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Modeling of particle compressibility and ignition from shock focusing
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Buffalo, New York 14260-4400, USA; b Sandia National Laboratories, Albuquerque, NM 87185, USA
(Received 3 April 2009; final version received 23 October 2009)
Two-phase shock-driven reacting flow simulations are conducted to determine the postdetonation shock-focusing ignition and burning of aluminum particle mixtures. A model
for aluminum particles that accounts for material compressibility from shock heating
and expansion is presented. The Lagrangian description of the particles is incorporated
into an Eulerian description of the gas phase resulting in a fully compressible, twoway coupled simulation. Simulations are conducted of an isolated explosive located
near a corner to promote ignition of the particles from shock focusing. Parametric
studies are conducted to determine the effects of equivalence ratio, particle size, and
charge placement, on the post-detonation pressure and impulse. Results highlight the
importance of the timing and position of the shock focusing event relative to the local
mixture equivalence ratio that results in an optimal equivalence ratio which maximizes
impulse for the geometry considered.
Keywords: aluminum ignition, particle compressibility, shock heating

1. Introduction
The prediction of ignition in multiphase flows is one of the most challenging subjects in
combustion science. Control and characterization of shock induced ignition processes
include ignition of condensed phase explosives [1, 2], abnormal ignition of propellants [3], burning of metal additives in rocket motors [4], explosion safety issues in
dusty environments (e.g. flour mills, grain elevators and coal mines) [5, 6], and the
fundamental issues of deflagration-to-detonation-transition (DDT) for single-phase [7]
and two-phase mixtures [8]. The common phenomena shared with all of these applications is the presence of “hot-spots” from local shock–shock interactions which provides local ignition points throughout the media. The location and distribution of hotspots are dependent on shock propagation processes in multiphase media which, in
turn, depend on the local particle loading, material properties and the state of turbulent
mixing.
Multiphase formulations for describing these particle laden flows has a long history,
often in the context of shock waves in dusty gases [6, 5]. The analysis for these flows
assumes relatively weak shocks (p  100 atm) in dilute particle suspensions with a constant solid phase density. Numerous studies have employed dusty gas approximations to
examine the interaction of shocks. Examples include shocks interacting with inert [9],
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coal [10], aluminum [4], and hydrocarbon [11] particles and droplets. A recent review
of the literature in this area applied to DDT is provided by Zhang [12]. It should be
emphasized that in all of these studies the compressibility of the solid particulate is not
considered.
Baer and Nunziato (BN) first introduced the effects of compressibility for both the gas
and solid phases in the context of modeling condensed phase deflagration-to-detonationtransition (DDT) [13]. In their formulation mesoscale models are devised using an entropy
inequality in the context of rational thermodynamics [14]. Several authors have built upon
these concepts to examine DDT of explosives [8, 11, 15–17]. Bdzil et al. provides a
critical review of the BN model and associated studies related to DDT up through 1999
and suggest several improvements. Most of the studies using the BN model have focused on the phenomena of DDT with the exception of Zhang et al. [17] who adopted
the BN model to study the explosive dispersal of inert iron particles. In their study, they
developed a heuristic model for the equation of state and examined the effect of varying the particle size and charge diameter on the interactions between particle dynamics
and blast wave propagation. In all of the above mentioned efforts, Eulerian descriptions
of both the gas and solid phases are used which suffer numerical stability problems at
very low solid volume fractions and therefore are often limited to the early stages of
dispersal.
In the current study, the solid phase consists of aluminum particulate but the modeling
approach could be applied to any type of particles (e.g. hydrocarbon droplets, coal, etc.).
The solid phase loading regime lies in between the limits of a dusty gas and that of a
condensed phase explosive. It is the flow regime associated with post-detonation dispersal
and ignition of solid reactive particulate. The initial solid loading is low enough (αS ≤
0.4) that configurational stresses associated with the granular-particle structure are small.
However, the solid volume fraction changes significantly as the mixture expands resulting
in large changes in energy.
The rest of the paper is organized as follows. First a presentation of the mathematical
formulation of the gas and particle phases is presented. A Lagrangian description is used for
the particles to avoid numerical errors associated with Eulerian descriptions at low volume
loadings. Local gas-phase solutions are used to describe the interaction of particle with
the gas – analogous to Spaulding type descriptions of droplet evaporation and burning but
with additional terms to account for the compressibility of the particle. The advantage of a
local gas solutions is the ability to connect particle interface processes with the far-field gas
solution which includes pressure sensitivity on the rate of burning of the particle (via the
vapor pressure), dynamics of aluminum oxide motion and cap formation, etc. A new particle
closure is introduced to describe the compressible work that is consistent with the BN model
for compressible mixtures. The final formulation results in a local eigenvalue problem to
determine the conjugate heat and mass transfer processes to the particle in addition to
compaction heating/cooling. The particles are coupled with an Eulerian description of the
gas phase to examine the effects on ignition of aluminum particles from a simplified shock
focusing event. Numerical implementation details are summarized with a discussion of
the numerical stiffness issues associated with integrating the intrinsic density equation for
each particle. Results are presented for the dispersal of a particle–gas mixture into the
corner of a two-sided rectangular enclosure resulting in a shock focusing event along the
diagonal which serves to ignite the particles. Cases are conducted to vary initial particle
size, equivalence ratio and location of charge. Conclusions are then drawn and suggestions
for extensions of this work summarized.

Combustion Theory and Modelling

Downloaded by ["University at Buffalo, the State University of New York (SUNY)"] at 11:59 09 November 2011

2.

