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�'HSDUWPHQW RI 0DWKHPDWLFV DQG 6WDWLVWLFV� 4XHHQÏV 8QLYHUVLW\� .LQJVWRQ� &DQDGD�
�'HSDUWPHQW RI 2UJDQLVPLF DQG (YROXWLRQDU\ %LRORJ\� +DUYDUG 8QLYHUVLW\� &DPEULGJH� 0$� 86$

�5HFHLYHG� �� -XQH �����

$FFHSWHG� �� 2FWREHU� �����

:H GHYHORS D JHQHUDO LQFOXVLYH ILWQHVV PRGHO IRU JHQHWLF HYROXWLRQ DW DQ LPSULQWHG ORFXV Î RQH DW ZKLFK VHOHFWLRQ

LV DOORZHG WR DFW FRQGLWLRQDOO\ XSRQ SDUHQWDO RULJLQ RI WKH JHQH� ,Q PDQ\ FDVHV RI LQWHUHVW� VXFK JHQHV DIIHFW WKH

ILWQHVV RI UHODWLYHV� SDUWLFXODUO\ VLEV� :H IRUPXODWH D PDWULOLQHDO DQG SDWULOLQHDO LQFOXVLYH ILWQHVV DQG VKRZ WKDW

WKHVH FDQ EH XVHG WR GHVFULEH WKH G\QDPLFV RI FKDQJH LQ PHDQ H[SUHVVLRQ OHYHOV� :H FODVVLI\ DQG DQDO\]H WKH VWD�

ELOLW\ RI HTXLOLEULXP SRLQWV DQG DSSO\ RXU UHVXOWV WR VRPH H[DPSOHV WKDW KDYH DSSHDUHG LQ WKH OLWHUDWXUH� PXOWLSOH

SDWHUQLW\ RI D IHPDOHÑV RIIVSULQJ� WKH �RYDULDQ WLPH�ERPE�� DQG ORVV�RI�IXQFWLRQ PXWDWLRQV�

.H\ZRUGV� *HQRPLF LPSULQWLQJ� PDWULOLQHDO DQG SDWULOLQHDO LQFOXVLYH ILWQHVV� G\QDPLFV� HYROXWLRQDU\ VWDELOLW\

�� ,QWURGXFWLRQ

3KHQRW\SLF SODVWLFLW\ LV WKH UHVSRQVH RI JHQRW\SH�

WKURXJK SKHQRW\SLF H[SUHVVLRQ� WR GLIIHUHQW HQYL�

URQPHQWDO FRQGLWLRQV RU FXHV� 7KH HQYLURQPHQWDO

FXHV WKDW WULJJHU UHVSRQVH PD\ EH ELRWLF RU DELRWLF�

DQG PDQ\ WUDLWV� ZKHWKHU EHKDYLRXUDO� PRUSKRORJL�

FDO� SK\VLRORJLFDO� HWF�� GHPRQVWUDWH VRPH OHYHO RI

SKHQRW\SLF SODVWLFLW\� ,Q IDFW� ZLWK WKH HQRUPRXV

HQYLURQPHQWDO YDULDWLRQ REVHUYHG LQ QDWXUH� LW

VHHPV REYLRXV WKDW VHOHFWLRQ PXVW IDYRXU JHQR�

W\SHV FDSDEOH RI UHVSRQVH� ,Q DQ LGHDO ZRUOG� WKH

UHVSRQVH ZLOO SURGXFH DQ RSWLPDO PDWFK RI WUDLW WR

HQYLURQPHQW�

*HQRPLF LPSULQWLQJ FDQ EH WKRXJKW RI DV D VSH�

FLDO W\SH RI SKHQRW\SLF SODVWLFLW\� LQ ZKLFK DQ DO�

OHOH DGMXVWV LWV OHYHO RI DFWLYLW\ LQ UHVSRQVH WR

ZKHWKHU LW VSHQW WKH SUHYLRXV JHQHUDWLRQ LQ D PDOH

RU IHPDOH JHUP OLQH� +HUH� ZH WKLQN RI WKH OHYHO RI

DFWLYLW\ DV WKH SKHQRW\SH GHWHUPLQHG E\ WKH JHQHÑV

FRQWURO UHJLRQ� 7KLV SODVWLFLW\ RI DQ DOOHOHÑV SKH�

QRW\SH PD\ QRW EH H[SUHVVHG DV SODVWLFLW\ RI LWV

EHDUHUVÑ SKHQRW\SHV EHFDXVH� DW D GLSORLG ORFXV�

HDFK LQGLYLGXDO KDV ERWK D PDWHUQDOO\ DQG SDWHU�

QDOO\ GHULYHG DOOHOH�

*HQRPLF LPSULQWLQJ LV WKRXJKW WR RSHUDWH

WKURXJK HUDVDEOH� EXW KHULWDEOH� PRGLILFDWLRQV RI

'1$ �VXFK DV F\WRVLQH PHWK\ODWLRQ�� 7KH LPSRU�

WDQFH RI VXFK PRGLILFDWLRQV LV WKDW WKH\ FDQ SURYLGH

WKH HQYLURQPHQWDO FXHV WKDW HQDEOH DQ LPSULQWHG

DOOHOH WR UHVSRQG WR SDUHQW�RI�RULJLQ�GHSHQGHQW

VHOHFWLRQ� ,I VHOHFWLRQ IDYRUV GLIIHUHQW OHYHOV RI

H[SUHVVLRQ ZKHQ DOOHOHV DUH PDWHUQDOO\ DQG SDWHU�

QDOO\ GHULYHG� WKHQ LW ZLOO IDYRXU DOOHOHV WKDW XVH

VXFK FXHV WR DOWHU WKHLU OHYHO RI H[SUHVVLRQ LQ UH�

VSRQVH WR SDUHQWDO RULJLQ� $OOHOHV FDSDEOH RI WKLV

W\SH RI SKHQRW\SLF UHVSRQVH DUH REVHUYHG LQ QDWXUH�

PRVW H[KLELWLQJ VSHFLILF LQDFWLYDWLRQ ZKHQ HLWKHU

PDWHUQDOO\ RU SDWHUQDOO\ GHULYHG �IRU UHYLHZV VHH

5HLN DQG 6XUDQL� ����� 5HLN DQG :DOWHU� ������

:KDW FDXVHV DV\PPHWULF VHOHFWLRQ GHSHQGHQW RQ

SDUHQWDO RULJLQ" ,V VXFK DV\PPHWU\ QHFHVVDU\ IRU

WKH HYROXWLRQ RI SDUHQW�VSHFLILF JHQH H[SUHVVLRQ� LQ

SDUWLFXODU PRQRDOOHOLF H[SUHVVLRQ� RU FDQ WKLV

HYROYH LQ LWV DEVHQFH" $ QXPEHU RI WKHRULHV KDYH

 &RUUHVSRQGLQJ DXWKRU� 3HWHU '� 7D\ORU� 'HSDUWPHQW RI

0DWKHPDWLFV DQG 6WDWLVWLFV� 4XHHQ
V 8QLYHUVLW\� .LQJVWRQ 21

.�/ �1�� &DQDGD� 3KRQH� ����� ��������� )D[� ����� ����

����� (�PDLO� WD\ORUS#SRVW�TXHHQVX�FD
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EHHQ SURSRVHG WR H[SODLQ ZK\ SDUHQW�VSHFLILF JHQH

