CHAPTER FIVE

Section 5.1.1E

l.a. Derive: A & B

1| A
2| A>B
3| B
41 A&B

c. Derive: ~ (A = ~ B)

~(A=-B)=(-Cv~D)
AS(~-D&C
D& A

~

A

~D & C
~D
~Cv~D
~(A=-~B)

O g Tk WN -

e. Derive: F o ~ G

EVH) >F>~G6G)
(CvD)=(E&~H)
C

CvD
E & ~H
E
EVvH
Fo~G

0 3O O WK~

g. Derive: D = ~ B

(A& ~B)>C
(CvD)> (D =-~B)
~B&A

A

~B
A& ~B
C
CvD
D=~

O 0 J Ok WN —

Assumption
Assumption

1,2 oFE
1, 3 &I

Assumption
Assumption
Assumption

3 &E
2,4 oE
5 &E
6 vI
1, 7 =E

Assumption
Assumption
Assumption

3 vI
2,4 =E
5 &E
6 vI
1, 7 oE

Assumption
Assumption
Assumption

3 &E
3 &E
4,5 &l
1, 6 oE
7 vI
2,8 =E
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i. Derive: ~D & ~ F

1| Av~B)=A&~F) Assumption
2| C=~B Assumption
3/C&~D Assumption
4 |~D 3 &E
5|C 3 &E

6 |~B 2,5 =E
71Av~B 6 vI

8 | A& ~F 1,7 =E

9 |~F 8 &E

10l ~D & ~F 4,9 &l

2. Complete the following derivations.

a. Derive: D & ~ B

1| A&~B Assumption
2 (Av~C)oD Assumption
3 1A 1 &E

4 | Av~C 3 vl

5D 2,4 DE

6| ~B 1 &E

71 D&~B 5,6 &I

c. Derive: ~D v E

1| A&~B Assumption
2| ~B=(A=~D) Assumption
3| ~B 1 &E

4| A=~D 2,3 =E

5 1A 1 &E

6 |~D 4,5 =E

71 ~DVE 6 VI
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e. Derive: H & ~ |

O© oo NO Ol WN P

~F&~G
~GoH

H&~F)=~1

~G

H

~F
H&~F
~1
H&-~I

g. Derive: F & ~G

© oo N o WNBE

=
o

11
12
13
14

Fv~G)o(F&~H)

~H>~G

(~H>~G)=F

F

Assumption
Assumption
Assumption

1&E
2,4 oE
1&E
5,6 &I
3,7=E
5,8 &l

SM
SM
SM

2,3=E
Al~1
5vl

1,6 oE

7 &E
Al~E

2,9oE
5R

9-11~E
5-12~1
4,13 &l
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Section 5.1.2E

a. Derive: (AD B) & (AD> ~ D)
1| A> (B &~D)

B&~D
B
A>DB
A

B&~D
~D
A>~D

= O 03 OOk 0 N

c. Derive: B

1| ~BoB
2
3
4
5

e. Derive: E v D
1 |[Av(B&~C)
2 |AD>D
3 | ~CoE
4 A
5 D
6 EvD
7 B &~C
8 ~C
9 E
10| [Ev D
11"EvD

g. Derive: F = ~ G

0] (A>B) & (A>~D)

1] Fo~G) & (~GDF)
2| [F_

3 Fo~G

4 ~G

5 ~G

6 ~GDOF

7 F

8|1 F=~G

Assumption
A/ ol

1, 2 oE
3 &E

2-4 ol
A/ ol

1, 6 DE
7 &E

6-8 ol
5,9 &I

Assumption
A/ ~E

1, 2 oE
2 R
2-4 ~ E

Assumption
Assumption
Assumption

A/ VE

2, 4 DE
5 vl
A/ VE

7 &E

3, 8 oFE

9 vI

1, 4-6, 7-10 VE

Assumption
A/ =1

1 &E

2, 3 DE
A/ =1

1 &E

5, 6 oE
2-4, 5-7

l
—
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2. Complete the following derivations.

a. Derive: A =B

e. Derive: B
1 ~BoC
2 | ~C=A
3 A
4
5
6
7

g. Derive: ~ H
1 |HoI
2 | ~1
3 H
4 1
5 ~1
6 | ~H

i. Derive: ~ (F v G)
1 | FvG) o H&I
2 | ~H
3 FvG
4 H&I
5 H
6 ~H
7 1 ~(FvG)
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Assumption
Assumption

A/ =1
1R
A/ =1

1R
3-4, 5-6 =1

Assumption
A/ ~E

2R
1R
2,4~E

Assumption
Assumption
Assumption

A/ ~E
1, 4 oE

2,3 =K
4-6 ~ E

Assumption
Assumption

A/ ~1

1, 3 oE
2 R
3-5~1

Assumption
Assumption

A/ ~1

1, 3 oE
4 &E
2 R

36 ~1



Section 5.1.3E

1. a. Derive: (A & C) v (B & C)

1 | (AvB) &C Assumption

2 |AVvB 1 &E

3 |C 1 &E

4 A A/ VE

5 A& C 3, 4 &I

6 A& C)v (B&C) 5 vI

7 B A/ VE

8 ’ﬂcc 3,7 &I

9 (A& C)v (B&C) 8 vI

10/ (A& C) v (B&C) 2,4-6,7-9VE
c. Derive: ~ B

1 | B> (A&~DB) Assumption

2 B A/ ~1

3 A& ~B 1, 2 oE

4 ~B 3&E

5 B 2R

6 [~B 2-5 ~ 1

e. Derive: CD (~ A & B)

1 |~D Assumption
2 |Co>(A=DB) Assumption
3| (DvB)o~A Assumption
4 | (A=B) > (D&E) Assumption
5|~B>D Assumption
6 C A / ol

7 A= 2, 6 OE

8 D &E 4, 7 oE

9 D 8 &E

10/ [Dv B 9 vl

11} [~ A 3,10 oE
12 A/ ~E

13 5,12 oE
14 ~D 1R

15| |B 12-14 ~ E
16| I~A&B 11, 15 &l
171 C o> (~ A & B) 6-16 oI
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g. Derive: A =B