43

Mathematical formulation

2.1. Gas phase
The gas phase system is formulated by phase-averaging of the Navier–Stokes equations
over a representative volume thatis compactly defined by the filter function, G(x − x  ),
with the normalization property, V∞ GdV = 1. Application of the filtering operator and
neglecting bulk phase molecular viscosity, conduction and diffusion processes results in
the following system of equations for volume, mass, momentum and energy transport.
∂αg
+ ug · ∇αg = Vg+
∂t
∂αg ρg
+ ∇ · (αg ρg ug ) =
∂t
∂αg ρg Yi,g
+ ∇ · (αg ρg Yi,g ug ) =
∂t
∂αg ρg ug
+ ∇ · (αg ρg ug ug ) =
∂t
∂αg ρg et,g
+ ∇ · (αg ρg ug et,g ) =
∂t

(1a)

cg+

(1b)

+
αg ṁ
i + cg,i

(1c)

−∇ · (αg pg ) + m+
g

(1d)

−∇ · (αg pg ug ) + eg+

(1e)

where αg is the gas-phase volume fraction defined from the lagrangian particulate phase,
+
+
, cg+ , m+
and Yi,g is the mass fraction of the i-th gas species. The terms Vg+ , cg,i
g and eg
in Equation (1) represent source terms for volume, mass, momentum and energy phaseexchange processes from the particulate phase and are defined as,
Vg+ = −
+
cg,i




=
A

cg+ =

(V I − ug ) · nP GdA
ṁg,i GdA

N

i=1

m+
g


=

eg+ =



A

A

(2a)

A

+
cg,i
=


AP

(2b)
ṁg GdA

(2c)

(ug ṁg + σ · nP )GdA

(2d)

[et,g ṁg + q̇g + (ug · σ g ) · nP ]GdA

(2e)

∼g

∼

where ṁ (= ρg (V I − ug ) · nP ) is the mass flux per unit surface area of a particle defined
in terms of the phase interface velocity (V I ) and surface area normal (nP ). The quantity
q̇g = −kg ∇T · nP is the heat conduction at the surface of the particle and σ g is the Cauchy
∼
stress tensor. The closure of of these terms requires knowledge of the micro-mechanics
of
the particulate field which can be postulated based on thermodynamic principals [18, 19],
asymptotic theories [20] or localized solution approaches [19]. In the present effort, a local
solution approach is used based on an extension of the particle model of DesJardin et al.
[21]. The details of this model and its extension for the current study are discussed next.
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Figure 1. Sketch of particle (a) stage I ignition and (b) stage II burning. Note, the thickness of the
oxide layer in stage I is exaggerated for clarity.

2.2. Particulate phase
The aluminum particle model is divided into two stages of ignition and quasi-steady burning
illustrated in Figure 1. The transition to quasi-steady burning is defined by Tp > 1500 K
[21]. The ignition of aluminum particles begins with a relatively short heterogeneous
surface reaction (HSR) stage (Figure 1a) and quickly transitions to a quasi-steady diffusion
flame (Figure 1b) with a detached spherical flame positioned off the particle surface at
two to five radii [22, 23]. During the ignition phase, the particle heats up from convection
and volumetric compression processes to its melting temperature. Figure 1(a) shows the
relatively short lived HSR stage consisting of solid metal (ms ) and liquid metal (ml )
surrounded by a layer of metal-oxide (mmox ). Upon heating from convection and volumetric
compression, the particle temperature increases until a melting phase transition occurs.
Melting is monitored with a progress variable, γ , defined as the mass fraction of liquid
mass in the particle, γ = ml /(ml + ms ). If γ > 0 then metal-oxide is allowed to form at the
liquid–metal-oxide interface as result of oxygen having diffused through the metal-oxide
shell along its grain boundaries. Other diffusion mechanisms may also be present but these
mechanisms are thought to be of secondary importance in comparison to grain boundary
diffusion and therefore are neglected [24, 25].
At sufficiently high temperature and mechanical loading, the particle oxide layer peels
back and collects as a cap allowing for molten aluminum to evaporate and form a diffusion
flame [26]. As the particle burns, solid oxide condensates formed in the diffusion flame
diffuse outward and also towards the particle surface. The solid condensate that reaches
the particle surface is assumed to accumulate on the leeward side of the particle, forming
a cap. This cap serves to reduce the overall surface area of the particle, and in some
cases, has been observed to result in violent surface gas ejection due to dilution of molten
aluminum with oxides along with the participation of nitride reactions [27–29]. The vapor
phase combustion is treated using an extension of the conserved scalar formulations for
hydrocarbon droplets [30]. In this approach, standard approximations are employed that
readily allow for a semi-analytical solution to the gas phase system. These approximations
include a unity Lewis number, ρDm is a constant (i.e. Chapman gas assumption) and
constant specific heats. Therefore the steady-state, 1D spherical, transport equations are the
same as classical hydrocarbon droplet analysis except that the total mass flux is interpreted
to be the sum of fluxes due to gas plus metal-oxide. The exact phase of the metal-oxide
(i.e. solid vs. gas) is not delineated since it is assumed that the diffusion of the small
metal-oxide particles in its fume is the same as that of the gaseous species. This appears
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to be reasonable since the products of combustion include gaseous sub-oxide species such
as AlO, AlO2 and Al2 O which are thought to condense out while forming Al2 O3 as they
diffuse from the flame to the particle surface. In addition, effects of thermophoretic diffusion
also push the metal-oxide particles from the hot flame to the relatively cooler surface. The
current approximations may therefore account for the leading order effect of thermophoretic
diffusion since the temperature and species gradients are proportional to each other. The

) on the particle surface
novelty of the analysis is the inclusion of oxide deposition (Ṡmox
through the surface boundary conditions to account for the deposition of metal-oxide,
resulting in a modification of the usual Shvab–Zel’dovich coupling functions [21].
The particles are described using a Lagrangian reference frame with lumped approximations to describe the phase changes of the aluminum and its cap formation as a collection
of ordinary differential equations in terms of (unknown) surface quantities,
⎧
1
⎪
[ṁsl − (1 − γ )ṁls ]
stage I
⎨
(3a)
dγ /dt = ml + ms
⎪
⎩ ..........................
0
stage II
⎧
ṁ − ṁls
stage I
⎪
⎨ sl
. . . . . . . . .
(3b)
dml /dt =
⎪
⎩ ṁ dAP
stage
II
l
⎧
⎪
⎨

νox ṁls
.
.
.
.
.
............
dmP /dt = 
⎪

⎩ (ṁ − Ṡ  )dAP
l
mox

stage I
(3c)
stage II


mP duP /dt =

[σ · nP ]dAP
∼P

stages I & II

(3d)

⎧

⎪
⎪
⎪ [(uP · σ∼ P ) · nP − q̇P ]dAP − hls ṁsl − ṁsl hr,sl stage I
⎨
mP deP /dt = . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
⎪
⎪
⎪
⎩
stage II
[(uP · σ ) · nP − q̇P ]dAP
∼P

(3e)
where the subscripts l, s and P denote properties of the liquid, solid and average metal
properties, respectively, and νox (= 0.886) is the stoichiometric amount of oxygen consumed
per unit mass of metal. Equations (3a) and (3b) describe the time rate of change of liquid
mass fraction and overall liquid mass in the particle. These equations have source and sink
terms associated with aluminum melting (ṁsl ) and HSR (ṁls ), respectively (see Figure 1a)
and are determined from the following relations:

ṁsl =
ṁls =

⎧
⎨
⎩


−

q̇P dAP − ṁsl hr,sl / hls for 0 < γ < 1 and TP = TM,Al
0

Asls A1 exp(−EA /R Tsls ) for γ > 0
0
otherwise

otherwise
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Table 1. Thermophysical particle and gas properties.
Al particle properties
hlg (evaporation)
hls (melting)
TM,Al
ρP ,0
Gas phase properties
P rg = Scg
Reactive thermochemistry
hr,ls (heterogeneous surface reactions)
hr,gs (homogeneous gas-phase reactions)
νox
Ea
A1

11,834.82 kJ/kg
396 kJ/kg
934 K
2700 kg/m3
0.613
−31, 000 kJ/kg
−43, 334.82 kJ/kg
0.886
95,395 J/mol
200 kg/m2

where hls = 396 kJ/kg is the heat of melting and hr,ls = −31, 000 kJ/kg is the heat of
reaction for the liquid surface reactions. The HSR kinetic parameters A1 = 200 kg/m2
and EA = 95, 395 J/mol are taken as constants from the experimental study of Roberts
et al. on the shock ignition of aluminum particles [31], but in general are functions of
the surrounding gas pressure and oxidizing environments. These sensitivities, however, are
not accounted for in the present model. The material consumed from HSR is assumed to
be small so that the surface area of the heterogeneous reaction front, Asls , is set equal to
the surface area of the particle, AP . A summary of thermophysical constants used in the
aluminum particle model is listed in Table 1.
The integral terms in Equations (3b)–(3e) represent mass, momentum and energy
fluxes across the control volume interface. In Equation (3d) the integral term involving
the Cauchy stress tensor is simplified using a momentum balance relation across the gas–
particle interface,
−σ · nP = pg nP + F D

stage I

(4a)


−σ · nP = (ṁl − Ṡmox
)(ug − ul ) + pg nP + F D

stage II

(4b)

∼P

∼P

where F D (= F D /AP ) is the average particle drag force (viscous and pressure) per unit
area and pg is the mean gas pressure around the particle. Substitution of Equation (4) into
Equation (3d) and assuming that the mass flux is evenly distributed over the surface (i.e.
effects of particle jetting and spinning are neglected) then the following result is obtained,
mP

π
duP
= ρg DP2 CD |ug − uP |(ug − uP ) + mP g
dt
8

(5)

where the drag force is approximated as: F D = (π/8)ρg DP2 CD |ug − uP |(ug − uP ) and
CD is the drag coefficient expressed in terms of a particle Reynolds number, ReP (=
DP ρg |uP − ug |/µg ), using standard drag laws for flow over a sphere.
CD =

24(1 + ReP 2/3 /6)/ReP

for ReP ≤ 1000

0.424

for ReP > 1000

(6)
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While more refined models for particle drag in high Mach number flow are available [11] the
more simplified approach here has been shown to be adequate for application to detonation
environments [9].
The first term on the right-hand side of Equation (3e) represents compression work
and heat transfer. Approximating σ = −(pP − βP )nP then the surface work term may be
∼P
further approximated as:



(uP · σ ) · nP dAP = −(pP − βP )
∼P

V I · nP −

ρP (V I − uP ) · nP
dAP
ρP

= −(pP − βP )(V̇P − ṁP /ρP )

(7)

where V̇P and ṁP are the time rate of change of particle volume and mass, respectively. The
quantity βP is the configurational pressure that accounts for particle–particle interaction in
the post-detonated state. For all cases in this study the particle volume fraction is sufficiently
low to neglect this term [32], e.g. no particle–particle interactions are considered, however,
it is retained for completeness in the formulation. The sum of V̇P and ṁP over all of the
particles (NP ) in the phase-averaging volume is then the total exchange of volume and
mass for the source terms required in Equations (1a) and (1b), respectively.
NP

V̇Pi = VS+ =

i=1

 NP

∂αs
+ u s · ∇αs = −Vg+
∂t

ṁPi = cS+ = −cg+

(8a)
(8b)

i=1

The exact partitioning of VS+ over the particle field requires knowledge of the local gas
pressure around each particle which, in general, is lost with the process of phase-averaging
– leaving only the average gas pressure. A local solution of the pressure field around the
particle or an assumption regarding the partitioning of the mass and volume must therefore
be introduced which satisfies Equation (8b). Using entropy inequality mixture relations as
a guide, Baer and Nunziato introduced a model for this term in terms of the phase-averaged
solid pressure (pS ), and gas pressure (pg ),
VS+ − cS+ /ρS ≈


αS αg 
pS − pg − βS
µc

(9)

where µc  (pS − pg − βS )αg τ is the compaction viscosity and can be related to a characteristic relaxation time scale (τ ) for the solid phase to equilibrate with the gas phase [13].
The motivation for the model is to account for the bulk effect of unresolved mesoscale
wave mechanics that serves to equilibrate the solid and gas phases. For the present study,
an analogous localized closure for the term V̇P − ṁP /ρP in Equation (7) is proposed.
V̇P − ṁP /ρP = −mP

VP αg
ρ̇P
≈
[pP − pg − βP ]
µc
ρP2

(10)

For an isolated particle, τ may be estimated as: τ = N Do /Co where Do is the initial particle
diameter, Co is a reference speed of sound and N is a characteristic number of acoustic
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transversals for a particle to adjust to its surrounding pressure (set to 3 for this study). An
explicit expression for particle density evolution can be found by rearranging Equation (10).
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ρ̇P = −

ρP αg
[pP − pg − βP ]
µc

(11)

This model serves as the basis for accounting for the changes in particle density at the high
post-detonation pressures and recovers the Baer and Nunziato model in the limit when the
pressure, density, and βP of all the particles in the phase-averaging volume are the same.
Equation (11) requires the pressure from the gas and particle phases which are obtained
from equations of state (EOS). For the gas phase pressure, a Becker–Kistiakowsky–Wilson

