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Much debate has appeared in the literature over the generality of the inclusive fitness approach in the
modeling of evolutionary behavior. Here I focus on the capacity of the inclusive fitness approach to
effectively handle non-additive or synergistic interactions. I work with a binary interaction with the

d
selective effects. First of all I observe that the construction of “higher-order” relatedness coefficients
permits these synergistic interactions to be analyzed with an inclusive fitness analysis. These coefficients
are an immediate generalization of Hamilton's original coefficient and can be calculated with exactly the
same type of recursive equations. Secondly I observe that for models in which the population is not too
large and local genetic renewal is rare (e,g, rare mutation), these higher order coefficients are not needed
even with non-additive interactions; in fact the synergistic interaction is entirely equivalent to a closely-
related additive one. The overall conclusion is that in the study of synergistic binary social interactions
(2-player games) in a finite homogeneous population with weak selection and rare genetic renewal, a
standard inclusive-fitness analysis is able to predict the direction of allele-frequency change. I apply this
result to analyze a recent model of Allen and Nowak (2015).

. a b . . s . .
matrix game [C ] and I restrict attention to transitive (homogeneous) populations with weak
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1. Introduction

2011; Nowak et al., 2011; Allen et al., 2013; Liao et al., 2015;
Queller et al., 2015) has arisen over the significance and centrality

The study of the evolution of social behavior has been hugely
enriched by Hamilton's (1964) construction of inclusive fitness and
the wealth of literature which has developed and extended its
ideas over the past half century. Much recent controversy (Nowak
et al., 2010; Abbot et al., 2011; Bourke, 2011; Herre and Wcislo,
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of the inclusive-fitness approach. The resulting debate, which
typically identifies apparent misunderstandings, has certainly led
to a clarification and sharpening of our understanding of the
inclusive fitness method. One of the most significant issues in this
debate concerns the capacity of the inclusive-fitness approach to
handle non-additive or “synergistic” fitness effects and this ques-
tion is close to my own recent interests. [ believe that a synergistic
inclusive fitness theory is now firmly in place and that has
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prompted me to reply to a recent paper of Allen and Nowak (2015)
where it is asserted that “inclusive fitness can only be formulated
if each individual's genotype contributes a separate, well-defined
amount to each other individual's fitness.” In my response below [
first observe that a natural generalization of the standard notion of
relatedness can give us an inclusive-fitness analysis of non-linear
(quadratic) fitness effects. Secondly I point out that there are some
quite standard population models for which the classical “addi-
tive” inclusive-fitness analysis is already able to handle synergistic
fitness effects. Those are the ones in which the process through
which new genetic material enters a neighborhood, for example,
mutation, is rare.

At the core of an inclusive-fitness analysis is the inclusive-
fitness effect

Wip=>_ aiRi_i 1.1

of a single focal actor i whose behavior generates a fitness change
a;, in a number of recipients k (Hamilton, 1964). Here Wi is a linear
combination of the effects a; each weighted by the focal related-
ness R;_ to the individual k, this being a measure of the extent of
common genetic ancestry between i and k (Michod and Hamilton,
1980). It has been shown many times in different ways (Hamilton,
1964; Charlesworth, 1980; Queller, 1992a; Taylor 1996, and many
more recent papers cited below) that under a suite of simple
assumptions, particularly weak selection and additive gene action,
the sign of Wi will tell us whether the selective effects of the action
of an allele will cause its frequency to increase or decrease.

To be more precise about the assumption of additivity, it
requires that the fitness effect a;, of the action of i on individual k
depends only on the genotype of i and is independent of all other
genotypes, particularly that of k. This is, [ believe, the condition
that Allen and Nowak (2015) had in mind with the stipulation that
“each individual's genotype contributes a separate, well-defined
amount to each other individual's fitness.”

An enormous body of work generated over the past 50 years
has produced many versions and extensions of the fundamental
Eq. (1.1). Much of the recent work in social evolution looks at
binary matrix games in which the selective effects of the behavior
are directly coded by genetic alleles, and in that domain it appears
to be the case that a linear combination of fitness effects such as is
found in Eq. (1.1) will do the job only under particular “additive”
conditions, often referred to as “equal gains from switching.”
Queller (1985, 1992b) was the first to discuss these non-additive or
“synergistic” effects and he observed that they would require an
extension of the standard approach.

One such extension is based on the use of a multilinear regres-
sion analysis (Queller, 1992a, 1992b; Gardner et al., 2011). This
approach retains the mathematical form of the inclusive fitness
effect (1.1) but the fitness effects a; are no longer constructed
mechanistically directly from the entries of the payoff matrix (e.g.
by following the effects of a fecundity benefit through the pattern of
offspring dispersal), rather they are replaced by more general
coefficients of linear regression. Effectively this approach says that
for the purpose of measuring allele frequency change, the fitness-
determining interactions behave as if they combine additively.
However in forming this linear combination, the biologically
meaningful parameters such as the entries of the payoff matrix and
offspring dispersal probabilities are often replaced by more abstract
entities and one loses the direct intuition of the formulation.

Here I will work with another type of extension, one that
preserves the meaning of the fitness effects a;, but extends the
summation found in (1.1) to incorporate quadratic fitness effects
a;x and corresponding relatedness coefficients R;_,. In this
extension, individuals i and j are in a sense joint actors in that the
fitness effect a;, on k depends not simply on the genotype of the

focal actor i, but on the product x;x;of the genotypes of i and j, and
the coefficients of relatedness R;_j depend on the various prob-
abilities of genetic identity among all three individuals.