1 |~A&~B Assumption

2 | |A A/ =I

3 ~B A/ ~E

4 ~A 1 &E

5 A 2R

6 | IB 3-5~E

71 B A/ =1

8 ~A A/ ~E

9 B 7R

10 ~B 1&E

11] 1A 8-10 ~ E

12A=B 2-6, 7-11 =I
Section 5.3E

1. Derivability

a. Derive: A D (A & B)
1/ A>B Assumption

G|A>D((A&B) 9 ol

Derive: A D (A & B)

1| A>B Assumption
2 A A/ ol
3 B 1, 2 DE
4 A&B 2,3 &I
51 A> (A &DB) 2-5 ol
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c. Derive: L = K

1| (KoL) & (L oK) Assumption
2 L A/ =1
G K
A/ =l
G L
GIL=K 2— - =1
Derive: L. = K
1| (KoL) & (L oK) Assumption
2 L A/ =l
3 LoK 1 &E
4 K 2, 3 oE
5 K A/ =l
6| [KoL 1 &E
7 L 560> E
81 L=K 2-4, 5-7 =1

e. Derive: C

1| B&~B Assumption
2 ~ G A /~E
GIlC 2- ~E

SOLUTIONS TO SELECTED EXERCISES ON PP. 209-214 71



Derive: C

B&~B

CU R O N =

g. Derive: D o B

1|A>C
2 (~AvC(C o (D>oB)

G|~AvC
G|D>B
Derive: D o B

1| A>C

21 (~AvC) o (D>oB)
3 ~(~Av Q)
4 A

5 C

6 ~AvC

7 ~(~Av Q)
8 ~A

9 ~AvC

10 ~(~Av Q)
11| ~AvC

121 Do B

Assumption
A /~E

1 &E
1 &E
2-4 ~ E

Assumption
Assumption

2, _ Dk

Assumption
Assumption

A /~E
A/~1

1, 4 oE
5 vl

3 R

4-7 ~1
8 vI

3 R
3,10 ~ E
2,11 oE

72 SOLUTIONS TO SELECTED EXERCISES ON PP. 209-214



i. Derive: B

1|ASB
2 ~-B&~C) oA

3 ~B

G I|B

Derive: B

1| A>B

2|1 ~(B&~C)DA
3 ~B

4 B&~C
5 B

6 ~B

7 ~ (B & ~C(C)
8 A

9 B

10 ~B

111 B

k. Derive: B v ~ C

1|Av (B&CQC)

21 Co~A

3 A

G Bv~C
B &C

G Bv~C

GIBv-~C
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Assumption
Assumption

A /~E

Assumption
Assumption

A /~E
A/~1
4 &E
3 R

4-6 ~1
2,7 oFE
1, 8 oE

3 R
3-10 ~ E

Assumption
Assumption

A/ VE

A/ VE

1,3, _—~ _VE



Derive: B v ~ C

03O Ot W L N

10
11
12

Av (B &C)

Co~A

A

C

~A

A
~C
Bv~C

B & C

B
Bv-~C
Bv~C

m. Derive: D o (F o C)

1
2

3

(AvB)oC
(DVE)D[(FvG) oA]

D

FoC
D> (Fo Q)

Derive: D o (F o C)

(AvB)oC
(DVE)D[(FvG DA]

D

F

DV E
(FvG) oA
FvG

Av B

FoC
D> (Fo Q)

Assumption
Assumption

A/ VE
A/~1

2, 4 DE
3 R
4-6 ~ 1
7 VI

A/ VE

9 &E
10 vI
1, 3-8, 9-11 VE

Assumption
Assumption

A/ ol

3— ol

Assumption
Assumption

A/ ol
A/ ol

3vI
2,5 DE
4 vI
6, 7 DE
8 vI
1,9 oE
4-10 oI
3-11 oI
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o. Derive: B F

1[A>~ BvC(C)
2| (CvD)oA
3| ~Fo>(D&~E)
4 B
G F
GIB>oF
Derive: B o F
1| Ao~ BvQO
2 (CvD)oA
3| ~Fo (D &~E)
4] | B
5 ~F
6 D& ~E
7 D
8 CvD
9 A
10 ~ (B v Q)
11 BvC
12 F
13" B> F

q. Derive: H
1| F> (Gv H)
2|~ (~=FvH)
3| ~G
4 ~H
G ~Fv H
G ~ (~Fv H)
G I H

Assumption
Assumption
Assumption

A/ ol

4—_ ol

Assumption
Assumption
Assumption

A/ ol
A/ ~E

3,5 FE
6 &E
7 vI
2,80 E
1, 9 oE
4 vI
5-11 ~ E
4-12 ol

Assumption
Assumption
Assumption

A /~E
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gq. Derive: H

1 |F2(GVH)

2 | ~(~FVH)

3 |~G

4 ~H

5 F_

6 GVH

7 | G

8 ~H
9 G
10 ~G
11 H

12 H

13 H

14 H

15 ~H

16 ~F

17 ~FVH

18 ~(~FVH)

191 H

Validity

a. Derive: Ao C

1|A>~B
2| ~BaGC

A
#B
C

A>C

=B E LI SN L]

. Derive: ~ B

L= L T T

Assumption
Assumption
Assumption
A/~E

Al~1
1.5 5E
A/VE

Al~E
7R

3R
8-10~E
A/VE
12R

6, 7-11, 12-13 VE
4R
5-15~E
16 vI
2R

4-18 ~E

Assumption
Assumption
A/ ol

1, 3 oE
2,4 oFE

3-5 ol

Assumption
Assumption
A/S~1
1,3 =E
2R

3-5~1
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e. Derive: AD [BD (C> D)]

1| D Assumption
2 A A/ ol

3 B A/ ol

4 }7c A/ ol

5 D 1R

6 CoD 4-5 ol

7 B> (C> D) 3-6 ol

81 A>[B> (C>D)] 2-7 ol

g. Derive: AD (D o C)

1| A>B>0) Assumption
2| DoB Assumption
3 LA A/ ol

4 D A/ ol

5 BoC 1, 3 oE

6 B 2,4 oFE

7 C 560 E

8 DoC 4-7 oI

91 A>(D>0) 3-8 ol

i. Derive: A o C

1| ~AvB Assumption
2| BoC Assumption
4 ~A A/ VE

5 A/ ~E

6 3 R

7 4 R

8 C 5-7 ~E

9 | B A/ VE
10 C 2,9oFE
11 C 1, 4-8, 9-10 vE
121 A>C 3-11>o1
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k. Derive: B