(BKW) EOS, p = ρRT (1 + X exp(βX)) is used where X = (κ  xi ki )/(V (T + )α ), and
β, κ, , and α are empirical parameters [33]. The summation, xi ki , is a mass weighted
sum of the co-volumes over all the species in the gas phase. The values of the co-volumes
for various species can be found in Hobbes and Baer [34] and Mader [33] and are, in
general, a function of the initial condensed phase explosive and for the present study are
chosen to be β = 0.403, κ = 10.86, = 5442, and α = 0.499.
For the solid phases, a single Mie–Grüneisen EOS is used to represent the metal solid,
liquid and oxide states. This EOS assumes a constant specific heat, CV ,P (= 1046 J/kg-K)
where the solid pressure is given by p = ph + ρCV (T − Th ) where (ρ) is the Grüneisen
coefficient as a function of density and estimated by = (ρ0 /ρ) o where the o subscript
represents values at standard conditions. The Hugoniot was defined by using a linear relation
between the shock and particle velocity given by, us = c0 + sup , where co is the speed of
sound at standard conditions, us is the speed of the shock, up is the particle speed, and s is
the slope of the us − up curve obtained from experiments [35]. The Hugoniot is related to
standard conditions by the relations [36],
pH (ρ) = po +

µ
ρo co2
(1 − sµ)2

(12a)

eH (ρ) = eo +

µ(pH + po )
2ρo

(12b)

c2 s
TH (ρ) = To exp( o µ) + o exp[
cv


o µ]
o

µ

exp(− o µ )µ2 
dµ
(1 − sµ )3

(12c)

where µ = 1 − ρo /ρ and the following values were used to parameterize the equation of
state, o = 2.00, s = 1.34, c0 = 5.33 km/s, ρo = 2.79 g/cm3 [35].
Using the Mie–Grüneisen EOS, the energy of the particle in Equation (3e) may
be related to temperature via, ėP = CV ,P ṪP − (T ρP CV ,P − pP )ρ̇P /ρP2 = CV ,P ṪP −
(T ρP CV ,P − pP )(V̇P − ṁP /ρP )/mP which when substituted into Equation (3e) results
in the following,

dTP /dt =

⎧
αg (T ρP CV ,P − βP )[pg − βP − pP ]/(CV ,P ρP µC )
⎪
⎪
⎪
⎪
⎪
⎪
−
q̇P dAP + hls ṁsl + ṁsl hr,sl /(mP CV ,P ) stage I
⎪
⎨
...............................................
⎪
⎪
⎪
αg (T ρP CV ,P −βP )[pg − βP − pP ]/(CV ,P ρP µC )
⎪
⎪
⎪
⎪
⎩
− q̇  dAP /(mP CV ,P )
stage II
P

(13)
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where the conduction heat flux term q̇P = −kP ∇TP · nP requires modeling. For stage

where q̇g =
I, a balance of energy across the solid–gas interface requires q̇P = q̇g + q̇rad

−kg ∇T · nP and q̇rad is the net radiation flux leaving the
 particle surface. A Nusselt number
correlation is used to model the particle heat transfer, q̇g dAP = π DP µg CP ,g /P rg (Tg −
1/2
1/3
TP )N uIP where N uIP = 2[1 + ReP P rg /3] and P rg is set equal to 0.613. While more
refined models for heat transfer in shocked environments exist [11], they are not explored
in the present study.
For stage II, q̇P is defined by the heat flux from the flame and evaporation processes
at the particle surface. A local gas-phase solution to the coupled heat and mass transfer
problem is based on the use of Shvab–Zel’dovich coupling functions that are defined by
DesJardin et al. [21],
Bm−ox =
Bm−mox =
Bm−p =

Ym,slg + Yox,∞ /νox
f + 1 − Ym,slg

(14a)

(Ymox,slg − Ymox,∞ )/νmox − Ym,slg
Ym,slg − (Ymox,slg /νmox + (1 + 1/νmox )f + 1)

(14b)

(Yp,slg − Yp,∞ )/νp − Ym,slg
Ym,slg − (Yp,slg /νp + f + 1)

(14c)

BI = (YI,∞ /YI,slg ) − 1
Bm−T =

CP ,slg (T∞ − Tslg ) + Ym,slg hr,gs
hlg + hr,gs (f + 1 − Ym,slg )

f =−

(1 − Ym,slg )(Ymox,∞ /νmox − Yox,∞ /νox )
(Ymox,∞ − Ym,slg )/νmox − (1 + 1/νmox )Yox,∞ /νox

(14d)
(14e)
(14f )

where the subscript slg denotes a gas property at the surface of the liquid–gas interface,
mox is a metal-oxide property, ∞ is a far field property (interpolated from the gas-phase
solution), I is an inert (taken as N2 ), ox is the oxidizer (taken as O2 ) and p are the product

/ṁT , is defined as the ratio of the rate of metal-oxide deposited
gases. The quantity f ≡ Ṡmox


) and
into the oxide cap (Ṡmox ) to the net gas mass flux at the surface (ṁT = ṁl − Ṡmox
solved as part of the eigenvalue problem. The quantity hr,gs (= −43, 334.82 kJ/kg) is the
vapor phase heat of reaction and hlg is the effective latent heat of vaporization defined by,
hlg



u P − u g 2
q̇  − q̇ 
pP − p g
+ rad  P
= hlg (f + 1) +
−
ṁT
ρg
2

(15)

where hlg (= 11, 834.82 kJ/kg) is the latent heat of evaporation. The second and third terms
in Equation (15) are newly introduced terms that arise from energy balance considerations
across the liquid–gas interface. Equations (14a)–(14f) along with a vapor pressure relation
for aluminum (i.e. Tslg = B/(A − log(P )) − C where constants are from [37]) represent
a system of non-linear algebraic equations to determine the mass and heat fluxes along
with the thermodynamic state at the surface. Details on the numerical solution approach
for solving these equations is summarized in the appendix of [21]. The result provides
a solution to the mass flux terms required in Equations (3b) and (3c) and heat flux in
Equation (3e) for the stage II of the particle resulting in the following final form of the
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particle equations.