Finally and unexpectedly, I will observe that in the case in
which local genetic renewal (mutation or migration) is rare, and
the population size is not too large, these generalized relatedness
coefficients R;_j are not actually needed; rather the quadratic
synergistic effects referred to above can be handled with the
standard coefficients R;_,. To be more explicit, I will show (Eq.
(2.6) below) that in this case, the inclusive-fitness effect can be
given an “additive” formulation in which every individual's gen-
otype does indeed contribute a separate, well-defined amount to
each other individual's fitness. In the Appendix I provide a simple
worked example of this. I end with an inclusive fitness analysis of
the two examples discussed by Allen and Nowak (2015).

2. Inclusive fitness with pairwise interactions
2.1. Population structure

I begin with a finite population represented as an evolutionary
graph, a set of nodes, indexed by i and j, etc., each occupied by a
single asexual haploid breeder. The structure of the population is a
specification of fitness interactions among the nodes as well as
node succession, the probability that in each time step, breeder i is
replaced by breeder j or by its offspring. An evolutionary graph has
a homogeneous or transitive structure (Taylor et al., 2007b) if for any
given pair i, j of nodes there is an isomorphism of the node set
mapping i to j, that is, a bijection which preserves all components of
the structure: interaction and node replacement. Roughly speaking,
the structure “looks the same” from every node, that is, if an
inhabitant of any node was blindfolded and removed and then put
back on a node at random, it would be unable to tell whether it had
been moved. When transitivity fails, the orbits of the set of all
isomorphisms partition the node set into reproductive classes and
individuals in different classes might have different reproductive
values which typically need to be accounted for. To keep the ana-
lysis simple I will assume the population has a transitive structure.

There are many ways to model birth and death and here I allow
either a Moran process in which in any time-step there is a single
birth and death, or a Wright-Fisher process in which generations
are non-overlapping and in each time-step all individuals bear
offspring and die and the offspring repopulate the nodes.

I suppose that there are two alternative alleles A and B in the
population determining behavior and I let the genotypic value x; of
the breeder on node i be the frequency of A in its genotype. To
maintain local genetic variability, we need a source of new genetic
material and I assume that this comes through “long-range”
migration or mutation or both.

2.2. Matrix games

In each generation an individual has a number of pairw%}se
d
(Maynard Smith, 1982; Queller, 1985; Nowak and May, 1992;
Nowak et al., 2004) where the first row gives the payoffs to an A-
player (with an A or B partner) and the second row belongs
similarly to B. I assume that the payoffs represent small incre-
ments in fitness, small enough that we can ignore second-order
effects. For each offspring, the average payoff is added to the
baseline fitness of 1. Here we take individual fitness to measure
genetic contribution to the next generation.

In inclusive-fitness studies, a normalized version of the matrix
is often used. If we subtract d from each entry so that the payoff

interactions, each playing the game with payoff matrix
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from a B-B interaction is zero, the matrix can be written in the
form

B-C+D -C

el
where

B=c—d,

C=d-b (2.2)
D =a-b-c+d

The matrix (2.1) has the “cost-benefit” form found in Hamil-
ton’s Rule, that is, each A-individual, as actor, gives benefit B to its
partner at cost C, but if the partner is also A, it gives a “synergistic”
bonus D (Queller 1985, 1992b). The advantage of the form (2.1) is
that it situates the quadratic fitness effect entirely in the para-
meter D; when a focal actor i interacts with j, the gift D is received
by j only if the product x;x; is 1.

2.3. An inclusive-fitness analysis

Tarnita et al. (2009) provide an elegant general analysis of the
. a by. . . . .
matrix game L d} in a finite population with weak selection and

rare symmetric mutation between A and B. They show that the con-
dition for the allele A to have a selective advantage over B has the form.

o(a-d) > (c-b) (2.3)

for a coefficient o that depends on the population structure but not on
the payoffs a, b, c and d. Taylor and Maciejewski (2012) extend this
analysis to “infinite”-population models in which the mechanism that
maintains genetic diversity need not be rare, whether it is mutation or
a process of migration “from afar.” Using the matrix form (2.1), they
show that the inclusive-fitness effect has the following simple form:

W =pB—yC+ [@+( —%)(I}D 24)

Here the coefficients @, f and y are independent of both the
matrix payoffs and the average allele frequency g. Since  and y are
independent of D, they will be unchanged if we set D equal to zero.
But in this case we have a standard “additive” benefit-cost inter-
action and thus f and y must depend only on the standard relat-
edness coefficients R;_,. However the coefficient a typically
requires the calculation of higher-order coefficients Rj_. Such
coefficients are defined in terms of quadratic genotypic covariances
of the form cov(x;x;, x;) first identified by Queller (1985, 1992b, Eq.
2.8) and further analyzed and developed by Ohtsuki (2010), Taylor
and Maciejewski (2012) and Taylor (2013). A simple worked
example of these R-coefficients in action is found in the Appendix.

Taylor and Maciejewski (2012) show that, in comparison to 3
and y, the coefficient  in Eq. (2.4) has the same order as the rate of
genetic renewal. When this is generated by rare mutation, its
effect is small compared to the effect of f and y and Eq. (2.4)
simplifies to:

Wi = BB—yC+ <’¥>D 25)

Eq. (2.5) delivers two striking conclusions. First, relative allelic
fitness is independent of allele frequency q, and secondly, syner-
gistic interactions (captured by the effect D) can be handled with
standard coefficients of relatedness such that the higher-order
coefficients R;_j need not be calculated. Of course they are still
present hidden inside the coefficient (f+7%)/2 of D, but Eq. (2.5)
gives us a general formulation of the inclusive fitness effect in a
finite population with rare mutation in terms of the standard
relatedness coefficients R;_y.