1| A> (C>B) Assumption
2| ~Co~A Assumption
31 A Assumption
4 ~B A/ ~E

5 C>o>B 1, 3 oE

6 C A/ ~1

7 B 5,6 O E

8 ~B 4R

9 ~C 6-8 ~1
10 ~A 2,9 DKk
11 A 3R
121 B 4-11 ~E

m. Derive: F & G

1| F=G Assumption

2|1 FvG Assumption

3 F A/ VE

4 F 3R

5 G A/ VE

6 F 1,5 =E

7| F 2, 3-4, 5-6 VE
8| G 1, 7 =E

91 F&G 7, 8 &I

3. Theorems

a. Derive: A D (A v B)
1 A A/ ol
2 AvB 1vI
31 Ao (AvB) 1-2 oI

c. Derive: AD [B D (A & B)]

1 A A /ol
2 }i A/ ol
3 A&B 1,2 &I
4 B> (A&B) 2-3 ol
5/ Ao [B> (A&B)] 1-4 oI

78 SOLUTIONS TO SELECTED EXERCISES ON PP. 209-214



e. Derive: (A = B) o (A D> B)

1 A=B A/ ol
2 A A/ ol
3 B 1,2 =E
4 ADB 2-3 ol
5! (A=B)> (A>B) 1-4 oI
g. Derive: (AD B) o [(CD> A) o (C>B)]
1 ADB A/ ol
2 CoA A/ ol
3 C A/ ol
4 A 2, 3 oE
5 B 1, 4 oFE
6 CoB 3-5 oI
7 (CoA) > (CoB) 2-6 ol
81 (A>B)>[(C>A) D (C>B)] 1-7 oI
i. Derive: [[AD B) & ~B] o~ A
1 A/ ol
2 A/~
3 1 &E
4 2, 3 DE
5 ~B 1 &E
6 ~A 2-5 ~1
71 [(AoB) & ~B]>~A 1-6 oI
k. Derive: A D [B D (A D B)]
1 A A/ ol
2 B A/ ol
3 A A/ ol
4 B 2R
5 ADB 3-4 ol
6 B> (A>B) 2-5 ol
71 Ao [B> (A>B)] 1-6 oI
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m. Derive: (ADB) D [~B >~ (A &D)]

1 ADB A/ ol
2 ~B A/ ol
3 A&D A/~1
4 A 3 &E
5 B 1, 4 oK
6 ~B 2 R

7 ~ (A & D) 3-6~1
8 ~Bo>~ (A&D) 2-7 oI
9! A>B)>[~B>~ (A&D)] 1-8 oI

4. Equivalence

a. Derive: A & ~ A

Assumption
A/ ~E

1 &E
1 &E
2-4 ~E

2
3
4
5

Derive: B & ~ B

A& ~A

Assumption
A/ ~E

1 &E
1 &E
2-4 ~ E

c. Derive: (A v B) D A
1| BoA Assumption
AvB A/ ol

A A/ VE
}7 3 R
B
A
A

A/ VE

1, 5 oE
2, 3-4, 5-6 VE
(AvB) oA 9-7 ol

g3 Ot B~ N
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Derive: B o A

1

2 B
3 AvB
4 A
51 BoA

. Derive: ~ (A = B)

1| A& ~B) v (B &~ A)
2 A&~B
3
4
5
6
7 ~(A=B)
8 B&~A
9

10

11

12

13

14

Derive: (A & ~B) v (B & ~ A)

1| ~(A=B)

2 ~[(A&~B) v (B&~A)]

3 A

4 ~-B

5 A&~B

6 (A& ~B) v (B & ~ A)

7 ~[(A&~B) v (B & ~ A)]
8 B

9 B

10 ~A

11 B&-~A

12 (A& ~B) v (B & ~ A)
13 ~[(A&~B) v (B & ~A)]
14 A

15 A=B

14 ~(A=B)

151 (A& ~B) v (B & ~ A)
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Assumption
A/ ol
2 vl

1, 3 oE
2-4 ol

Assumption
A/ VE
A/ ~1

2 &E
3,4 =E
2 &E
3-6 ~ 1

A/ VE
A/ ~1

8 &E

9, 10 =E

8 & E

9-12 ~ 1

1, 2-7, 8-13 VE

Assumption
A/ ~E
A/ =1
A/ ~E

3, 4 &I
5 vI
2 R
4-7~1

A/ =1
A/ ~E

9, 10 &I

11 v 1

2R
10-13 ~ E
3-8, 9-14 =I
1R
2-14 ~ E



5. Inconsistency

a. Derive: AD A, ~ (ADA)

~ (A D A)

},A
A
ADA

~(ADA)

CU s 0 N

. Derive: A, ~ A

o N

S Ot

. Derive: A, ~ A
AD~A

~ADA
A

~A

A
~A
A

N =

g O Ok

g. Derive: A v B, ~ (A v B)

J—

~ (A v B)
CoA
~C>oB

C

A

Av B

~ (A v B)
~C

AvB
~ (A v B)

— O © 00 Ot W N

—
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Assumption
A/>l

2 R
2-3 ol
1R

Assumption
Assumption
Assumption

3R
1, 4 =E
2,5 oFE

Assumption
Assumption

A/ ~1

1, 3 oF
3R

3-5~1
2,6 oFE

Assumption
Assumption
Assumption

A/~1

2,4 oFE
5 vl
1R
4-7 ~ 1
3, 8 DE
9 vI
1R



i. Derive: F v G, ~ (F v G)
~(FvG) =(A>A)

[ IEN B < RS LN SCR R

9
10
11
12
13
14

HoF
~H>F

B

ADA
~(FvG)
H

F
FvG
~(Fv G)
~H
F
FvG

6. Derivability

a. Derive: A =B

—
SO O W O Ot 0 N

13

ADB

~A>D~B

A
B
B
_~A

~B
B
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Assumption
Assumption
Assumption