dα/dt =

dml /dt =

dmP /dt =

mP duP /dt =

CV ,P mP dTP /dt =

⎧
⎪
⎨

1
[ṁsl − (1 − α)ṁls ]
stage I
ml + ms
(16a)
⎪
⎩ ..........................
0
stage II
⎧
stage I
⎨ ṁsl − ṁls
..........
(16b)
⎩
stage II
(f + 1)ṁP
⎧
νox ṁls
stage I
⎪
⎨
.................
(16c)
µ
⎪
⎩ −π Dl g BShg =
stage II
Scg
π
ρg DP2 CD |ug − uP |(ug − uP ) + mP g
stages I & II
8
(16d)
⎧ αg mP
⎪
(T ρP CV ,P − βP )[pg − βP − pP ]
⎪
⎪
⎪ ρP µC
⎪
⎪
µ C
⎪
⎪ +π DP gP rPg ,g (Tg − TP )N uIP − hls ṁsl − ṁsl hr,sl stage I
⎪
⎨
..............................................
αg mP
⎪
⎪
(T ρP CV ,P − βP )[pg − βP − pP ]
⎪
⎪
ρP µC
⎪
⎪
⎪
⎪
⎪ + π Dl µg CP ,g T N uI I + ṁl hlg − q̇  AP
⎩
stage II
P
rad
P rg
(16e)

ρ̇P = −

ρP αg
[pP − βP − pg ]
µc

stages I & II

(16f )

The quantities Dl and DP are the effective liquid diameter and total particle diameter respectively and are defined as: Dl = (6ml /(ρl π ))1/3 and DP = [6((ml /ρl + (mP −
ml )/ρmox ))/π ]1/3 with ρl = ρmox = ρP . The conservation equations are expressed in
terms of effective Nusselt (N uP ) and Sherwood (ShP ) numbers so simple corrections can be easily included to account for convective flow effects. For stage II, vapor phase burning, the Ranz–Marshall correlations [38, 39] are used, i.e. N uIPI (ShP ) =
1/2
2[1 + ReP [P rg (Scg )]1/3 /3] ln(1 + B)/B where Scg = P rg = 0.613. In Equation (16e)
µg is found using Sutherland’s law [40] and CP ,g is found from the gas phase EOS. The effective temperature difference T given in Equation (16e) that is compatible with the local
eigenvalue gas phase analysis is given as: T = T∞ − Tslg − hr,gs [B(f + 1) − Ym,slg (1 +
B)]/CP ,g where Tslg is the temperature at the surface of the liquid–gas interface and hr,gs
is the heat of reaction associated with aluminum vapor forming solid aluminum oxide
particles in the diffusion flame.
Potentially additional complexities of oxide stripping due to shock–particle, and
particle–particle interactions are not included in the present particle model and therefore
these effects are not accounted for in the current study.
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Numerical implementation

The phase-averaged gas system described by Equations (1b)–(1e) are integrated in time
using a finite volume method based on AUSM+UP flux vector splitting [41] with standard
second-order Runge–Kutta time advancement. The convective fluxes at the control volume
surfaces are constructed using a combination of third-order upwind biased schemes of Li
[42] and the essentially non-oscillatory (ENO) methods of Shu and Osher [43–45]. Near
the boundaries of the computational domain the stencil of the upwind biased and ENO
schemes are continuously reduced resulting in consecutively lower-order approximations
to the convective fluxes. The convective schemes are ultimately reduced to first-order at
the boundary node where Navier–Stokes characteristic boundary conditions (NSCBC) are
used based on Poinsot and Lele [46]. Further details of the gas-phase algorithm may be
found in [47].
The particles are represented by a collection of computational parcels. Each computational parcel represents a group of particles of the same characteristics, e.g. TP , ρP , u P .
Each parcel is solved using the particle model outlined in Section 2.2. The number of
particles per parcel (PPP) is selected to satisfy a prescribed initial loading,
PPP =

(1 − αg,o )VT
VP ,o NP

(17)

where NP , VT , αg,o , VP ,o = π DP3 ,o /6 are the initial number of parcels, total volume of the
charge region, initial volume fraction of the gas, and the initial volume of the particles,
respectively. The initial gas volume fraction is based on an initial prescribed mixture
equivalence ratio, o ,
αg,o = ρP ,o /[(F /A)st

o ρg,o

+ ρP ,o ]

(18)

where ρP ,o = 2700 kg/m3 denotes the density of aluminum at standard conditions and
(F /A)st = 0.262 is the stoichiometric fuel to air mass ratio. Throughout the simulation the
gas volume fraction is updated from the Lagrangian particles by,
NPcell
αg =

i=1

NPi VPi

Vcell

(19)

where NPcell is the number of parcels in the computational cell, NPi is the number of particles
associated with that parcel, VPi is the volume of that parcel, and Vcell is the volume of that
cell.
The particle equations are advanced in time using a ODE solver that is designed for
solving relatively stiff sets of equations [48]. If the solid phase is assumed constant then
the stiff ODE solver readily integrates Equations (16a)–(16e) over a fractional time-step.
However, significant additional stiffness is added with the inclusion of Equation (16f)
to account for variable density. The particles equilibrate to the ambient gas pressure at
time scales on the order of 1 × 10−8 s, which is several orders of magnitude lower than
the time scales at which convective heat transfer and drag effects are important. Explicit
integration of the particle equations, even within a tailored ODE solver, can therefore be
excessively time intensive. To alleviate this problem, a semi-analytical approach is used
to solve for particle density within the ODE sub-cycle by first linearizing Equation (16f)
and then solving it analytically. The term pP − pg − βs in Equation (16f) is rewritten as a
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perturbation from the equilibrium condition defined as: pP ,eq − pg,eq − βP ,eq = 0, when
ρP = ρP ,eq ,
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pP − pg − βP = (pP − pP ,eq ) − (pg − pg,eq ) − (βP − βP ,eq )

(20)

which can be expressed as,
pP − pg − βP = (ρP − ρP ,eq )
−

pP − pP ,eq
pg − pg,eq ρg − ρg,eq
−
ρP − ρP ,eq
ρP − ρP ,eq ρg − ρg,eq

βP − βP ,eq ρS − ρS,eq
ρP − ρP ,eq ρS − ρS,eq

(21)

The quantity ρS refers to
extrinsic density of the solid and is locally estimated as
 the
P
V
ρS = αS ρP where αS = N
i=1 P is updated before every advancement of the particles but
considered frozen within the ODE update. The first term in the brackets is approximated
as the speed of sound squared in the particles (i.e. (pP − pP ,eq )/(ρP − ρP ,eq ) ≈ cP2 ) and
the second term is approximated as cg2 (ρg − ρg,eq )/(ρP − ρP ,eq ). The third term depends
on the mixture properties, and can be rewritten as −γS2 cα2 /ρP2 , where cα is the propagation
speed for disturbances in the packed bed, however, for the present study cα is assumed equal
to zero since no particle–particle interactions are considered. Making these substitutions,
then Equation (21) is expressed as,
pP − pg − βS ≈ (ρP − ρP ,eq ) cP2 − cg2

