q1
and Q2 annular volumetric ﬂow rates are reproduced in Fig. 6,
which nicely show the trajectory of the droplets. Droplet traces are
visible on the outer edged of the ﬂame, suggesting droplets are capable of leaving the reaction zone without evaporating completely
and may undergo individual droplet combustion. As pointed out by

Friedman, the ﬂame for Q1 exhibits a reaction zone that exists on
both sides of the spray and begins to attach to the surface of the
bluff body showing a “tulip” or bulbous shape near the base of the
ﬂame. Increasing the air ﬂow rate to Q2 shows a broader reaction
zone with a triangular ﬂame shape that appears to connect to the
bluff body and then taper in towards the centerline.
Figure 7 shows the solid geometry used to model the annular jet and the grid used in the simulation, with compression located near the methanol inlet. The upper portion of the annular
jet apparatus is modeled in the 3D CAD software, Autodesk Inventor® and exported as a stereolithography (STL) ﬁle. The STL
ﬁle is incorporated into the LES using a newly developed level set
based cut-cell method [46]. The Cartesian domain has a square
cross-section in the x and y directions of 80 mm with an overall
height in the z-directions of 260 mm. The initial 75 mm is setup to
model the annular jet inlet with the velocity inlet condition set as,
Win = Qg /Ainlet , where Ainlet is the annular inlet area. The methanol
simplex spray is initialized at z = 225 mm such that 185 mm is captured above the inlet to compare qualitative OH PLIF images. The
LES are conducted on a mesh consisting of approximately 2.5 million nodes with grid compression in all directions centered near
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Fig. 14. Centerline slice contour of (a) the normalized ratio of S˙ E,g over (S˙ E,g + S˙ E,d ),
and (b) the normalized ratio of S˙ E,d over (S˙ E,g + S˙ E,d ), ranging from 0 to 1. Each column represents the ﬂow rate of Qg = (left) 4.77 and (right) 9.52 l/s.

the inlet of the spray, resulting in a resolution of, xi  1.2 mm in
all directions near the injector. The numerical algorithm and discretization methods used to solve the LES equations are the same
as that used for the FGM. The droplet spray is initialized using
an injector model that includes a log-normal distribution, inviscid ﬂow theory, and a normalized volume ﬂux PDF to describe
the droplet size distribution, initial velocity, and spray angle at the
nozzle exit. Further details and validation of the injector model can
be found in Appendix A.
Figure 8 shows instantaneous snapshots of centerline gas and
droplet temperatures. Each column represents a different model
with the left column being the evapFGM, the center column is the
DFGM, and the right column is the coupFGM. The rows represent
the different ﬂow rates, Q1, and Q2. The evapFGM approach displays a higher concentration of droplets than the other two models
due to only modeling droplet evaporation, which have lower mass
loss rates than a burning droplet. The DFGM model exhibits lower
temperatures due to droplets quickly reaching the extinguishment
limit, ∼ 40 μm, and not including any group combustion. When
coupled with the gas phase chemistry, higher temperatures are
possible and are seen between the center of the jet and the annular ﬂow, but tend to be lower in the center due to higher mixture