A/ ol

4R

4-5>o1
1, 6 =E
A/~1

2, 8 OE
9 vI
7R
811 ~1
3,12 oE
13 vI

Assumption
Assumption

A/ =1
1, 3 oE
A/ =1
A/ ~E

2, 6 OFE
5R

6-8 ~ E
34, 5-9 =1

Assumption
Assumption

A/ ~E
A/ ~1

2, 4 DE
5 vI
1, 6 =E
3 R
4-8 ~ 1
9vI
1, 10 =E
3 R
3-12 ~ E



e. Derive: B v D

1| Bv (CvD) Assumption
2| CoA Assumption
31 A>~C Assumption
4 | B A/ VE

5 4 vI

6 A/ VE

7 A/ VE

8 A/ ~E

9 2,7 oFE
10 3,9 ok
11 7R

12 8-11 ~ E
13 D A/ VE
14 BvD 13 vI
15 BvD 6, 7-12, 13-14 VE
16 | Bv D 1, 4-5, 6-15 VE
g. Derive: (Av B) o ~C

1| A> (D &B) Assumption
2| (~-D=B) & (C>oA) Assumption
31 |[AvE A/ 2l

4 | C A/~1

5 CoA 2 &E

6 A 4, 5 DE

7 D&B 1, 6 oE

8 B 7 &E

9 ~D = 2 &E

10 ~D 8,9 =E

11 D 7 &E

12 ~C 4-11 ~ 1
131 AvB)o>~C 3-12 ol
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7. Validity

a. Derive: ~ (C = ~ A)

1| ~(CvA) Assumption
2 C=~A A/~1

3 ~A A/ ~E

4 C 2,3 =L

5 CvA 4 vI

6 ~ (C Vv A) 1R

7 A 3-6 ~ E

8 CvA 7 V1

9 ~ (C v A) 1R

101 ~ (C=~A) 2-9 ~1

c. Derive: A =B

1| ~A&~B Assumption
2 A A/ =1

3 ~B A/ ~E

4 ~A 1 &E

5 A 2R

6 3-5~E

7 A/ =1

8 ~A A/ ~E

9 ~B 1 &E

10 B 7R

11 A 8-10 ~ E
121 A=B 2-6, 7-11 =I
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e. Derive: ~ H

1| H=~T&~]) Assumption
2| ~1=~H Assumption
31 Jo~1 Assumption
4 H A/ ~1

5 ~(T&~]) 1,4 =F

6 ~1 A/ ~E

7 ~H 2,6 =E

8 H 4 R

9 I 6-8 ~ E

10 J A/ ~1

11 ~1 3,10 oE
12 I 9R

13 ~] 10-12 ~ I
14 I&~] 9,13 &1
151 ~H 4-14 ~ 1

g. Derive: H v ~ 1

1| FvG)v Hv~I Assumption

2| FoH Assumption

31 Io>~6G Assumption

4 FvG A/ VE

5 F A/VE

6 H 2,5 oE

7 Hv~1 6 vI

8 G A/ VE

9 I A/~1
10 ~G 3,90 F

11 G 8 R

12 ~1 9-11 ~ 1

13 Hv~1 12 vI
14 Hv-~1 4, 5-7, 8-13 VE
15 Hv ~1 A/ VE

16 Hv~1 15 R

171 Hv ~1 1, 4-14, 15-16 VE
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i. Derive: Fv(1&~G)

1 ~(Fv~QG)=~HvI) Assumption

2 Fwvl Assumption

3 F A/vVE

4 Fv(I&~G) 3 vl

5 I AlvE

6 ~(Fv~G) A/~E

7 ~(HwvI) 1,6=E

8 HwvI 5vi

9 Fv~G 6-8~E

10 E A/VvE

11 |_FV(I&-G) 10 vI

12 ~G A/VvE

13 ‘ 1&~G 5,12 &1

14 Fv(I&~G) 13 v1

15 Fv(&=~G) 9, 10-11, 12-14 vE
16 Fv(I&~G) 2,3-4,5-15vE

k. Derive: (-A=-C)o (-A=D)

1| (~rA=-C)=(B=-D) Assumption
2|~-A>-~-B Assumption
3{Co~D Assumption
4 ~A=-~C A/ ol

5 ~A A/ =1

6 ~D A/~E

7 =-D 1,4 oE

8 B 6, 7 =E

9 ~B 2,50

10 6-9 ~ E

11 D A/ =1

12 C A/~1

18 ~D 3, 12 oE
14 D 11 R

15 ~C 12-14 ~ 1
16 ~A 4, 15 =E
17 ~A=D 5-10, 11-16 =1
18l (-A=-C)>(-A=D) 4-17 ol
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m. Derive: ~ E

~(ADB) & (C & ~ D)
(Bv~A) v [(C&E)>D]
E

Bv~A

—

© 0T O Ot L N
= |

A>DB
~A
10 A
11
12
13
14
15 ADB
16 ADB
17 (C&E)>D
18 ~ (A D> B)
19 C&~D
20 ~D
21 C
22 C&E
22 D
23 A>DB
24 ADB
25 ~ (A > B)
26 | ~E

8. Theorems

a. Derive: ~ (A D B) o ~ (A = B)

1 ~ (A D> B)
2 A=B
3 }7A

4 B

5 ADB
6 ~ (A D> B)
7 ~ (A =DB)
8

~(ADB)>~ (A=B)
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Assumption
Assumption

A/~1
A/ VE
A/ VE
A/ ol

5 R
6-7>1

A/ VE
A/ ol
A/ ~E

10 R

9 R

11-13 ~ E
10-14 oI

4, 5-8, 9-15 VE

A/ VE
A/ ~E

1 &E

19 &E

19 &E

3, 21 &I

17, 22 OF

18-22 ~ E

2, 4-16, 17-23 VE
1 &E

3-25 ~ 1

A/ ol
A/ ~1
A/ ol
2,3 =K
3-4 ol
1R

2-6 ~ 1
1-7 oI



c. Derive: (AD B) v (BD A)

1

no

S © I O Tk

—_— = =
L N =

—
[SL

—
[=2]

N N = = =
— O O g

~[(ADB) v (BDA)]

B

}i
B
ADB

(A>B)v(BDA)
~[(AD>B) v (B> A)]

BoA
(A>DB)v(BDA)
~[(AD>B) v (B2 A)]

(A>B) v (BoA)