H[SUHVVLRQ PLJKW HYROYH �H�J� 6ROWHU� ����� +DOO�

����� 0RRUH DQG +DLJ� ����� +DLJ DQG :HVWRE\�

����� +DLJ� ����� 7\FNR� ����� 9DUPX]D DQG

0DQQ� ����� 7KRPDV� ����� IRU UHYLHZV VHH +DLJ

DQG 7ULYHUV� ����� +XUVW� ������ 2XU SXUSRVH KHUH

LV WR SURYLGH D JHQHUDO IUDPHZRUN IRU WKH G\QDPLF

HYROXWLRQ RI JHQRPLF LPSULQWLQJ RI ZKLFK WKHVH

WKHRULHV FDQ EH YLHZHG DV SDUWLFXODU FDVHV�

+DLJ ������ GHPRQVWUDWHG WKDW WKH WKHRU\ RI LQ�

FOXVLYH ILWQHVV FDQ EH PRGLILHG WR FRQVLGHU WKH

LQFOXVLYH ILWQHVV HIIHFWV RI WKH PDWHUQDOO\ DQG SD�

WHUQDOO\ GHULYHG DOOHOHV VHSDUDWHO\ DQG XVHG WKLV WR

GHVFULEH WKH (66 FRQGLWLRQV IRU V\VWHPV LQ ZKLFK

DOOHOHV PD\ DGMXVW WKHLU OHYHO RI DFWLYLW\ LQ UHVSRQVH

WR SDUHQW�RI�RULJLQ VHOHFWLYH SUHVVXUHV� +RZHYHU�

WKH PRGHO SUHVHQWHG FRQVLGHUHG RQO\ WKH (66 VWD�

ELOLW\ RI HTXLOLEULD� DQG GLG QRW DGGUHVV WKH HYROX�

WLRQDU\ G\QDPLFV DQG LPSRUWDQWO\ WKH FRQYHUJHQFH

RI D SRSXODWLRQ WR WKH JLYHQ HTXLOLEULXP �&66 VWD�

ELOLW\� (VKHO� ����� &KULVWLDQVHQ� ������ ,Q WKLV

SDSHU� ZH IRUPDOL]H +DLJÑV LQFOXVLYH ILWQHVV PRGHO

LQ D G\QDPLF FRQWH[W� ZH SURYLGH D JHQHUDO DQDO\�

VLV RI WKH HYROXWLRQDU\ G\QDPLFV� DQG H[DPLQH D

QXPEHU RI H[DPSOHV�

�� 7KH LQFOXVLYH ILWQHVV PRGHO

:H DGRSW WKH GLUHFW ILWQHVV DSSURDFK RI 7D\ORU DQG
)UDQN ������ DQG FRQVLGHU DQ LPSULQWHG ORFXV DW

ZKLFK D ODUJH QXPEHU RI DOOHOHV DUH VHJUHJDWLQJ�
/HW \P DQG \S GHQRWH WKH OHYHO RI H[SUHVVLRQ RI WKH
PDWHUQDOO\ DQG SDWHUQDOO\ GHULYHG DOOHOHV DW WKLV

ORFXV� DQG mŷ DQG pŷ GHQRWH WKH SRSXODWLRQ DYHU�

DJH YDOXHV� $VVXPH WKDW WKH ILWQHVV : RI D IRFDO
LQGLYLGXDO GHSHQGV XSRQ LWV RZQ OHYHOV RI H[SUHV�

VLRQ DQG RQ WKDW RI D QXPEHU RI QHLJKERXULQJ LQGL�
YLGXDOV� :H OHW \LM GHQRWH WKH PDWHUQDO �M P� DQG
WKH SDWHUQDO �M S� OHYHO RI H[SUHVVLRQ LQ LQGLYLGXDO

L� ZKHUH L UXQV RYHU WKH IRFDO QHLJKERXUKRRG RI
HIIHFW DQG ZH UHVHUYH L � IRU WKH IRFDO LQGLYLGXDO�

:H VXSSRVH WKDW WKH ILWQHVV RI WKH IRFDO LQGLYLGXDO
GHSHQGV XSRQ WKH OHYHOV \P  �\LP� DQG \S  �\LS�� :
 :�\P� \S��

7KH PDWULOLQHDO �M P� DQG WKH SDWULOLQHDO �M S�

LQFOXVLYH ILWQHVV HIIHFWV DUH GHILQHG WR EH�
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ZKHUH WKH VXP LV RYHU WKH IRFDO QHLJKERXUKRRG RI