fractions and lower group combustion. Good qualitative agreement
is observed between the spray angles and combustion regions
when compared to the experimental images.
Figure 9 shows time averaged radial temperature comparisons
at z = 25, 60, and 100 mm downstream. Experimental averages for
temperature and droplet sizes are taken using a ∼ 2050 sample
data set taken at a 250 Hz sampling rate [47]. Simulation averaging
is started after approximately ﬁve ﬂow-through (FT) times deﬁned
as, F T = 185 mm/Uo, where 185 mm is the domain length from the
injection point to the outlet and Uo is the annular air-jet velocity.
The averaging is done using 100 snapshots over a one-second period, which corresponds to approximately 22 and 45 FT times for
the Q1 and Q2 cases, respectively. Each column represents a different ﬂow rate, increasing from left to right and each row represents a different z-location, increasing from bottom to top. The
DFGM model predicts centerline temperatures reasonably well for
lowest plane, where most of the droplet combustion occurs before quickly reaching the extinguishment limit resulting in lower
temperatures downstream. The evapFGM model predicts centerline temperatures well for most cases except for the z = 25 mm
for Q2. It mostly over-predicts temperatures with increasing radius
and does not match the peaks well at z = 25 mm.
The coupFGM cases under-predict the temperature on the centerline, but as the height of the measurement increases it overpredicts temperatures with increasing radius where values of mixture fraction are closer to the stoichiometric limit. The peak temperature locations of the coupFGM do match up with the data relatively well. Some of these differences may be due to wetting of
the thermocouples from the spray which results in lower measured temperatures. The coupFGM and evapFGM models agree to
measurements better at further downstream locations, when the
ﬂow becomes more uniform. The best agreement between the LES
and data occurs when the ﬂow rates and distances from the injection point are increased. Overall the coupFGM model best matches
the temperature data, with the individual droplet model ﬁtting the
data better in the centerline for the lowest measuring planes. Further investigation into the group combustion and combination of
the DFGM and UFGM is necessary to better understand the competition between individual droplet and group combustion processes.
Figure 10 shows the average droplet distributions for the arithmetic mean diameter (D10 ) and the Sauter mean diameter (D32 )
moments and are compared to the experimental data at the z =
25 mm plane for the two volumetric ﬂow rates considered. Each
column represents a different ﬂow rate, increasing from left to
right. Both droplet distributions are compared to assess the validity of using a log-normal droplet distribution to describe the
spray and is particularly challenging to deﬁne due to the evaporation and combustion of droplets during measurements. Overall, the
droplet statistics from each model are relatively similar in shape
and magnitude and reasonably match the experimental data. The
major differences between the models and the measured distribution is the centerline droplet distribution, where higher values of
D10 and D32 moments are shown on the centerline. The centerline
peak is most likely due to droplet evaporation effects being a minimum on the centerline, not observed in the water spray case. This
is evidenced by the evapFGM having the highest value on the centerline which only considers evaporating droplets, followed by the
coupFGM which considers a mix of evaporating and combusting
droplets. Finally, the DFGM approach matches the data on the best,
mainly due to modeling burning droplets only, except for when the
droplets dip below the quenching limit. The best agreement is observed with the DFGM for the D10 averages for the Q1 case.
A major beneﬁt of deﬁning individual droplet combustion using
a DFGM compared to a thin-ﬂame model, is its ability to capture
minor species development, such as CO, NO, OH, etc., that could
be important when attempting to reduce harmful emissions or
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fdescribing the combustion characteristics. Figure 11 shows instantaneous (left column) OH PLIF images with increasing ﬂow rates
from top to bottom, where the spray is observed at the bottom
of the images due elastic scattering [22]. Figure 11 shows instantaneous comparisons of the OH PLIF taken during the simulations
for the evapFGM, DFGM, and coupFGM. To better compare the results, the legend is kept constant for all three cases and set near