. Derive: [AVB)DC] =[(ADC) & (B> (O)]
(AvB)oC

A

AvVvB
C
A>C
B

AvB

C

BoC
(ADC) & (B> Q)

(A>C) & (B> Q)

AvVvB

(AvB)oC

[(AVvB)>C]l=[(A>C) & (B> Q)]
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A/ ~E
A/ ~1
A/ ol

2 R
3—4 ol
5 vI
1R
2-7~1
A/ ol

A/ ~E

9 R

8 R
10-12 ~ E
9-13 ol
14 vI

1R

1-16 ~ E

A/ =1
A/ ol

2 vI

1, 3 DE
2-4 ol
A/ ol

6 vI

1, 7 oE
6-8 ol
5,9 &I

A/ =1
A/ ol
A/ VE

11 &E
13, 14 oE

A/ VE

11 &E

16, 17 oE

12, 13-15, 16-18 VE
12-19 oI

1-10, 11-20 =I



g. Derive: ~ (A =B) = (A

1

SO W O Tt 0N

— e e e
B~ 00 N =

— = —
g O Ot

— =
©

NN NN NN N
S OU s 00 N — O

N N N
© o g

0o Lo Lo Lo QO
B 0N = O

S 09 Q0 0O Lo QO
S © g O
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- (A=B)
A

-
B

A=B
~(A=B)
~B

>
Il
l

jes}

- (A=B)

~(A=B) = (A=-B)

A/ =1
A/ =1
A/~1
A/ =1
3 R
A/

2R

4-5, 6-7 =1
1 R
3-9~1
A/ =1
A/ ~E
A/ =1
A/ ~E
13 R

12 R
14-16 ~ E
A/ =1
A/ ~E
18 R

11 R
19-21 ~ E
13-17, 18-22 =I
1R

Il
—

12-24 ~ E
2-10, 11-25 =1
A/ =1

A/ ~1

A/ ~1

28, 29 =E

27, 30 =E

29 R

29-32 ~ 1

A/ ~E

27, 34 =E

28, 35 =E

34 R

34-37 ~ E
28-38 ~ 1

1-26, 27-39 =I



9. Equivalence

a. Derive: ~~ A

1A

21 AVvA
Derive: A v A
1] AVA
2 A

| e
41 A

e. Derive: B v A

1| AvB
2 A

3 }TBVA
4 B

5 }TSVA
61 BvA

Assumption
A/ ~1

1R
2R
24 ~1

Assumption
A/ ~E

2R
1R
2-4 ~E

Assumption

A/ vl

Assumption
A/ VE

2R
1, 2-3, 2-3 VE

Assumption
A/ VE

2 vl

A/ VE

4 vI
1, 2-3, 4-5 VE
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Derive: A v B

1

[ S e )

2> 2=

BvA

<
e}

v B
B

<

g. Derive: (A v B) v C

1

O J O Ot k=~ N

10

11
12
13

Av (Bv Q)

A

AvB
(AvB)vC

BvC
B

AvB
(AvB)vC

},C
(AvB)vC

(AvB)vC

(AVB)vC

Derive: A v (B v C)

(AvB)vC

Av B

}i
Av (Bv ()

B

BvC
Av (Bv ()
Av (Bv ()

BvC
Av (Bv (O

Av (Bv ()

Assumption
A/ VE

2 vI

A/ VE

4 vI
1, 2-3, 45 VE

Assumption
A/ VE

2 vI
3 vl

A/ VE
A/ VE

6 vI
7 V1

A/ Vvl

10 vI
5, 69, 10-11 vI
1, 2-4, 5-12 VE

Assumption
A/ VE
A/ VE

3 vl

A/ VE

5 vl

6 vI

2, 34, 5-7 VE
A/ VE

9 vI
10 vI
1, 2-8, 9-11 VE
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i. Derive: ~B > ~ A

1| A>B Assumption
A/ ol
A/~1

1, 3 oE
2 R

3-5~1
2-6 ol

Assumption
A / ol
A/ ~E
2R

1, 3 oE
3-5 ~E
ADB 2-6 oI

k. Derive: A =B

1| A&B) v (~A&~DB) Assumption
A&B A/ VE
A/ =1
B 2 &E
A/ =1

2 &E
3-4, 5-6 =1

A/ VE
A/ =1
A/ ~E

9 R
8 &E
10-12 ~ E

A/ =1
A/ ~E

14 R

8 &E

15-17 ~ E
9-13, 14-18 =I
1, 2-7, 8-19 VE

>

© 00 O Ot k= 00 N
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Derive: (A & B) v (~A & ~ B)

1|A=B

2 ~[(A&B) Vv (~A & ~ B)]
3 A

4 B

5 A&B

6 (A& B) v (~A & ~ B)
7 ~[(A&B) Vv (~A & ~ B)]
8 ~A

9 B

10 A

11 ~ A

12 ~B

13 ~A&~B

14 (A&B) v (~A & ~ B)
15 ~[(A&B) Vv (~A & ~ B)]

16 | (A& B) v (~A&~B)

m. Derive: (A v B) & (A v C)

1] Av (B&C)

2 A

3 AvVvB

4 Av C

5 (AvB) & (Av C)
6 B & C

7 B

8 AvVvB

9 C

10 Av C

11 (AvB) & (Av C)

121 (AvB) & (Av ()
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Assumption
A/ ~E
A/ ~1

1, 3 =E
3, 4 &I
5vI
2 R
3-7~1
A/ ~1

1,9 =E
8 R
9-11 ~ 1
8, 12 &I
13 vI

2 R
2-15 ~ E

Assumption
A/ VE

2 vI
2 vI
3, 4 &I

A/ VE

6 & E

7 vI

6 &E

9 vI

8, 10 &I

1, 2-5, 6-11 VE



Derive: A v (B & C)