ρg − ρg,eq
ρ 2 c2
+ 2α
ρP − ρP ,eq
ρP

2
= ceff
(ρP − ρP ,eq ) (22)

2
is the effective speed of sound
where ρ = αS ρS + αg ρg is the mixture density and ceff
2
of the mixture. Substituting Equation (22) into Equation (16f), and defining τ = µc /ceff
results in,

ρP αg
dρP
=
(ρP ,eq − ρP )
dt
τ

(23)

Integrating Equation (23) from t to t + t results in the following estimate of the particle
density over a time-step ( t) within the stiff ODE solver,
ρPt+

t

=

ρP ρP ,eq
ρP + ρp,eq e−ξ t − ρP e−ξ t

(24)

where ξ = ρP ,eq αg /τ .
In order to evaluate Equation (24), the equilibrium density (ρP ,eq ) within the ODE
integration is required. The equilibrium state in this context is defined as: pP ,eq − pg,eq −
βP ,eq = 0 and assumes the particle temperature remains constant (over the current ODE
time-step) since the time scale of pressure equilibration is far smaller than those associated
with convective heat transfer. This state is determined through an iterative procedure where
a guess for ρP is taken using the density from the previous time-step. The pressure of the
particle is then found using the Mei–Grüneisen EOS (i.e. pP (ρP , TP )). The temperature of
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the gas is calculated from energy conservation considerations for the local mixture,
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Tg =

αS ρP eP + αg ρg eg
ρP eP
−
CV ,g ρg
CV ,g ρg

(25)

so the gas phase pressure can be determined using the BKW EOS (i.e. pg (ρg , Tg )). The
pressure equilibrium condition is then checked and the process repeated until convergence.
Typically a solution is found within 10 iterations using a Newton–Raphson method with a
tolerance of 1 × 10−8 kg/m3 .
To couple the solid and gas phases, a fractional time-step integration procedure is
developed. Particles are first integrated over a coupling time-step and source terms (SP )
constructed for Equations (1b)–(1e) which are summarized in Table A1 in the appendix.
Local gas phase properties at the
 particle locations are interpolated using Lagrange interpolants (Li,P ), via β(xP , t) = N+1
i=1 Li,P (xP , xi ) where N = 2 is the order of polynomial
interpolant. The source terms calculated from the particles are distributed
 P back to the gas
phase using the same interpolant weights for consistency, via Si (xi ) = N
p=1 Li,p SP (xP , t),
where NP is the total number of particles. To expedite this computation, the interpolants are
precomputed and stored for all the particles since several gas phase properties are required
to update the particle equations. Ensuring consistency between interpolating gas-phase
properties to the particles and distributing the particle source terms to the Eulerian grid was
found to be critical for obtaining robust two-way coupled simulations.
4. Results
Individual particle simulations are first conducted for varying compressive loads. These
idealized cases correspond to the response of the particle after a strong shock reflection
off a surface, creating a locally high temperature and pressure environment. For these
cases, the particles are initialized at standard reference conditions and subject to step
pressure loads of pdet , pdet /10 and pdet /100 with a fixed gas temperature of 2000 K.
The early time behavior (not shown) is exactly the reverse of that shown in Figure 2 with
increases in particle temperature and density and a decrease in particle diameter by the
same amounts. The temperature rise observed of 66 K agrees with the experimental results
of [49]. Much later in time, after ∼ 2 ms the particle ignites and burns. Figure 3 shows (a)
µ C
TP and |Q̇evap /Q̇conv | = |ṁsl hr,sl /[π DP gP rPg ,g (Tg − TP )N uIP ]| and (b) ml /mo and rf /rl
time history of the particle. The flame radius is defined from the bm−ox coupling function
as a post-processing step assuming the flame is infinitely thin (Ym = Yox = 0) resulting
in the expression: rf = [−4π µg /(Scg ṁP ) ln((Yox,∞ /νox + f + 1)/(f + 1))]−1 , however,
the infinitely thin flame assumption is not explicitly used in the formulation of the eigenvalue
solution itself [21]. At these later times, compressive heating is negligible since the particle
is in mechanical equilibrium with the surrounding gas. The particle heats, melts, ignites
and attains a quasi-steady temperature during the burning stage when evaporative cooling
is balanced with heating from the flame – as indicated by when |Q̇evap /Qconv | = 1 in
Figure 3(a). After the liquid aluminum is exhausted (see Figure 3b) the particle containing
only an oxide cap cools to the surrounding gas temperature. As shown in Figure 3(a) the
quasi-steady temperature increases with increasing gas pressure. At high gas pressures the
vapor mass fraction at the surface is low since the vapor pressure is only a function of
temperature. The low vapor mass fraction at the surface results in a low mass transfer rate
resulting in a flame that is positioned closer to the surface as shown in Figure 3(b). In fact
at the highest pressures, the model predicts a flame that is nearly on the particle surface.
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Figure 2. Short duration particle histories of (a) DP and ρP and (b) TP and Qcomp /Qconv for gas
pressures of pdet , pdet /10 and pdet /100 and ρg = 1800 kg/m3 , Tg = 2000 K, YO2 = 0.233.
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Figure 3. Long duration particle histories of (a) TP and Qevap /Qconv and (b) ml /mo and rf /rl for
gas pressures of pdet , pdet /10 and pdet /100 and ρg = 1800 kg/m3 , Tg = 2000 K, YO2 = 0.233.
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These results are however sensitive to the far-field oxygen concentration. Figure 4 shows (a)
flame radius and (b) liquid metal temperature as a function of far-field oxygen. At 1 atm,
the flame radius increases with decreasing YO2 ,∞ below 0.233 to reduce the fuel mass flux
at the flame front so as to maintain stoichiometric loading into the flame. For this case
the temperature of the liquid metal remains almost constant (see Figure 4b) because of the
selected far-field temperature. However, at higher pressures, the opposite trend is observed.
For this case the fuel vapor mass flux is already very low and the liquid metal temperature
is relatively high. A decrease in the far-field oxygen results in a corresponding decrease in
the mass fuel flux by a decrease in the liquid temperature and reducing the flame radius.
Figure 5 illustrates the problem of interest with contours of gas and particle temperature.
The entire domain except for the charge location is initialized to standard conditions (Figure
5a). The charge is initialized to 5 × 5 cm in size and centered along the diagonal of the
domain at X = Y = 10 cm, 25 cm, and 40 cm to promote particle ignition due to shock–
shock hot spot formation along the diagonal from shock reflections at the solid boundaries
in the lower-left corner (Figure 5b). The initial density of the gas is set equal to 1800 kg/m3
corresponding to the initial density of the explosive and a post-detonation temperature
of 2000 K. Isothermal no-slip boundary conditions are applied to the gas phase in the
negative x and y directions, with open non-reflecting boundaries in the positive x and y
directions. The particles are initialized assuming they compress along the Hugoniot from
standard reference conditions (TP = 300 K, pP = 1 atm), and equilibrate with the gas (i.e.
pP = pg ). Cases are conducted with all particles in each individual simulation initialized
to diameters of 35, 50, 75 and 100 µm.
In order to determine the appropriate grid resolution and number of parcels to use in
the simulation mesh and parcel refinement studies are done. Figure 6(a) shows the mesh
refinement study for 1000 parcels. A parcel refinement study for conducted on 80 × 80,
100 × 100, and 120 × 120 meshes. Figure 6(b) shows the parcel refinement study on a
100 × 100 mesh. Mesh and parcel independent results are found using a 100 × 100 mesh
and 2000 parcels and used for all cases in this study.
Figure 5(a) corresponds to the case where the charge is initially centered at Xo =
Yo = 0.1 m and composed of 35 µm particles with o = 3 resulting in an initial solid
volume fraction of 0.344. At this early time of 15 µs, the particles expand from their
high pressure (density) post-detonated state. To explore this short duration time period
behavior, individual particle simulations are first conducted to examine the effects of
pressure on ignition and burning and will be later compared to the actual Lagrangian
time histories from the simulations. The initial condition for the particles correspond to
the post-detonation conditions where the particles are assumed to have been compressed
along the Hugoniot to post-detonation pressures of pdet , pdet /10 and pdet /100 where
pdet = 83, 000 atm which corresponds to the gas-phase post-detonation pressure for the
BKW EOS parameters selected. For these simpler cases, the far-field temperature, pressure
and oxygen mass fraction are assumed constant at Tg = 2000 K, pg = 1 atm and YO2 =
0.233. Figure 2 shows the short duration behavior of a single 35 µm particle as it expands
to 1 atm. Figure 2(a) shows the time history changes in diameter and density. For the
highest pressure case, the diameter increases by 3% and the density decreases by 8%.
Even though these changes are relatively small, they make a large difference on the energy
response. Figure 2(b) shows temperature time history and the ratio of the compressible to
α m
convection heating of the particle defined as: |Q̇comp /Q̇conv | = | ρPg µPC (T CV ,P − βP )[pP −
βP − pg ]/[π DP