HIIHFW� +HUH 5LM LV WKH PDWULOLQHDO �M  P� RU WKH

SDWULOLQHDO �M  S� UHODWHGQHVV RI LQGLYLGXDO L �DV

DFWRU� WR WKH IRFDO LQGLYLGXDO �DV UHFLSLHQW� GHILQHG

LQ WKH $SSHQGL[ �$�� DV D TXRWLHQW RI FRYDULDQFHV�

5LM FDQ DOVR EH GHILQHG DV WKH H[SHFWHG QXPEHU RI

FRSLHV LQ WKH IRFDO JHQRW\SH RI WKH PDWHUQDO RU

SDWHUQDO DOOHOH LQ LQGLYLGXDO L� ,W LV LPSRUWDQW WR

QRWH WKDW FRHIILFLHQWV RI UHODWHGQHVV QHHG QRW EH

V\PPHWULF� )RU H[DPSOH� WKH SDWHUQDO UHODWHGQHVV

RI D PRWKHU �DFWRU� WR KHU FKLOG �UHFLSLHQW� LV ����

ZKHUHDV WKH SDWHUQDO UHODWHGQHVV RI WKH FKLOG �DF�

WRU� WR KHU PRWKHU �UHFLSLHQW� LV � �LQ WKH DEVHQFH RI

LQEUHHGLQJ��

�� 7KH G\QDPLF PRGHO

6HYHUDO SUHYLRXV PRGHOV KDYH H[DPLQHG WKH HYROX�

WLRQDU\ G\QDPLFV RI JHQRPLF LPSULQWLQJ IRU SDU�

WLFXODU G\QDPLFDO V\VWHPV �0RFKL]XNL HW DO�� �����

,ZDVD HW DO�� ����� .RQGRK DQG +LJDVKL� �����

,ZDVD DQG 3RPLDQNRZVNL� ������ 2XU REMHFWLYH LV

WR WUDFN WKH FKDQJH LQ WKH SRSXODWLRQ PHDQV mŷ
DQG py XQGHU WKH DFWLRQ RI VHOHFWLRQ� ZLWK DV PXFK

JHQHUDOLW\ DV SRVVLEOH� )ROORZLQJ WKH DSSURDFK RI

$EUDPV HW DO� ������ ZH HPSOR\ WKH HYROXWLRQDU\

G\QDPLF�
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ZKHUH FPS LV WKH DGGLWLYH JHQHWLF FRYDULDQFH EH�

WZHHQ mŷ DQG pŷ � DQG YM WKH DGGLWLYH JHQHWLF YDUL�

DQFH LQ jŷ � ERWK FPS DQG WKH YM DVVXPHG FRQVWDQW�

,Q WKH $SSHQGL[ �$��� ZH MXVWLI\ WKH XVH RI WKH

LQFOXVLYH ILWQHVV HIIHFWV jŴ∆ LQ ���� 2XU REMHFWLYH

LV WR ILQG WKH VHW RI HYROXWLRQDU\ DWWUDFWRUV� YHFWRU

VWUDWHJLHV )ˆ,ˆ(ˆ pm yy=y � WKDW DUH H[SHFWHG WR SHU�

VLVW RYHU HYROXWLRQDU\ WLPH� DQG WR GHVFULEH WKH
FRQGLWLRQV XQGHU ZKLFK WKHUH LV DV\PPHWULF H[�
SUHVVLRQ RI PDWHUQDOO\ DQG SDWHUQDOO\ GHULYHG DO�

OHOHV� pm yy ˆˆ ≠ � DW HYROXWLRQDU\ HTXLOLEULXP�

7KH DGGLWLYH JHQHWLF FRYDULDQFH FPS LQ ��� GH�

VFULEHV KRZ DOOHOLF OHYHOV RI H[SUHVVLRQ DUH FRUUH�

ODWHG ZKHQ PDWHUQDOO\ DQG SDWHUQDOO\ GHULYHG� DQG

WKLV ZLOO GHSHQG XSRQ WKH OHYHO RI SODVWLFLW\ LQ WKH

H[SUHVVLRQ RI DOOHOHV� (VVHQWLDOO\� ZH WUHDW mŷ DQG



-� 0� *5((1:22'�/(( HW DO� ���

py DV WZR JHQHWLFDOO\ FRUUHODWHG WUDLWV �5RII�

������ :H DVVXPH FPS ≥ � DQG ZH SUHVHQW WKUHH

VFHQDULRV� ,Q WKH ILUVW VFHQDULR� DOOHOHV DUH FDSDEOH

RI LQGHSHQGHQWO\ DGMXVWLQJ WKHLU OHYHOV RI H[SUHV�

VLRQ ZKHQ PDWHUQDOO\ GHULYHG IURP ZKHQ SDWHU�

QDOO\ GHULYHG� DQG LQ WKLV FDVH FPS  �� ,Q WKH VHF�

RQG VFHQDULR� PXFK RI WKLV LQGHSHQGHQFH LV DEVHQW�

IRU H[DPSOH� DOOHOHV WKDW WHQG WR KDYH KLJK OHYHOV RI

H[SUHVVLRQ ZKHQ SDWHUQDOO\ GHULYHG PLJKW DOVR EH

UHTXLUHG WR KDYH KLJK OHYHOV RI H[SUHVVLRQ ZKHQ

PDWHUQDOO\ GHULYHG� ,Q WKLV FDVH WKHUH ZLOO EH D

SRVLWLYH FRUUHODWLRQ DPRQJ WKH H[SUHVVLRQ RI PD�

WHUQDOO\ DQG SDWHUQDOO\ GHULYHG DOOHOHV� FPS ! �� ,Q

WKH WKLUG VFHQDULR� DOOHOHV DUH FRPSOHWHO\ FRQ�

VWUDLQHG LQ WKDW WKH\ FDQQRW YDU\ WKHLU OHYHOV RI

H[SUHVVLRQ LQ UHVSRQVH WR SDUHQWDO KLVWRU\� ,Q WKLV

FDVH YP  YS  FPS� DQG WKH WZR�GLPHQVLRQDO G\�

QDPLFDO V\VWHP ��� UHGXFHV WR D RQH GLPHQVLRQDO

V\VWHP� 7KLV ZLOO RFFXU LQ V\VWHPV WKDW ODFN LP�

SULQWLQJ�

6HYHUDO SUHYLRXV ZRUNV KDYH H[DPLQHG WKH

HYROXWLRQDU\ G\QDPLFV RI JHQRPLF LPSULQWLQJ IRU

SDUWLFXODU G\QDPLFDO V\VWHPV �0RFKL]XNL HW DO��

����� ,ZDVD HW DO�� ����� .RQGRK DQG +LJDVKL�

������ 2XU JRDO LV WR H[DPLQH WKH HYROXWLRQDU\

G\QDPLFV RI JHQRPLF LPSULQWLQJ ZLWK DV PXFK

JHQHUDOLW\ DV SRVVLEOH�

7R DFFRPSOLVK WKLV ZH PDNH VRPH VLPSOLI\LQJ

DVVXPSWLRQV DERXW LQFOXVLYH ILWQHVV HIIHFWV jŴ∆ �

7KHVH DUH DVVXPHG WR EH GLIIHUHQWLDEOH IXQFWLRQV RI

WKH SRVLWLYH YDULDEOHV mŷ DQG pŷ � DQG WR GHFUHDVH

LQ HDFK YDULDEOH� 7KDW LV� ( )pmj
j

ŷ,ŷŴ
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jŴ∆ DUH DVVXPHG WR EH SRVLWLYH DW WKH RULJLQ � mŷ