1| (AvB) & (Av Q)
2| AvB

3 A

4 Av (B&C)

5 B

6 Av C

7 }i

8 Av (B &C)
9 C

10 B &C

11 Av (B&C)
12 Av (B&C)
131 Av (B&C)

10. Inconsistency

a. Derive: B, ~ B

1| (A>B) & (A>~B)
21 (CoA) & (~C>2A)
31 ADB

4| A>~B

5 C

6 CoA

7 A

8 B

9 ~B

10 | ~C

11| ~C>2A

12 | A

13 | B

141 ~B

Assumption

1 &E
A/ VE

3 vI
A/ VE

1 &E
A/ VE

7 vI
A/ VE

5,9 &I

10 vI

6, 7-8, 9-11 VE
2, 34, 5-12 VE

Assumption
Assumption

1 &E
1 &E
A/ ~1

2 &E

5, 6 oOE
3,7 DE
4, 7 oE
59 ~1

2 &E

10, 11 oF
3, 12 oE
4, 12 DE
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c. Derive: A, ~ A

0 O Ot O N

11
12

C=-A

C=A

e. Derive: A, ~ A

L T Uk N

11
12

~[(AvB)v(C]
A=~C

A

AvB
(AvB)vC
~[(AvB)vC]

~A
C

(AvB)vC
~[(AvB)vC]
~C

A

Assumption
Assumption

A/~1

2,3 =F
1,4 =E
3 R

3-6 ~ 1
A/~E

1, 8 =E
2,9 =E
8 R

8-11 ~ E

Assumption
Assumption

A/ ~1

3 vl
4 vI
1R
3-6~1
A/ ~1
8 vI
1R
8-10 ~ I
2,11 =E
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g. Derive: B, ~ B

A& (Bv Q)
(~Cv H) & (H> ~H)
~-B

BvC

—

© 00 I O Ot B~ 0N

16 Ho~H
17 ~H

18 H

19 B

20 B

21 | B

22 1 ~B

11. Validity

a. Derive: M

S&F
FoB
B&~M)>D~S

~M

—

S O W Tt A~ 0N

[

Assumption
Assumption
Assumption

1 &E
A / VE
5 R

A/ VE

2 &E
A/ VE

A/ ~E

7R
9 R
10-12 ~ E

A/ VE
A/ ~E

2 &E

14, 16 oF

14 R

15-18 ~ E

8, 9-13, 14-19 VE
4, 5-6, 7-20 VE

3 R

Assumption
Assumption
Assumption

A/ ~E

1 &E
2,5 oFE
4, 6 &I
3,7 oFE
1 &E
49 ~E
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c. Derive: ~ ]

1

0 3O Ot B 0N

9
10
11
12

(Co~R) & (RDL)
C=(Cvl
JoR

J

R
RoL
L
Cv L
C
Co~R
~R

~J

e. Derive: ~ M
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~ (RvW)
R=M)v[MvG) > W=M)]

M

R=M

R
Rv W

M v G) > (W= M)

Mv G
W=M
w
RvW
Rv W
~(RvW)
~M

Assumption
Assumption
Assumption

A/~1

3, 4 DE
1 &E
5, 6 DE
7 V1
2, 8 =K
1 &E
9, 10 oE
4-11 ~ I

Assumption
Assumption

A/ ~1
A/ VE

3,4 =E
5 vI

A/ VE

3 vl

7, 8 oE

3,9 =E

10 vI

2, 4-6, 7-11 VE
1R

3-13 ~ 1



g. Derive: H o ]

H&T) D]
(M>D) & (M v D)
~T=(-D&M)

E
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Assumption
Assumption
Assumption

A/ ol
A/ ~E
A/ ~1

4, 6 &I
1, 7 oE
5 R

6-9 ~ 1
3, 10 =E
2 &E

11 &E
12, 13 oE
11 &E
5-15 ~ E
4-16 ol



i. Derive: LD T

© X T Ok 0 N

—
=]

— =
O N —

—_ =
(SN

—_ = =
HelNe s BEN Mep}

N NN
N = o

23
24
25

26

27
28
29

Lo (CvT)
(~LvB)& (~-Bv~C)

L

CvT
C

~Bv~C
~B

~LvB
~L

12. Inconsistency

N —

L J O Ot o~ QO
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M>B) & (BoP)
M & ~P

M
M>B
B
BoP
P

~P

Assumption
Assumption

A/ ol

1, 8 oE
A/ VE

2 &E
A/ VE

2 &E
A/ VE

A/ ~E

3 R
9 R
10-12 ~ E

A/ VE
A/ ~E

14 R

7R

15-17 ~ E

8, 9-13, 14-18 VE

A/ VE
A/ ~E

20 R

5 R

21-23 ~ E

6, 7-19, 20-24 VE

A/ VE

26 R
4, 5-25, 2627 VE
3281

Assumption
Assumption

2 &E
1 &E
3, 4 DE
1 &E
5, 6 OFE
2 &E



o

— O © 00 3O Ot = 00N~

—

13.a. We do not want this rule as a rule of SD because it is not truth-

Bol
(~B&~1)>C
~C&~1

B

1

~1
~B
~1
~B&~1
C
~C
Mv (FoT)
N=-~T
(F&N) & ~M

Assumption
Assumption
Assumption

A/ ~1

1, 4 oE
3 &E
4-6 ~1
3 &E
7, 8 &I
2,9 oE
3 &E

Assumption
Assumption
Assumption

A/ VE
4R

A/ VE
A/ ~E

3 &E

8 &E

6, 9 DE

8 &E

2,11 =E

7-12 ~ E

1, 4-5, 6-13 VE
3 &E

preserving. The truth of P v Q does not entail the truth of P.

c. We can show that Reiteration is dispensable by explaining
how to derive P whenever P occurs on an earlier accessible line, without using
Reiteration. Assume that P occurs on an accessible line i and that we want to

derive P on a later line. We can do this as follows:

n
n+ 1

P &P
P
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e. If P is a theorem of SD then any argument of SL that has ~ P among
its premises is valid in SD. We can construct a derivation of the conclusion,
call it Q, by taking the premises of the argument as our primary assumption.
~ P will be one of these assumptions. Next assume ~ Q, derive both P and
~ P, and obtain Q by Negation Elimination. We can obtain ~ P by Reiteration
since it is one of the primary assumptions of the derivation. We can obtain P
because it is a theorem of SD and therefore can be derived from the empty
set. If it can be derived from the empty set it can also be derived from the set
consisting of the premises of the argument, by inserting the derivation of P
from the empty set within the scope of the assumption ~ Q.