the maximum OH concentration for the DFGM model. The actual instantaneous maximums for the Q1 case are 3150, 947, and
2991 ppm and for the Q2 case are 3529, 760, and 3598 ppm, for
the evapFGM, DFGM, and coupFGM models, respectively. It is seen
from these comparisons that the models are capable of capturing the general shape of the OH PLIF. The most notable difference
among the three models is the limited amount of OH produced by
the DFGM model, which is again due to the droplets reaching extinguishment relatively quickly. As the ﬂow rate is increased for all
cases, the height of the centerline convergence point decreases and
some OH detachment is observed in the more turbulent regime.
Flame attachment to the bluff body and “wisp” are best captured
by the coupFGM.
Figure 12 shows slices of the OH signature averaged over 100
instantaneous slices, consistent with the number of experimental
images used to construct Fig. 12 (left column). Experimental images were taken once every 3 − 5 s due to limitations in saving the
ﬁles to the computer disk [47] and 100 simulation snapshots were
taken during one second as described previously. The annular ﬂow
rate exhibits an effect on the ﬂame shape such that, increasing Qg
results in OH converging to a point above the spray. This converging point decreases in height and the base of the PLIF widens with
increasing ﬂow rates. The DFGM and coupFGM slices for Q1, appear to be “tulip”/bulbous shaped with some OH attachment to the
bluff body, which agree well with the experimental image. As the
ﬂow rate increases to Q2, the DFGM and coupFGM again appear to
be similar with a more triangular base, a shorter point of convergence, and ﬂame attachment to the outer edge of the bluff body.
The OH contours show good overall qualitative agreement and the
level of agreement is comparable to those of Kim et al. [48].
Figure 13 shows the comparison between the measured OH
concentrations and the modeled values for increasing ﬂow rate
from left to right at the three different measurement planes, increasing in distance from bottom to top. It is seen from this ﬁgure, that the general shape and magnitudes of the OH concentrations match up relatively well, even though the experimental values can be as much as 50% in error due to the level of assumptions necessary to obtain OH concentrations from PLIF [22]. The
z = 25 mm plane shows the best agreement when comparing the
broadness and peak values of the PLIF, where the coupFGM model
tends to capture the shape and magnitude well. As the distance
from the injection point is increased to z = 60 mm the coupFGM
model agrees well with the magnitudes, but does not appear to
broaden as well as the evapFGM model. In the ﬁnal plane, the
coupFGM model matches the magnitudes and shape reasonably
well. The trends from the OH and the combustion temperatures for
the LES agree relatively well, showing similar trends between the
energy release associated with the presence of OH and the evaluated temperatures. Conversely, the experimentally measured temperatures tend to be higher in the core where OH measurements
are relatively low, emphasizing the effects of not accounting for the
radiation on the thermocouple. Overall, the best agreement is observed between the coupFGM model and the experimental data,
especially for Q2 case where the shape and magnitudes match
well. This implies the combination of individual droplet and group
combustion is important. This result is also encouraging due to the
non-intrusive nature of the OH PLIF measurements.
The competition of droplet and group combustion modes of
burning is shown in Fig. 14, with Fig. 14(a) expressed as a con-
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tour plot of, S˙ E,g /(S˙ E,g + S˙ E,d ), ranging from 0, corresponding to
no group combustion, to 1 corresponding to entirely group combustion energy release. Figure 14(b) shows the contour plot of,
S˙ E,d /(S˙ E,g + S˙ E,d ), ranging from 0, corresponding to no droplet combustion, to 1 corresponding to entirely droplet combustion energy
release. The energy release is more mixed as the ﬂow rate increases, due to the induced turbulence of the annular jet and its
effects on the droplet momentum. For all ﬂow rates, there are very
few centerline group combustion burning modes present and it is
not until the annular ﬂow rate is increased to Q2 that the group
combustion reactions in the centerline reduce and appear closer to
the bluff body. The recirculation zone around the bluff body brings
fresh air to the incoming droplets and the increase in turbulence
exposes droplets to heat air resulting in more droplet combustion
in these regions. None of the plots show the energy release to be