To emphasize this, we can rewrite Eq. (2.5) in the form

D D
W1F=ﬁ<3+§>—}’<c_§) (2.6)

which tells us that a non-additive interaction with benefit B, cost C
and synergistic bonus D, can be modeled as an additive interaction
with benefit B =B+D/2 and cost C'=C-D/2. Effectively Eq. (2.6)
asserts that the synergistic behavior can be captured with a stan-
dard benefit-cost interaction in which the benefit is given to all
interactants regardless of their genotype provided that we add D/2
to the benefit and subtract D/2 from the cost. In terms of the matrix
formulation, what Eq. (2.6) tells us is that in case genetic renewal is
rare (through rare mutation or migration) the synergistic matrix

{B -C+D -C
game

B 0 ] is equivalent to the additive game

@.7)

B-C+D —C+D/2
B+D/2 0

If the transformation Eqs. (2.2) are applied to Eq. (2.5), the
condition that Wiz > 0 can be written:
B+yNa-d)>B-y)b-0c) (2.
and this is the condition (2.3) of Tarnita et al. (2009) with o :g%}’l.

(=]
=

2.4. Relatedness

Finally we recall the definition of relatedness. We say that two
individuals i and k are identical by descent (IBD) if they have a
common ancestor without any intervening mutation. Given that,
the relatedness R of an actor i to a recipient k can be expressed as
Roim g @9)
where Gj, is the probability that the two are IBD, Go=1 is the
probability that an individual is IBD to itself, and G is the average
IBD of an individual to all individuals in the population (Rousset
and Billiard, 2000; Taylor et al., 2007a). Then the relatedness of an
individual to itself (G=Gy) is Ry=1 and the average relatedness to
the population (G=G) is R=0. I point out that the normalization in
Eq. (2.9) (subtracting G and then dividing by 1-G) is conventional
when working with transitive populations but is optional in that
the G-coefficients can serve on their own as relatedness. An
advantage of the normalization is that it gives us negative coeffi-
cients of relatedness (whereas G;, is always > 0). However in non-
transitive populations for which there are different reproductive
classes, the normalization can be problematic as G can vary among
different classes (Taylor, 2009).

The standard R-coefficient in Eq. (2.9) will serve my needs in
the analysis of the next section, but in the Appendix I provide the
analogous formula for the higher-order coefficients R_y.

3. An inclusive-fitness analysis of the example of Allen and
Nowak

Allen and Nowak (2015) consider a finite population with non-
overlapping generations and N haploid breeders each of which has
a large number n of asexual offspring. They use a two-allele model

b
with bi-allelic mutation and general matrix game {i d] as

described above. The offspring engage in many binary interactions,
a proportion r of which are with sibs while the remaining 1—r are
random in the population at large. The total game payoff for each
offspring provides a small fitness increment and then to form the
next generation of adults, N offspring are chosen from the
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population at large, with probability weighted by fitness. This is a
transitive population structure with non-overlapping generations
which updates through what is generally called a Wright-Fisher
process.

Allen and Nowak (2015) use fixation probability to compare the
fitness of A and B, but under weak selection in a transitive
population, the inclusive-fitness effect will provide an equivalent
condition (Taylor et al., 2007a; Tarnita and Taylor, 2014) and I now
obtain their results with a general inclusive-fitness analysis.

3.1. A general analysis

I begin with a comment about the general inclusive-fitness Eq.
(1.1). The fitness effects a;, must capture all effects of the matrix
interaction, not only the immediate effects B, C and D on future
fecundity but also the later derived effects, often called “secondary”
(West and Gardner, 2010). For example in a population of constant
size an extra offspring given to one individual must reduce the fit-
ness of another. For that matter, even if the population is growing,
such effects can still be felt in terms of the total RV of the population
gene pool. In the model of Allen and Nowak, these secondary effects
are all felt at random in the population and focal relatedness to these
is R=0 (Eq. 2.9). Thus in the following analysis I can restrict attention
to the immediate fecundity effects of B, C and D.

To calculate f# and y in Eq. (2.5), we can set D=0 (see discussion
after Eq. 2.4) so that each offspring interaction consists of a single B-
gift at cost C. Since the interaction is between sibs with probability r
and is otherwise at random, the inclusive-fitness effect has the form:

Wi =B(rRs+(1 —r)ﬁ)—CRO =BrRs—C (31)

where Rs is the relatedness between offspring sibs.

Allen and Nowak (2015) make two alternative assumptions
about the action of mutation. In the first, mutation effectively
occurs in the adult so that all offspring of a mutant adult are
mutant (and therefore all IBD). In the second case, the mutation
occurs and takes effect in the offspring such that a mutant off-
spring is not IBD to its sibs.

3.2. The first mutation scenario

Here the entire focal sibship is effectively (phenotypically)
clonal and Rs=1, giving
W[F =Br—-C (32)

From the coefficients of B and C we get f=r and y=1, and the
condition (2.8) that Wi > 0 becomes:

r+1)@a-d)>@—-1)b—-o) 3.3)
as obtained by Allen and Nowak (2015), Eq. (10) for their equiva-
lent condition p > ps.