14. We here make use of a result established in Sections 6.3 and 6.4,
I'Pin SDifand only if ' P

a. Assume that a given argument is valid in SD. Then we know that
its conclusion is derivable in SD from the set consisting of its premises. By the
above result it follows that the conclusion of the argument is truth-functionally
entailed by the set consisting of the premises of the argument. Therefore there
is no truth-value assignment on which the members of the set, which are just
the premises of the argument, are true and the conclusion of the argument
false. So the argument is truth-functionally valid. Conversely, assume that the
given argument is truth-functionally valid. So there is no truth-value assignment
on which the premises of the argument are true and the conclusion false. From
this it follows that the set consisting of the premises of the argument truth-
functionally entails the conclusion of the argument. And by the above result
it next follows that the conclusion of the argument is derivable from the set
consisting of the premises of the argument, and from this it follows that the
argument is valid in SD.

c. Assume that sentences P and Q of SL are equivalent in SD. Then
each can be derived from the unit set of the other. By the above result it fol-
lows that the unit set of each truth-functionally entails the other. So there is
no truth-value assignment on which P is true and Q false, and no truth-value
assignment on which Q is true and P false. So P and Q are truth-functionally
equivalent.

Now assume that P and Q are truth-functionally equivalent. Then there is no
truth-value assignment on which P is true and Q is false, and no truth-value
assignment on which Q is true and P is false. So P truth-functionally entails Q and Q
truth-functionally entails P. By the above result it follows that Q is derivable in SD
from {P} and P is derivable in SD from {Q}.
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Section 5.4E

1. Derivabilitv
a. Derive: ~ D
1| DoE
2| ED(Z &W)
3| ~Zv~W
5| ~E
61 ~D

c. Derive: K

1| W>o2S) &~M
2 -W>o>H)vM
31 (~-~So>H)>K
4| WoS

5| ~So>~W

6| ~M

71 ~WoH

8| ~SoH

91 K

e. Derive: C

1| MvB)v ((CvG)
2| ~B& (~G&~M)
3| ~B

4| BvM)v(CvG)
5|1 Bv[Mv (CvG)]
6

7

8

Mv (Cv G)
~G&~M
~G

9] MvC vG

10 | Mv C

11| ~M

12 1 C

Assumption
Assumption
Assumption

3 DeM
2,4 MT
1,5 MT

Assumption
Assumption
Assumption

1 &E
4 Trans
1 &E
2,6 DS
5, 7 HS
3, 8 OFE

Assumption
Assumption

2 &E

1 Com

4 Assoc
3,5 DS

2 &E

7 &E

6 Assoc
8, 9 DS

7 &E

10, 11 DS
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2. Validity

a. Derive: Y = Z

— O © 0 g Ot s 0N~

—

~Yo~7Z
~7Z>~X

~X>o~Y

Y

~7>o~Y
Yoz
Z

/

7oY
Y
Y=17

c. Derive: 1 o ~ D

W 3O O 0 N

©

11
12
13
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F&G) v (H&~I)
>~ (F&D)

I

~ (F & D)
~Fv~D
~~1
~Hv~~1
~H&~1I)
F&G

F

~~F
~D
Io~D

Assumption
Assumption
Assumption

A/ =1

2, 3 HS
5 Trans
4, 6 oOE

A/ =1

1 Trans
8, 9 oE
4-7, 8-10 =I

Assumption
Assumption

A/ ol

2, 3 oFE
4 DeM
3 DN

6 vI

7 DeM
1, 8 DS
9 &E

10 DN
5, 11 DS
3-12 ol



e. Derive: I v H

1| Fo (G>oH)
2| ~I> (Fv H)
3| FoG

4 ~1

5 FVvH
6 ~H
7 F

8 G

9 GoH
10 ~G
11 H

12| ~Io>oH

13| ~~IvH
141 IvH

g. Derive: X =Y

1] [(X&Z)&Y]V (-XD~Y)
2| XoZ

3|1 72Z>2Y

4 X

5 7

6 Y

7 Y

8 X&7Z) &Y
9 X & Z

10 X

11 ~Xo~Y
12 Yo X

13 X

14 X

151 X=Y

3. Theorems

a. Derive: A v ~ A

Assumption
Assumption
Assumption

A/ ol

2, 4 OE
A/ ~E

5,6 DS
3,7 oE
1, 7 oE
6, 9 MT
6-10 ~ E
4-11 oI
12 Impl
13 DN

Assumption
Assumption
Assumption

A/ =1
2,4 oFE
3, 5 DE
A/ =1
A/ VE
8 &E
9 &E
A/ VE

11 Trans

7,12 oE

1, 8-10, 11-13 VE
4-6, 7-14 =1

A/ ~E

1 DeM
2 &E
2 &E
1-4 ~ E
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c. Derive: Av [(~AVB) & (~Av Q)]

1] |~A A/ ol
2 ~Av (B & Q) 1 VI
3 (~AVB) & (~AvC) 2 Dist
4| ~AD[(~AVB) & (~Av ()] 1-3 ol
5| ~~AVI(~AVB) & (~Av Q)] 4 Tmpl
6l AVI(~AVB) & (~Av Q)] 5 DN

e. Derive: [AD B & C)]=[(-Bv~C) o>~A]
A>D (B &CQC)

~B&C)o>~A

(~Bv~C)>o~A

~~Bv~C)>o~A

~B&C)o>~A

A>D (B & Q)
[AD(B&C)]=[(~-Bv~C) o~A]

N SOt o 0N

g. Derive: [AD (B=C)] = (AD[(~BVvC) & (~CvB)])
A> (B=CQ)

AD[(BDC) & (C>B)]
AD[(~-BVvC(C) & (C>B)]
AD[(~BVvC(C) & (~CvVvB)]
AD[(-BVv(C) & (~CvVvB)]

AD[(BoC) & (- CvB)]
AD[(BoC) & (C>B)]

A> (B=C)
[AoB=C)]=A>2[(~-BVvC(C) & (~-CvB)I]

© W T Ot 0N —

i. Derive: [~AD (~B5 Q)] D [(AVB) v (~~Bv ()]
1 ~AD (~-B>5Q)

~~Av (~-B>2CQC)

~~Av (~~BvQ

Av (~~Bv ()
Av[(~~Bv~~B)v(]

AvI[~~Bv (~~Bv Q]