entirely due to droplet or group combustion - emphasizing the importance of including both mechanisms when individual droplet
combustion is possible.
6. Conclusion
A new droplet ﬂamelet-generated manifold (DFGM) methodology is developed which expands on previously developed FGM
modeling for spray combustion by including the effects of individual droplet burning. The DFGM allows for the inclusion of detailed chemistry into models of individual droplet burning while
still maintaining computational eﬃciency. Good agreement is observed between DFGM predictions and data for individual droplet
burn rates and normalized ﬂame radii. Comparisons of m˙ d from the
DFGM, the two-zone, and multi-zone models show the transition
from diffusion to kinetically controlled modes of burning occur
with decreasing diameter.
The DFGM is then considered as an SGS model in LES for a
methanol spray ﬂame. In this study, three modeling approaches
are explored of (i) an evaporating droplet coupled with a UFGM
(evapFGM), (ii) a DFGM model, and (iii) thee DFGM coupled with
the UFGM to account for group combustion (coupFGM). The evapFGM is used to describe spray combustion in the dilute limit
when mostly droplet evaporation and group combustion should
be present. The DFGM model is considered on its own to account
for the ﬁnite-rate effects of individual droplet combustion. Lastly,
the coupFGM accounts for droplet and group combustion modes
of burning by considering the limits of the droplet source terms
for energy and progress variable (C) when immersed in increased
levels of mixture fraction (Z). Using the same numerical setup and
only interchanging the three combustion models, LES is compared
to the experimental methanol spray with an annular air jet explored by Friedman and Renksizbulut [22]. Overall good qualitative
agreement with data of gas temperature and OH, along with liquid droplet proﬁles of arithmetic mean diameter (D10 ) and Sauter
mean diameter (D32 ) versus radius are observed.
The evapFGM model tends to have broader predictions for both
temperature and OH concentration than the other two models and
does not tend to predict the overall trends or peak locations. The
DFGM model only accounts for individual droplet combustion with
ﬁnite-rate chemistry, but due to the extinguishment of particles
below 40 μm, additional heat release does not occur between the
fuel and oxidizer. By accounting for both individual droplet and
group combustion sources, the coupFGM model is not only capable of better resembling the ﬂame images in a qualitative sense,
but the OH concentrations match relatively well in magnitude and
trend, especially for the higher ﬂow rate case. Some quantitative
differences remain due to modeling uncertainties associated with
blending the DFGM with UFGM. For the spray ﬂame considered,
both individual droplet and group combustion modes of burning
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are observed – indicating that individual droplet burning modes of
combustion should not be ignored in LES of spray combustion.
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Appendix A. Injector model
A major challenge when attempting to model liquid sprays, is
the initialization of the droplet diameters, velocities, and spray angle to best match experimental data. Typically, injectors are modeled based on the droplet velocities, size and spatial distributions
as provided from the ﬁrst measurement plane of the experimental
data of interest. However, all three of these values are not always
provided together. Furthermore, it is not reasonable to assume the
droplets measured downstream have not undergone mass or momentum transfer with the gas phase and can be used to characterize the injector. The initial conditions are therefore generalized for
a hollow-cone simplex pressure-swirl nozzle, using a log-normal
distribution (PDFD ) to describe the droplet distribution, inviscid
ﬂow theory to deﬁne the axial velocity, and a PDFθ to determine
the droplet spray angle. The hollow-cone injector is characterized
by ﬁrst considering a water spray studied by Friedman and Renksizbulut [49], due to the relative ease of characterizing the spray,
since droplet sizes remain relatively constant. The injector model is
then extended to the methanol spray case, where evaporation and
combustion of droplets are likely to occur at the ﬁrst measurement
plane downstream at Z = 25 mm [22].
A log-normal distribution is used to account for the statistical variation in droplet sizes, using the count median diameter
(CMD) and geometric standard deviation (σ ) to deﬁne the PDFD ,
expressed below [50].