3.3. The second mutation scenario

In this case effective mutation occurs independently among the
offspring. To calculate the relatedness between sibs we first note
that two sibs are IBD if neither is mutant and the probability of
that is:

Gs=(1-u’~1-2u (3.4)

We calculate G from the recursive equation:
— 1 N-1-
12—
G =(1-u <N+ N G) (3.5)

where the prime means “next generation.” To be IBD, two random
next-generation offspring must first both be non-mutant. Given
that, they are sibs with probability 1/N (since the number of

offspring is large) and in that case are IBD; otherwise their parents
are two random offspring from the current generation and in that
case are IBD with probability G. At equilibrium, G =G, and this
solves to give G = 1—2Nu (see the note at the end of the Appendix
for the best way to obtain the solution). Then from Eq. (2.9) the
relatedness between sibs is:

_ Gs—G_1-2u—(1-2Nu) N-1

Rs = 1-¢  1-(1-2Nu) N 36
and from Eq. (3.1):
WIF=BrR5—C:Br¥—C 3.7

From the coefficients of B and C, we get #=r"g1 and y=1 and the
condition (2.8) that Wi is positive can be written:

(rN+N-r)a—d)>(TN-N-r)b-c) 3.8)

as obtained by Allen and Nowak (2015; Section 6) for their
equivalent condition pa > pg.

4. Discussion
4.1. Additive and non-additive games

Matrix-game models have a significant venerable history
(Maynard-Smith and Price, 1973; Maynard-Smith, 1982; Queller,
1985; Nowak and Sigmund, 2004) and receive much theoretical

. . [a b .
attention today. The game matrix L } provides the fitness

d
effects of the interaction in terms of the strategies (in our case,
genotypes) of both players. Hamilton (1964) framed his inclusive-
fitness analysis in terms of the fitness effects of the actions of a focal
individual i on all whose fitness is affected by that behavior. For
example he talks about the fractions of the harm and benefit which
the individual itself causes to the fitness of its neighbors k, where
these fractions are in fact the coefficients of relatedness R; _ . But his
discussion assumes that these fitness effects are independent of the
genotypes of these neighbors; these genotypes enter only into the
calculation of relatedness. A game can be modeled in this way only
when it satisfies the condition a+d=b+c. By subtracting the con-
stant d from all payoffs, such “additive” games can be written in the
B-C -C
B 0

framework; each A-individual gives benefit B to its partner at cost
C, regardless of the partner genotype.

Queller (1985, 1992b) was the first to observe that, again by

subtracting d, the same general game could be written in the form
{B -C+D -C

form { } and can be interpreted in the Hamiltonian

B 0
Hamiltonian inclusive-fitness framework—-D is an extra benefit an A-
individual bestows if its partner also carries the A-allele. Queller
pointed out that the D-term requires a modification of the standard
inclusive-fitness formulation, and that is what has led to the intro-
duction of the higher-order relatedness coefficients R;;_. These can
be calculated following the same recursive approach that works for
the standard coefficients (e.g see the Appendix) and thus this gives
us a natural generalization of the inclusive-fitness method.

That story is interesting enough but now it takes a rather
unexpected turn. These generalized relatedness coefficients R;_
appear in the general formulation (2.4) only in the a-term, while
the terms £ and y involve only the standard coefficients R;_y.
Furthermore the order of a is the same as the order of the
mechanisms of local genetic renewal, be they mutation or
migration from afar (Taylor and Maciejewski, 2012). In the case in
which the only such force is provided by mutation and this is
assumed to be rare, the contribution of these generalized

} which allows the effects to be described in a
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relatedness coefficients is negligible and can be ignored. That gives
us Eq. (2.5) which involves only the standard coefficients R;_.
What this tells us is that we can treat the synergistic interaction as if
it were an additive benefit-cost interaction.

Just to highlight this a bit more, the system of recursive equa-
tions for the various IBD coefficients G generally allows us to see
that the higher order coefficients Gy can be written as linear
combinations of the standard coefficients G. As an example of this,
study the system (A1) in the Appendix—-the equations for G; and
G4 can be solved together giving us expressions for Gs and G, in
terms of G; and G,. Because of the nature of the recursive system,
this will generally be the case, and what that tells us is that we can
expect the coefficient of D in the inclusive fitness formula (2.5) to be
a linear combination of the coefficients £ and y of B and C. But we
would expect this linear combination to depend on the population
structure, so that it is quite unexpected that, in the case in which
genetic renewal is rare, the coefficient of D is (f+7y)/2 for all
populations regardless of their structure.

4.2. Mutation and migration

In formulating a mathematical model we need a source of new
genes; otherwise, even given the effects of selection, the popula-
tion will eventually be genetically uniform. Two standard mathe-
matical ways to provide this are found in genetic mutation and
migration “from afar”; this final requirement is needed as in a
structured population, migrants from near-by are apt to find
relatives where they settle. In fact, to be quite formal, we often
assume that the population is “infinite,” so that migrants are cer-
tain to be unrelated to those they encounter. Furthermore this
allows us to assume that they carry the allele A with a fixed
probability g, and that is needed in the model formulation. A
similar assumption is made in the mutation process.

I observe that in models, such as Wright's (1943) island model
with large population size, we often assume that migration is the
sole force for local genetic renewal and that it is not rare. As a
consequence, the simple form for Wi given by Eq. (2.5) no longer
holds and we need the a term of Eq. (2.4), and as | have observed,
this generally requires the calculation of the higher-order relat-
edness coefficients (Ohtsuki, 2010; Taylor and Maciejewski, 2012).
As a consolation for this additional complexity, we get a form of
frequency dependence through the long-term allele frequency q,
and with that comes the possibility of a stable polymorphism of
pure strategies (Taylor and Maciejewski, 2012).

Finally, [ remark that I assumed throughout that the population
structure is transitive, but Eqs. (2.4-2.8) hold in heterogeneous
(non-transitive) structures provided the inclusive-fitness effect is
formulated using reproductive values (Taylor, In preparation).