Av~~B)v (~~Bv(Q

(AvB)v (~~BvQ
[~AD(-B2oCOI]>[(AvB) v (~~Bv(O]

O 0 3 O 0N
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A/ =1

1 Trans
2 DeM

A/ =1

4 DeM
5 Trans
1-3, 4-6 =1

A/ =1

1 Equiv
2 Impl
3 Impl

A/ =1

5 Impl
6 Impl
7 Equiv
1-4, 5-8 =1

A /ol

1 Impl
2 Impl
3 DN

4 Idem
5 Assoc
6 Assoc
7 DN

1-8 oI



4. Equivalence

a. Derive: ~ (~ A & ~ B)

1| AvB

2| ~~AvVvB

3| ~~Av~~B
41 ~(~A&~B)
Derive: A v B

~~Av~~B
Av~~B
AvVvB

W~ 00 N

c. Derive: ~ (AD> C) D~ B
1| (A&B)>C

2|1 B&A)DC
31 B> (A>C)
4| ~Ao>C)>o>~B

Derive: (A & B) o C
1| ~A>C)>~B

2|1 BoA>DC)
31 B&A) DC
4] (A& B)>oC

e. Derive: Av (-~ B =~ Q)
Av (B=0)

Av [(BDC) & (C>B)]
AvI[(~CD>~B) & (C>oB)]
AVv[(~C>~B) & (~-B>~Q)]
AVv[(~B>2~C) & (~-C>~B)]
Av(~B=-~0)

Derive: A v (B = Q)
1 |Av(~BE~C)

Av[(~B>~C) & (~C>~DB)]
AvI[(CDB) & (~-C>o~B)]
AV [(CDoB) & (B> Q)]
Av[[(B>C) & (C>B)]

Av (B=C)

Sy Ot B 00 N

Assumption

1 DN
2 DN
3 DeM

Assumption

1 DeM
2 DN
3 DN

Assumption

1 Com
2 Exp
3 Trans

Assumption

1 Trans
2 Exp
3 Com

Assumption

1 Equiv
2 Trans
3 Trans
4 Com
5 Equiv

Assumption

1 Equiv
2 Trans
3 Trans
4 Com

5 Equiv
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5. Inconsistency

a. Derive: [(E& F) v~~ G] oM, ~([(E&F) v~~G] o>M)

[(E&F)v~~G]oM
~[[(GVE) & (FvG)] > (M& M)]

~([(GVE) & (Fv G)] o M)
~([(GVE) & (GvF)]>M)
~([GV (E&F)] o M)
~([(E & F) v G] o M)

~ ([(E&F) v ~~G] o M)
[(E&F) v ~~G]>M)

O T O Ok 0 N~

c. Derive: K= ~§, ~ (K=~ )

1| M&L

2| [L&(M&~S)] oK
3| ~Kv~S

4| ~(K=~Y9)

5| Ko~S

6| [(L&M) &~S] oK
71 (L& M) > (~S>DK)
8| L&M

9| ~SoK

10 | (Ko ~9S) & (~S>2K)
11| K=~8S

121 ~(K=~8)

e. Derive: Z, ~ Z

~ W& (ZVvY)]
(Z>oY)D Z
YoZ) oW

~Wv~(ZVY)

3 Tk 0N
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Assumption
Assumption
Assumption
Assumption

3 Impl

2 Assoc
6 Exp

1 Com
7, 8 oFE
5,9 &I
10 Equiv
4 R

Assumption
Assumption
Assumption

1 DeM
A/ ~E

2,5 MT
6 Impl

7 DeM

8 &E
5R
5-10 ~ E
11 vI

12 DN
4, 13 DS
3, 14 MT
15 Impl
16 DeM
17 &E

Assumption
Assumption

2 Idem
3 Com
4 Dist
5 Com
6 DN
1R



6. Validity

a. Derive: ~ B

—

O © 003 Tk LN

—

(RoC) v (B>C(O)
~(E&A) >~ RDC)
~E&~C

~E
~Ev~A
~ (E & A)
~(R>2 ()
BoC
~C

~B

c. Derive: ~W D> ~ A

—

— O © 000 Ot 0 N

—

AD[Wv~ (CvR)]
~R>oC

~W

A

Wv ~ (CvVvR)
~ (CVvR)
~~RvC
RvC
CvR

~A

~Wo~A

e. Derive: ] © ~ (E v ~ M)

~(J &~H)
~HvM

Eo~M

Assumption
Assumption
Assumption

3 &E

4 vI

5 DeM

2,6 OFE
1, 7 DS
3 &E

8, 9 MT

Assumption
Assumption

A / ol
A/ ~1

1, 4 oE
3,5 DS
2 Impl

7 DN

8 Com

49 ~ 1
3-10 oI

Assumption
Assumption
Assumption

A/ ol

1 DeM
4 DN

5, 6 DS
2, 7 DS
8 DN
3,9 MT
9, 10 &I
11 DeM
4-12 oI
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g. Derive: ~A D [H > (F & B)]

H&~S)>A
~Bo>~S
~SvC
CoF

F&B
Ho (F & B)
~A>S[H>S (F &B)]

7. Inconsistency

a. Derive: C, ~ C

S © 0T 0N~

—

Bv~C

L>~G)>C
(G=~B) & (~L>~B)
~L

~Lv~G
Lo~G
C
~Lo~B
~B

~C

Assumption
Assumption
Assumption
Assumption

A/ ol
A/ ol

1 Exp

6, 7 oFE
5,8 MT
3,9 DS
4, 10 oE
2,9 MT
12 DN
11, 18 &I
6-14 oI
5-15 oI

Assumption
Assumption
Assumption
Assumption

4 vI
5 Impl
2,6 DE
3 &E
4, 8 oFE
1,9 DS

8.a. The rules of replacement are two-way rules. If we can derive Q from {P}
by using only these rules, then we can also derive P from {Q} using the same rules but
in reverse order.

c. Suppose that before a current line n of a derivation, an accessible
line i contains a sentence of the form P © Q. The sentence P 5 (P & Q) can

be derived by using the following routine:

i|PoQ
n P
n+1 Q

n+2 P&Q
n+3l P> @P&Q)
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Assumption

i, n DE
nn+ 1 &I
n—n+ 22l