 √
0.5
σμ
D32 = 4.52 √ l l
(t cos(θsa ) )0.25
ρa Pl
+ 0.39

(ln(Dd ) − ln(CMD ) )2


× exp −
2ln2 (σ )


(A.1)

After obtaining multiple values of Sauter mean diameter (D32 ) and
mean volume diameter (D30 ) from the experimental data [49],
an average value of the geometric standard
deviation (σ ) is de



ln(D32 /D30 ) = 1.43. This

value of σ is assumed to be a property of the type of nozzle
considered and therefore is the same for the water and methanol

 σρ
l l
ρa Pl

0.5

(t cos(θsa ) )0.5

(A.2)

where the subscript l deﬁnes a liquid property, subscript a deﬁnes
a property of air, σ l is the surface tension, μl is the viscosity, Pl
is the injection pressure differential, t is the ﬁlm thickness, and
θ sa is the geometric spray angle. The values of D32 at the nozzle
are deﬁned for water and methanol using Eq. (A.2), then the CMD
is readily determined, where CMD = 79.2 μm and CMD = 54.1 μm
for water and methanol, respectively. Figure A1(a) shows the sampled droplet distribution of the water spray versus the exact PDFD
used to initialize the droplets, where the peak value corresponds
to a count mode diameter of D = 69 μm at the injector. All other
droplet moments, i.e., CMD, D10 , D30 , and D32 are found to the right
of the peak.
To describe the injected droplet velocity and position, an inviscid ﬂow model is used to solve for radial and axial velocities of a
simplex pressure-swirl nozzle [3]. In this approach the ﬂuid is considered to travel through the nozzle and out of the oriﬁce with no
head losses, resulting in the following set of relations to initialize
a droplet trajectory;

X=

Aa
1 − cos2 θsa
=
Ao
1 + cos2 θsa


Ap
K=
=
Ds do
uax =

1

P DFD (Dd ; σ , CMD ) = √
2π Dd ln(σ )

termined from the relation, σ = exp

cases. The CMD, deﬁned as CMD = D32 /exp[2.5(ln2 (σ ))], is needed
at the nozzle exit and can be determined using the the semiempirical formula for D32 [3] given as;

urad =

π 2 (1 − X )3
32X 2

m˙ l

ρl A o ( 1 − X )
m˙ l

√

ρl do2 K X

θ = CDFθ−1 (F )

= uax tanθ

(A.3a)

(A.3b)

(A.3c)

(A.3d)

(A.3e)

where X is the ratio of the air core (Aa ) and the oriﬁce area (Ao )
and is also given in terms of the hollow-cone spray angle θ sa .
K = A p /Ds do is the ratio of the total nozzle port area (Ap ) to the
product of the swirl chamber (Ds ) and oriﬁce (do ) diameters. The
axial velocity (uax ) is solved for directly, while the radial velocity is

Fig. A1. Showing (a) PDFD comparisons of the exact and sampled distribution, (b) slice at y = 0 of the 3D water spray with gravity in the +Z direction, and (c) time averaged
D30 and D32 vs. radius for the water spray compared to experimental data at the z = 50 mm plane measured by Friedman and Renksizbulut [49].
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evaluated based on the stochastic description of the injection angle, (θ ). To determine θ , a PDFθ of injection angle θ is created by
curve ﬁtting averaged normalized volume ﬂux data versus normalized spray angle for multiple hollow-cone nozzles [3,49]. Using a
PDFθ determined from normalized volume ﬂux is similar to the
approach of Kim et al. [48]. The PDFθ is then transformed to the
cumulative distribution function (CDFθ ) and sampled during runtime with a random variable, F assigned between 0 and 1 using
Eq. (A.3e).
Figure A1(b) shows a slice at the y = 0 plane of the 3D water spray calculation after applying the relations above to determine initial droplet size, velocity, and droplet injection angle.
Figure A1(c) shows the comparisons of the averaged droplet moments, D30 and D32 , of the simulation and experiment at the measurement plane 50 mm downstream from the injection point of the
water spray. Overall good agreement is observed, especially between r = 20 and r = 40 mm for both droplet moments. The values of D30 match up well with the data, while some discrepancy
is observed for the values of D32 near the center. These differences
are likely due to the approximation of using a single value of σ
for the droplet distribution for all radii. In reality, the droplet distribution changes with injection radius due to droplet centrifugal
forces which preferentially leaves smaller droplets in the center
of the spray [3]. The methanol spray is initialized by using the
same value of σ = 1.43 as the water spray case and by applying Eq. (A.2) to determine PDFD . The inviscid ﬂow relations from
Eqs. (A.3) are used to determine the axial velocity and the PDFθ
is determined via the averaged volume ﬂux and geometric spray
angle, θsa = tan−1 (urad /uax ) of the methanol spray. Applying these
three conditions results in a complete set parameters to describe
the methanol droplet injection.
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