4.3. Additivity and the strength of selection

Almost no fitness interactions have strictly linear effects and
one should not talk of linear approximations without introducing
the strength of selection. Hamilton, in his original 1964 analysis,
felt it reasonable to assume linear effects on fitness only because
most benign mutations are of small effect. I should point out that
the scenario Hamilton seems to have had in mind was that gen-
otype affects behavior (phenotype) which in turn affects the fit-
ness of one or more individuals. In our haploid model if an indi-
vidual’s fitness is a function w = f(z1, z2, ..., z;) of the phenotypes of
n individuals, and if genotype x has a small effect on phenotype,
z=2p+ 0%, then a first-order Taylor expansion will give us a fitness
effect that is linear in the genotypic values: w=wy+0J > (df /9z)x;
(Grafen, 1985). In the matrix game model I work with here there is
an assumption of weak selection, but this does not give us a first-
order Taylor expansion in genotype because fitness connects

directly with genotype without going through a continuous
intermediate z.

4.4. Some remarks on the effects of population structure

Right from the beginning (Wilson, 1975), questions about the
effects of the population structure were raised. Over the past
decade, considerable attention has been paid to the spatial
assortment of individuals (Hauert and Doebeli 2004; Traulsen and
Nowak, 2006; Ohtsuki and Nowak, 2006; Ohtsuki, 2010) and it has
increasingly been made clear that we should have a wide range of
modeling approaches in our evolutionary toolbox and be prepared
to choose the one (or ones!) that give us the technical capacity
and/or the insights that we want. A particularly interesting (and
longstanding) debate of this type is one that compares the theo-
retical and technical advantages of approaches using inclusive
fitness and multilevel selection (Lehmann et al., 2007; Damore and
Gore, 2012; Frank, 2013; Okasha, 2015).

Considerable work particularly at the microbial level over the
past decade has revealed a surprisingly rich variety of behaviors,
particularly cooperative behaviors that exhibit marked frequency
dependence in that the frequency of the competing types affects
the very structure of the population and can even alter the payoffs
in the matrix (Smith et al., 2010; Damore and Gore, 2012). In this
case, under weak selection, Hamilton’s Rule can perhaps give us a
short-term account of allele frequency change, but more special-
purpose models are needed to understand long-term behavior.

One significant aspect of working with microbes is that, perhaps
due to their simple structure and short generation time, it is often
much easier to measure the fitness effects of the behavior--the
benefits and costs—-than it is with larger slower more complex
organisms. Chuang et al. (2010) study an interesting “synthetic”
microbial system in which they are able to chemically modify the
benefit of a public good interaction and measure the effect on
Hamilton's Rule. I find this work particularly interesting as it employs
what might be called a “natural” agent-based simulation and such
approaches significantly enhance our understanding of the working
of our mathematical models. In one case the effective benefit chan-
ged in a non-linear way across treatments (with different cooperator
frequencies) and that led to some counter-intuitive findings. Such
results alert us to the simplicity of the assumptions we generally
make in our mathematical models and this is most certainly true of
Hamilton’s Rule. Having made that point, it works the other way
around as well. Mathematical models can give us valuable indica-
tions of what to look for in setting up our simulations.

5. Conclusions

Evolutionary models of binary interaction with the general
. [a b . . .
game matrix [c d} can be handled with an inclusive fitness

approach provided “higher-order” relatedness coefficients are
employed. These coefficients are an immediate generalization of
Hamilton's original concept of relatedness and can be calculated
with exactly the same type of recursive equations. However,
models that rely upon rare mutation as the source of genetic
renewal provide an interesting special case in which the general
game matrix is equivalent to an “additive” matrix (a+d=b+c)
such that the higher-order coefficients are not needed and a
standard inclusive-fitness analysis will correctly measure allelic
fitness.
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Appendix

The purpose of the appendix is to use a simple finite population
to illustrate the inclusive-fitness calculation using the higher-order
relatedness coefficients and then demonstrate that the same
answer is obtained using the additive matrix form (2.7).

Population structure. I consider the 5-cycle (Fig. 1). In each time
step each A-individual gives a fecundity benefit B to each of its two
neighbors at cost C. In addition, when the neighbor also carries the
allele A, an extra benefit D is bestowed. I assume that these fitness
effects are small and augment the base fecundity 1. An offspring is
a clone of its parent with probability 1—u and otherwise it is A or
B with probabilities g or 1—gq.

Relatedness calculation. 1 begin by noting that the symmetry of
the structure (Fig. 1) allows us to get by with only five IBD coef-
ficients, and to simplify the analysis I call them G; (0 <i<4):
® Go=G=1: to self
G1=G12: to neighbor
G»=Gi3: to non-neighbor
G3=Gqy3: three in a row
G4=G124: three not in a row

In addition we let G = ©+2%+2% pe the average G of an individual
to the population. The one-step recursive equations for the G; are

1-u 1-u
Gy =T(Gz+Go), Gs3 :T(G] +G2+Gyq) (A1)

1-u 1-u
& :T(Gﬂ-cl), Gy :T(Gz+G3 +Gy)

For example, to obtain the G; equation, calculate the prob-
ability that nodes 1 and 2 are IBD. Choose the node of the pair that
was most recently replaced, say node 2 (by symmetry), and ask
where the offspring came from. With probability u it was a mutant
(giving G=0) and otherwise (probability 1—u) it came from nodes
1 or 3 with equal probability V4.