µg CP ,g
(Tg
P rg

− TP )N uIP ]|. For the high pressure case, |Q̇comp /Q̇conv | drops

from 1 × 109 to 15 over approximately 0.01 µs as the particle expands and cools from 355
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Figure 4. Particle burning dependency on far-field oxygen showing (a) normalized flame radius and
(b) liquid metal temperature as a function of far-field oxygen for pg = 1 atm, 10 atm, 50 atm and
pdet .
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Figure 5. Temperature contours and particle temperatures at (a) t = 15 µs and (b) t = 200 µs for
= 3, DP ,0 = 35 µm, and initial charge location at Xo = Yo = 0.1 m.
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Figure 6. Pressure response at X = Y = 0.25 m for (a) refined meshes with 1000 parcels and
(b) varying number of parcels on a 100 × 100 mesh. For all cases the initial charge location is
Xo = Yo = 0.1 m.
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K down to 300 K – an 18% change. For the lower pressure cases pg /pdet = 0.1 and 0.01,
the initial heating ratio is still 1 × 107 and 1 × 105 , respectively, showing the dominance
of short duration expansion cooling.
The history of the particles in the coupled two-way simulations is more complicated
than in the previous two idealized scenarios. The particles may be grouped into categories.
The first (reflected) are those that first expand and then are re-compressed and heated from
the reflected shock. The second group (non-reflected) are the particles that simply expand
and disperse out of the domain from the primary shock.
Figure 7 shows Lagrangian histories of (a) particle temperature and density, (b) local
gas temperature and pressure and (c) slip velocity. Two particle sizes are considered of
DPo = 35 µm (squares) and 100µm (triangles) with an initial low loading of o = 1.5.
For the non-reflected particle (dashed lines), ignition of the particle is not observed within
the domain of interest. The major role of the primary shock therefore appears to be to
distribute and melt the particles. The reflected particles (solid lines) however melt and then
ignite from the shock focusing event. The arrival time of the reflected shock is 50 µs as
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Figure 7. Lagrangian time histories of the low loading o = 1.5 cases showing (a) particle temperature and density, (b) gas temperature and pressure and (c) slip velocity magnitude. Reflected particles
are solid lines and non-reflected are dashed lines. Squares are for DP ,o = 35 µm and triangles are for
DP ,o = 100 µm.
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shown by the pressure histories in Figure 7(b) that serves to re-compress the particles by
0.1 kg/m3 as shown in Figure 7(a). While the re-compression results in some small amount
of compressive heating, the predominate heating mechanism is from high temperature
convective environment generated from the large (≈ 1 km/s) slip velocities during shock
reflection as shown in Figure 7(c).
Thus far the effects of the reflected shock on particles has been considered. Next we
examine the sensitivity of the shock structure to particle compressibility, heat release and
loading. Figure 8 presents the gas-phase pressure history at X = Y = 0.25 m for low
( o = 1.5) and high ( o = 3) loadings for compressible (solid lines) and incompressible
(dashed lines) particles. The main effect of particle compressibility is to broaden the width
of the primary shock wave. As the detonation region expands, the particles lagging the
shock equilibrate to a relatively lower gas pressure and release their stored compressible
energy resulting in a wider shock profile. Figure 9 shows the same four cases but with
the heat of reaction set to zero, i.e. the particles are inert. Comparing these results to
Figure 8 we see that the pressure over the simulation is 10% lower than
 the cases with
heat release. However, the difference in total impulse, defined as: I ≡
p(x, t)dt d x,
is more substantial. Figure 10 shows the total impulse with and without reactions and for
incompressible vs. compressible. With reactions the total impulse is higher by about 20%,
and shows a peak at around = 2.5. With the heat release turned off no peak is observed
and the total impulse decreases linearly with respect to equivalence ratio since the particles
do not contribute any energy to the gas, other than their initial compressible energy which
is small relative to the chemical energy.
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Figure 8. Comparison of gas pressure time history with reactions at X = Y = 0.25 m showing
incompressible (dashed lines) and compressible (solid lines) formulations for initial mass loading of
o = 1.5 (squares) and o = 3 (triangles). For all cases the initial charge is located at Xo = Yo = 0.1
m.
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The initial particle diameter is expected to also have an effect on the pressure history.
Figure 11 shows the pressure time history at X = Y = 0.25 m for an initial charge location
of Xo = Yo = 0.1 m, for increasing particle sizes (DP = 35, 50, 75 µm) and initial loading
( o = 1.5, 3). For both loading cases, the peak pressure increases with decreasing particle
size due to the increase in surface area available for burning. A lower peak pressures is
observed for the o = 3 case from the initial higher loading which is somewhat off-set