 pŷ  ��� EXW WR EH QHJDWLYH ZKHQ HLWKHU mŷ RU

pŷ LV VXIILFLHQWO\ ODUJH� 7KHVH DVVXPSWLRQV VLPSO\

FKDUDFWHUL]H WKH IDPLO\ RI ILWQHVV IXQFWLRQV :� VXFK

WKDW IRU D JLYHQ OHYHO RI H[SUHVVLRQ RI WKH SDUHQW�N
GHULYHG DOOHOH� WKHUH H[LVWV DQ RSWLPDO OHYHO RI H[�

SUHVVLRQ IRU WKH SDUHQW�M GHULYHG DOOHOH� WKDW LV
XQLTXH� QRQ�QHJDWLYH� DQG IRU ZKLFK WKH LQFOXVLYH

ILWQHVV HIIHFW jŴ∆ LV ]HUR� 0RUHRYHU� WKLV RSWLPDO

OHYHO RI H[SUHVVLRQ GHFUHDVHV DV WKH H[SUHVVLRQ RI
WKH SDUHQW�N GHULYHG DOOHOH LQFUHDVHV� 7KHVH DV�

VXPSWLRQV PHDQ WKDW WKH EHQHILW WR WKH SDUHQW�M
GHULYHG DOOHOH� UHVXOWLQJ IURP DQ LQFUHDVH LQ LWV RZQ

DFWLYLW\� ZLOO GHFUHDVH� DV WKH WRWDO OHYHO RI JHQH
H[SUHVVLRQ LQFUHDVHV �HLWKHU WKURXJK LQFUHDVHG

DFWLYLW\ RI WKH SDUHQW�N RU SDUHQW�M GHULYHG DOOHOH��
:H GHILQH WKH PDWHUQDO �M P� DQG SDWHUQDO

�M S� VHOHFWLRQ QXOOFOLQHV WR EH WKH VHWV

{ }0=′= jj ŷu RQ ZKLFK WKH VHOHFWLRQ JUDGLHQWV DUH

]HUR� 2XU DQDO\VLV ZLOO UHTXLUH WKDW WKHVH VHWV KDYH
D VLPSOH JHRPHWULF VWUXFWXUH LQ WKH SKDVH�SODQH

LOOXVWUDWHG LQ )LJXUH � IRU WKH FDVH XP � DQG GH�
VFULEHG LQ WKH IROORZLQJ SURSRVLWLRQ�

3URSRVLWLRQ� (DFK VHOHFWLRQ QXOOFOLQH�

{ }0=′= jj ŷu � LV D GLIIHUHQWLDEOH FXUYH ZLWK D

VWULFWO\ QHJDWLYH VORSH IURP D SRLQW αM RQ WKH jŷ �

D[LV WR D SRLQW βM RQ WKH kŷ �D[LV �N≠M�� VXFK WKDW

jŷ′ �� RXWVLGH WKH FXUYH DQG jŷ′ !� LQVLGH WKH FXUYH�
:H SUHVHQW WKH SURRI IRU WKH FDVH

{ }0=′= mm ŷu � WKH DQDORJRXV UHVXOW IRU WKH VHW pu

IROORZV E\ VLPSO\ LQWHUFKDQJLQJ WKH VXEVFULSWV P
DQG S� ,W IROORZV IURP RXU DVVXPSWLRQV RQ WKH

jŴ∆ WKDW pmpmmm ŴcŴvŷ ∆+∆=′ LV D GLIIHUHQWL�

DEOH IXQFWLRQ RI mŷ DQG pŷ � GHFUHDVLQJ LQ HDFK

YDULDEOH� SRVLWLYH DW WKH RULJLQ� DQG QHJDWLYH IRU

VXIILFLHQWO\ ODUJH mŷ RU pŷ � ,W IROORZV WKDW WKHUH

DUH XQLTXH SRLQWV αP DQG βP RQ WKH mŷ � DQG pŷ �

D[HV� UHVSHFWLYHO\� DW ZKLFK mŷ′  �� ZLWK mŷ′ ! �

),*� �� $ JHRPHWULF UHSUHVHQWDWLRQ RI WKH PDWHUQDO VHOHFWLRQ

QXOOFOLQH
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RQ HDFK D[LV EHWZHHQ WKHVH SRLQWV DQG WKH RULJLQ� ,I

ZH WDNH DQ\ SRLQW RQ WKH pŷ �D[LV EHWZHHQ WKH

RULJLQ DQG βP �)LJ� �� DQG GUDZ D KRUL]RQWDO OLQH WR

WKH ULJKW IURP WKLV SRLQW� WKHQ mŷ′ ZLOO GHFUHDVH

DORQJ WKLV OLQH DQG WKXV WKHUH ZLOO EH D XQLTXH SRLQW
DW ZKLFK LW LV ]HUR� 7KLV GHILQHV WKH FXUYH� DQG LW