To solve these equations to first order in u the most elegant
approach is to set G;=1-—g;u and simplify the equations to get

g =1 +gz +go, g=1 +g1 +é;2 +84 (A2)
g2_1+gz+g1, gi=1+ 82+83+84

3

Fig. 1. The 5-cycle. There are 5 nodes each with 2 neighbors and each occupied by a
single haploid breeder. I use Moran updating so that there is one birth in each time
step with the offspring displacing each neighbor with probability Y. This is a
transitive population structure.

And, noting that go=0, these solve to give:
g1=4, £=6, g3=7 and g,=8 (A3)

This gives us G=1-gu=1—4u since g==2%"2%"2% _ 4 Finally,
again using the symmetry, we need only five relatedness coeffi-
cients and Taylor (2013) provides the formulae for these in a
transitive population, although in that presentation the R-coeffi-
cients are not normalized.

Go—G

self :Rg=Ry_1= —=1
o=R1-1 Go_C
neighbour : Ry =R;_, = Gi-C_g-& ﬂ:0
G()—G g 4

. G,—G 8- -8 _ 4-6 1
non — neighbour : R, =R; _3 = = __ A4

g 2 1-3= GO—G z v 5 (A4)
synergisticinside:Rg:Rlz_z_Gz_GHGO_Gl)q E-&1+&4 =q

Go—G g

G3—G+(G1+G,—2G3)q

synergistic outside : Ry =Ry _3 = o
0—

_8-83+(283-81-82)9 _ q_§
= 2 =q-3

The final two formulae in (A4) follow from the general equa-
tions:
(Gij—G)+(Go— Gy)q
Go—G

Rj_j=Rj_i=

(Gijk — O+ (G — Gij)g + (G — Gij)q
Go—G
found in unnormalized form in (Taylor 2013). Note that the first of
these equations is a special case of the second. To give some
intuition for the second equation, note that it modifies the effect of
D when the gift is given by i to j and affects the fitness of k. And
since we are keeping track of the change in A-frequency, the
coefficient R;;_ essentially counts the instances where k has the
allele A. Now the actor i is assumed to already carry A, so for the
gift to be given we need j to carry A, so that means we want the
cases in which j and k both carry A. First this will occur when all
three are IBD and that’s covered by the first bracket on the right.
Secondly this will happen when i and k are IBD but not IBD to j
(and the probability of that is Gy — Gy ) but j independently carries
A, and the probability of that is q. That's covered by the second
bracket on the right. Analogously, we might have that j and k are
IBD but not IBD to i (and the probability of that is Gy —Gjy) but
both j and k independently carry A, and the probability of that is q,
as they are IBD. That's covered by the third bracket.
Inclusive-fitness analysis. 1 begin with the full analysis that
makes use of the synergistic relatedness coefficients R;_y. The
inclusive-fitness effect turns out to be:

Ri_1+Ry_ Ri_s5+R;_
W1F=B<R1,2— 1-1 1 3>—C<R1,1— 1-5TR 2)

Ry 1= (A5)

2 2

R1271+R1273> (A6)

+D<R1272— 5

derived as follows. Take node 1 as a focal A-actor (x;=1) and
consider its interaction with node 2. First it gives node 2 a
fecundity benefit B and the potential extra offspring increase the
mortality of nodes 1 and 3. The initial gift is weighted by the
relatedness coefficients Ry _5, and the secondary mortality effects
are weighted by R _; and R; _3. Then it pays the cost C of the gift
and the potential reduction in offspring decreases the mortality of
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nodes 5 and 2. The initial effect is weighted by the relatedness
coefficient Ry _1, and the secondary mortality effects are weighted
by Ri_s and R;_». Finally its synergistic gift of D to node 2 is
dependent upon having x,=1, and in this case as for B, the
potential extra offspring increase the mortality of nodes 1 and 3.
The initial effect is weighted by the relatedness coefficient Ry, _»,
and the secondary mortality effects are weighted by Ry;_; and
R12_3. When we substitute the expressions from the Eq. (A4), we
get:

Ro+R Ri+R Rs+R
WIF=B(R1—%)—C(Ro—%)-i—D(Rg—%),

:B(O_#> —c(1_g) +D(Q—7q+q2_3/4>

1 3
= _ZB_C+§D (A7)
Now I do the “additive” analysis provided by Eq. (2.6) with
benefit B+ D/2 replacing B and cost C—D/2 replacing C. According

to the result of (A7) we will get:

_ D Ro+Ry D Ri+R;
wi= (8+3) (R -3%) - (€3) (R-"3")

1 D D 1 3
_Z(B+E) _ (C—i) = B-C+D (A8)

as before. Note that these equations both give us f=-1/4 and y=1,
so that @:%, and as expected from Eq. (2.5), this is the coeffi-
cient of D.

I remark that the 5-cycle analyzed above is a transitive popu-
lation, and in this case, under many updating rules, Wiz depends
only on the size of the population. This surprisingly simple result
is an effect of a cancelation between primary and secondary effects
(Taylor, 1992). For example, for a Moran process with BD updating,
P=-y/(N—1) where N is population size (Taylor et al., 2007b;
Grafen and Archetti, 2008) and thus by Eq. (2.5) the inclusive-
fitness effect always has the form Wy = —g1;B—C+N51D. We
could have written the final answer in Eq. (A8) without having
done any work at all.

Note: the method we used above to solve the Eq. (A1) can be

used to easily solve Eq. (3.5) with G =G. The equation is G=

(1—u)? (%ﬁt%@ and to work to first order in u, we set G = 1—gu

and (1—u)? = 1—2u. Multiplying through by N gives us
N1-gu)=(1-2u)A+(N-1)(1-gu)
and to first order in u, this solves to give g = 2N.

References

Abbot, P, et al., 2011. Inclusive fitness theory and eusociality. Nature 471, E1-E4.