later in time from the increase in fuel loading. The timing of the shock focusing relative to
the local equivalence ratio is therefore critical in determining the overall pressure response.
This is dictated by not only the initial fuel loading but the location of the charge relative
to the shock focusing event. As an example, Figure 12 shows
along the diagonal of
the domain for for o = 2.5 for initial charge locations of Xo = Yo = 0.1 m, 0.25 m and
0.4 m at times of 95 µs, 180 µs and 220 µs corresponding to the shock focusing location
being at 0.1 m along the diagonal. As shown, the local equivalence ratio at which the
particles are ignited at the hot spot varies considerably – ranging from = 3.8 fuel rich
condition for Xo = Yo = 0.1 m to a = 0.5 fuel lean condition for Xo = Yo = 0.4 m.
These observations then suggest that a maximum average impulse should occur for an
initial charge location and equivalence ratio. Figure 13 confirms this hypothesis by showing
the average impulse as a function of both initial equivalence ratio and position of charge.
For each position of Xo = Yo = 0.1 m, 0.25 m and 0.4 m peak impulses are observed for
values of o = 2.7, 2.0 and 2.0, respectively. Note that the peak impulse occurs for initially
fuel rich mixtures because the surrounding oxygen is used in the combustion process. In
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Figure 9. Comparison of gas pressure time history for inert particles at X = Y = 0.25 m showing
incompressible (dashed lines) and compressible (solid lines) formulations for initial mass loading of
o = 1.5 (squares) and
o = 3 (triangles). For all cases the initial charge is located at Xo = Yo =
0.1 m.
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Figure 10. Comparison of average impulse as a function of equivalence inert to reacting particles
for DP = 35 µm, Xo = Yo = 0.1 m.
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Figure 11. Comparison of gas pressure time history at X = Y = 0.25 m with DP ,o = 35 µm (solid
lines), 50 µm (dashed lines) and 100 µm (dot-dashed lines) and for initial mass loadings of o =
1.5 (squares) and o = 3.0 (triangles). For all cases the initial charge is located at Xo = Yo =
0.1 m.
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Figure 12. Local equivalence ratio along diagonal for o = 2.5 and initial charge locations of
Xo = Yo = 0.1 m, 0.25 m and 0.4 m at times of 95 µs, 180 µs and 220 µs, respectively, corresponding
to the occurrence of the shock focusing event in the lower left corner of the domain.
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Figure 13. Average impulse as a function of initial equivalence ratio and charge location.
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addition, the highest overall impulse is observed for the Xo = Yo = 0.25 m case. For charge
locations closer than this value, the mixture is too rich to ignite (Figure 12). For charge
locations further away the local equivalence ratio is too lean (Figure 12) and, in addition,
the reflected shock strength diminishes and reduces its ability to ignite the particles.
5. Conclusions
A fully coupled Lagrangian/Eulerian two-way simulation for shock environments is developed. Effects of particle compressibility are included using a newly developed closure
model that requires the integration of particle density. To overcome numerical stiffness
associated with updating the particle density, a linearized solution procedure is developed.
The model is applied to examine the ignition of aluminum particles from post-detonation
shock–shock interactions. Solid phase compressibility serves to initially compress and heat
the particles, and results in shock broadening compared to an incompressible formulation.
The initial shock broadening is due to solid energy release to the gas phase. The primary
effect of hot-spots on ignition is to enhance the local convective heat transfer. An optimum
value of equivalence ratio is found that maximizes impulse. The reason for its existence
is the timing of the hot-spot generation from shock focusing relative to the local mixture
equivalence ratio. Lastly, while the application of interest in this study is the ignition of
aluminum particles, the compressibility model and numerical methods developed are not
unique to this problem, and could be applied to other problems involving compressible
reactive particulate.
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Appendix A. Phase coupling
+
+
The phase coupling terms (cg,i
, cg+ , m+
g , eg ) appearing in Equations (1b)–(1e) are given in
Table A1.

Table A1. Summary of gas-phase source terms from particles and homogeneous reactions (ṁ
i ).
Mass:
cg+

Stage 1:
Momentum:

−G NP ṁP
m+
g
Stage 2:

−G NP ṁl (1 + νmox )

Stage 1:

 
−G NP uP ṁP + mP u̇P
Stage 2:


−G NP [uP ṁl (1 + νmox ) + mP u̇P ]

Species:
+
cg,i
+αg ṁ
i

Oxidizer:
Stage 1:

−G NP ṁP
Stage
2:
G NP νmox ṁl

Stage 1: 
P
−G NP CV ,P mP ṪP + νṁmox
(hls + hr,ls )

+hls ṁl + ṁP hsg
Stage 2:
−G NP [CV ,P mP ṪP − ṁP (1 − f ).
(hr,gs + hlg )]

Energy:
eg+

Products:
Stage
2:
G NP νp ṁl

The time derivatives of properties in the Table A1 were linearized as follows,
m˙p =

mn−1
+ mnp
p
tcoupling

(A1)

+ mnl
mn−1
l
tcoupling

(A2)

up n−1 + up n
u˙p =
tcoupling

(A3)

ṁl =

T˙p =

Tpn−1 + Tpn
tcoupling

(A4)

where superscript n − 1 and n represent the previous and current time-step values, respectively.