Allen, B., Nowak, M.A., Wilson, E.O., 2013. Limitations of inclusive fitness. Proc. Natl.
Acad. Sci. USA 110 (50), 20135-20139.

Allen, B., Nowak, M.A., 2015. Games among relatives revisited. ]J. Theor. Biol. 378,
103-116. http://dx.doi.org/10.1016/j.jtbi.2015.04.031.

Bourke, A.F.G., 2011. The validity and value of inclusive fitness theory. Proc. R. Soc. B
2011 (278), 3313-3320.

Charlesworth, B., 1980. Models of kin selection. In: Markl, H. (Ed.), Evolution of
Social Behaviour: Hypotheses and Empirical Tests. Verlag Chemie, Weinheim,
pp. 11-26.

Chuang, J.S., Rivoire, O., Leibler, S., 2010. Coonperation and Hamilton’s Rule in a
simple synthetic microbial system. Mol. Syst. Biol. 6 (1), 398.

Damore, J.A., Gore, J., 2012. Understanding microbial cooperation. . Theor. Biol. 299,
31-41. http://dx.doi.org/10.1016/j.jtbi.2011.03.008.

Frank, S.A., 2013. Natural selection. VII. History and interpretation of kin selection
theory. J. Evol. Biol. 26 (1151-1184), 2013.

Gardner, A., West, S.A., Wild, G., 2011. The genetical theory of kin selection. ]. Evol.
Biol. 24, 1020-1043.

Grafen, A., 1985. Hamilton’s Rule OK. Nature 318, 310-311.

Grafen, A., Archetti, M., 2008. Natural selection of altruism in inelastic homo-
geneous viscous populations. J. Theor. Biol. 252, 694-710.

Hamilton, W.D., 1964. The genetical evolution of social behaviour . J. Theor. Biol. 7,
1-16.

Hauert, C., Doebeli, M., 2004. Spatial structure often inhibits the evolution of
cooperation in the snowdrift game. Nature 428, 643-646.

Herre, E.A., Wcislo, W.T., 2011. In defence of inclusive fitness theory. Nature 471,
E8-E9.

Lehmann, L., Keller, L., West, S., Roze, D., 2007. Group Selection and Kin Selection:
Two Concepts but One Process’. Proc. Natl. Acad. Sci. USA 104, 6736-6739.
Liao, X., Rong, S., Queller, D.C,, 2015. Relatedness, conflict, and the evolution of
eusociality. Plos Biol. 13, e1002098. http://dx.doi.org/10.1371/journal.

pbio.1002098 PMID: 25799485.

Maynard Smith, J., 1982. Evolution and the Theory of Games. Cambridge University
Press, Cambridge.

Michod, R.E., Hamilton, W.D., 1980. Coefficients of relatedness in sociobiology.
Nature 288, 694-697.

Nowak, M.A., May, R.M., 1992. Evolutionary games and spatial chaos. Nature 359,
826-829.

Nowak, M.A., Sigmund, K., 2004. Evolutionary Dynamics of Biological Games. Sci-
ence 303, 793-799.

Nowak, M.A., Sasaki, A., Taylor, C., Fudenberg, D., 2004. Emergence of cooperation
and evolutionary stability in finite populations. Nature 428, 646-650.

Nowak, M.A., Tarnita, C.E., Wilson, E.O., 2010. The evolution of eusociality. Nature
466, 1057-1062.

Nowak, M.A, Tarnita, C.E, Wilson, E.O., 2011. Nowak et al. reply. Nature 471,
E9-E10.

Ohtsuki, H., 2010. Evolutionary games in Wright's island model: kin selection meets
evolutionary game theory. Evolution 64, 3344-3353.

Ohtsuki, H., Nowak, M.A., 2006. Evolutionary games on cycles. Proc. R. Soc. B 273,
2249-2256.

Okasha, S., 2015. The Relation between kin and multilevel selection. Br. J. Philos. Sci.
0, 1-36.

Queller, D.C., 1985. Kinship, reciprocity and synergism in the evolution of social
behaviour.: a synthetic model. Nature 318, 366-367.

Queller, D.C., 1992a. A general model for kin selection. Evolution 46, 376-380.

Queller, D.C,, 1992b. Quantitative genetics, inclusive fitness and group selection.
Am. Nat. 139, 540-558.

Queller, D.C,, Rong, S., Liao, X., 2015. Some agreement on kin selection and euso-
ciality? PLoS Biol. 13 (4), e1002133. http://dx.doi.org/10.1371/journal.
pbio.1002133.

Smith, J., van Dyken, D., Zee, P., 2010. A generalization of Hamilton's Rule for the
evolution of microbial cooperation. Science 328, 1700-1703. http://dx.doi.org/
10.1126/science.1189675.

Tarnita, C.E., Ohtsuki, H., Antal, T,, Fu, F, Nowak, M.A., 2009. Strategy selection in
structured populations. J. Theor. Biol. 259, 570-581. http://dx.doi.org/10.1016/j.
jtbi.2009.03.035.

Tarnita, C.E., Taylor, P., 2014. Measure of relative fitness of social behaviors in finite
structured populations. Am. Nat. 184, 477-488.

Taylor, manuscript in preparation.

Taylor, P.D., 1992. Altruism in viscous populations—-an inclusive fitness model.
Evol. Ecol. 6, 352-356.

Taylor, P.D., 1996. Inclusive Fitness arguments in genetic models of behaviour. J.
Math. Biol. 34, 654-674.

Taylor, P.D., 2009. Decompositions of Price’s formula in an inhomogeneous popu-
lation structure. J. Evol. Biol. 22, 201-213. http://dx.doi.org/10.1111/
j-1420-9101.2008.01640.x.

Taylor, P.D., 2013. Inclusive and personal fitness in synergistic evolutionary games
on graphs. J. Theor. Biol. 21, 76-82.

Taylor, P.D., Day, T., Wild, G., 2007a. From inclusive fitness to fixation probability in
homogeneous structured populations. ]. Theor. Biol. 249, 101-110. http://dx.doi.
org/10.1016/.jtbi.2007.07.006.

Taylor, P.D., Day, T., Wild, G., 2007b. Evolution of cooperation in a finite homo-
geneous graph. Nature 447, 469-472.

Taylor, P.D., Maciejewski, W., 2012. An inclusive fitness analysis of synergistic
interactions in structured populations. Proc. R. Soc. B 279, 4596-4603. http:
//dx.doi.org/10.1098/rspb.2012.1408.

Traulsen, A., Nowak, M., 2006. Evolution of cooperation by multilevel selection.
Proc. Natl. Acad. Sci. USA 103, 10952-10955.

West, S., Gardner, A. 2010. Altruism, spite and greenbeards. Science 327,
1341-1344.

Wilson, D.S., 1975. A theory of group selection. Proc. Nat. Acad. Sci. USA 72,
143-146.

Wright, S., 1943. Isolation by distance. Genetics 28 (114), 138.


http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref1
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref1
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref2
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref2
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref2
http://dx.doi.org/10.1016/j.jtbi.2015.04.031
http://dx.doi.org/10.1016/j.jtbi.2015.04.031
http://dx.doi.org/10.1016/j.jtbi.2015.04.031
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref4
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref4
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref4
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref5
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref5
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref5
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref5
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref6
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref6
http://dx.doi.org/10.1016/j.jtbi.2011.03.008
http://dx.doi.org/10.1016/j.jtbi.2011.03.008
http://dx.doi.org/10.1016/j.jtbi.2011.03.008
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref8
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref8
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref9
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref9
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref9
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref1545
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref1545
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref10
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref10
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref10
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref11
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref11
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref11
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref12
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref12
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref12
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref13
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref13
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref13
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref14
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref14
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref14
http://dx.doi.org/10.1371/journal.pbio.1002098 PMID: 25799485
http://dx.doi.org/10.1371/journal.pbio.1002098 PMID: 25799485
http://dx.doi.org/10.1371/journal.pbio.1002098 PMID: 25799485
http://dx.doi.org/10.1371/journal.pbio.1002098 PMID: 25799485
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref16
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref16
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref18
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref18
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref18
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref19
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref19
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref19
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref20
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref20
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref20
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref21
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref21
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref21
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref22
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref22
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref22
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref23
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref23
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref23
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref24
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref24
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref24
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref25
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref25
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref25
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref26
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref26
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref26
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref27
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref27
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref27
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref28
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref28
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref29
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref29
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref29
http://dx.doi.org/10.1371/journal.pbio.1002133
http://dx.doi.org/10.1371/journal.pbio.1002133
http://dx.doi.org/10.1371/journal.pbio.1002133
http://dx.doi.org/10.1371/journal.pbio.1002133
http://dx.doi.org/10.1126/science.1189675
http://dx.doi.org/10.1126/science.1189675
http://dx.doi.org/10.1126/science.1189675
http://dx.doi.org/10.1126/science.1189675
http://dx.doi.org/10.1016/j.jtbi.2009.03.035
http://dx.doi.org/10.1016/j.jtbi.2009.03.035
http://dx.doi.org/10.1016/j.jtbi.2009.03.035
http://dx.doi.org/10.1016/j.jtbi.2009.03.035
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref34
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref34
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref34
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref35
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref35
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref35
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref36
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref36
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref36
http://dx.doi.org/10.1111/j.1420-9101.2008.01640.x
http://dx.doi.org/10.1111/j.1420-9101.2008.01640.x
http://dx.doi.org/10.1111/j.1420-9101.2008.01640.x
http://dx.doi.org/10.1111/j.1420-9101.2008.01640.x
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref38
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref38
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref38
http://dx.doi.org/10.1016/j.jtbi.2007.07.006
http://dx.doi.org/10.1016/j.jtbi.2007.07.006
http://dx.doi.org/10.1016/j.jtbi.2007.07.006
http://dx.doi.org/10.1016/j.jtbi.2007.07.006
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref40
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref40
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref40
http://dx.doi.org/10.1098/rspb.2012.1408
http://dx.doi.org/10.1098/rspb.2012.1408
http://dx.doi.org/10.1098/rspb.2012.1408
http://dx.doi.org/10.1098/rspb.2012.1408
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref42
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref42
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref42
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref43
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref43
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref43
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref44
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref44
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref44
http://refhub.elsevier.com/S0022-5193(16)00130-2/sbref45

	Hamilton's Rule in finite populations with synergistic interactions
	Introduction
	Inclusive fitness with pairwise interactions
	Population structure
	Matrix games
	An inclusive-fitness analysis
	Relatedness

	An inclusive-fitness analysis of the example of Allen and Nowak
	A general analysis
	The first mutation scenario
	The second mutation scenario

	Discussion
	Additive and non-additive games
	Mutation and migration
	Additivity and the strength of selection
	Some remarks on the effects of population structure

	Conclusions
	Acknowledgments
	Appendix
	References