FOHDUO\ KDV αP DQG βP DV LWV LQWHUVHFWLRQV ZLWK WKH

D[HV� $FFRUGLQJ WR WKH LPSOLFLW IXQFWLRQ WKHRUHP LW

LV GLIIHUHQWLDEOH DQG KDV VORSH
pm

mm

ŷ/ŷ

ŷ/ŷ
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− ZKLFK

LV QHJDWLYH E\ RXU DVVXPSWLRQV DERYH�

1RWH WKDW αP LV WKH VWDWLRQDU\ OHYHO RI H[SUHVVLRQ

IRU D PDWHUQDOO\ GHULYHG JHQH ZKHQ WKH SDWHUQDOO\

GHULYHG JHQH LV LQDFWLYH� DQG D VLPLODU LQWHUSUHWD�

WLRQ DSSOLHV WR αS�

�� 3DUHQWDO DQWDJRQLVP

7KH NLQVKLS �RU FRQIOLFW� WKHRU\ RI JHQRPLF LP�
SULQWLQJ SRVWXODWHV WKDW SDUHQW�VSHFLILF JHQH H[�

SUHVVLRQ LV WKH UHVXOW RI SDUHQWDO DQWDJRQLVP� 7KLV
DULVHV ZKHQ UHODWLRQV ZLWKLQ DQ LQWHUDFWLRQ JURXS
DUH DV\PPHWULF ZLWK UHVSHFW WR PDWULOLQHDO DQG

SDWULOLQHDO NLQ� 7KH VLPSOHVW FDVH LV SURYLGHG E\
PXOWLSOH SDWHUQLW\ RI D PRWKHUÑV RIIVSULQJ �VHH

6SHQFHU HW DO�� ����� ����� +DLJ� ����� +XUVW�
������ EXW SDUHQWDO DQWDJRQLVP PD\ DOVR DULVH LQ
RWKHU VLWXDWLRQV� IRU H[DPSOH� LQ SRSXODWLRQV ZLWK

VH[�ELDVHG GLVSHUVDO �+DLJ� ����E�� +DLJ ������
GHILQHG D JHQH WR KDYH SDUHQWDOO\ DQWDJRQLVWLF HI�

IHFWV LI LWV H[SUHVVLRQ LV DVVRFLDWHG ZLWK DQ LQFOX�
VLYH ILWQHVV EHQHILW ZKHQ WKH JHQH LV LQKHULWHG IURP
RQH SDUHQW EXW DQ LQFOXVLYH ILWQHVV FRVW ZKHQ WKH

JHQH LV LQKHULWHG IURP WKH RWKHU SDUHQW� PRUH JHQ�

HUDOO\� LI mŴ∆ DQG pŴ∆ GR QRW VKDUH D FRPPRQ

VLJQ� :H ZLOO VHH EHORZ� ZKHQ ZH FRQVLGHU WKH
RYDULDQ WLPH ERPE �H[DPSOH �� DQG ORVV RI IXQF�

WLRQ PXWDWLRQV �H[DPSOH ��� WKDW WKLV GHILQLWLRQ LV
XQVDWLVIDFWRU\� DQG ZH DWWHPSW D EHWWHU GHILQLWLRQ

EHORZ�

)DVWHQ DWWHQWLRQ RQ DQ LPSULQWHG ORFXV LQ D GLS�

ORLG SRSXODWLRQ� ,Q HTXDWLRQ � ZH KDYH GHILQHG WKH

PDWULOLQHDO LQFOXVLYH ILWQHVV HIIHFW WR EH�
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:H QRZ GHILQH WKH PDWULOLQHDO H[FOXGHG ILWQHVV

HIIHFW �+DLJ� ����D� WR EH�

∑ ∂
∂=∆ ×

i
ip

im
pm R

y

W
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+HUH ZH KDYH VLPSO\ UHSODFHG PDWULOLQHDO UHODWHG�

QHVV E\ SDWULOLQHDO UHODWHGQHVV� 6LPLODU\� ZH KDYH

GHILQHG WKH SDWULOLQHDO LQFOXVLYH ILWQHVV HIIHFW WR EH�
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DQG ZH QRZ GHILQH WKH SDWULOLQHDO H[FOXGHG ILWQHVV

HIIHFW �+DLJ� ����D� WR EH�
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Ŵ � ���

7R VHH WKH VLJQLILFDQFH RI WKHVH GHILQLWLRQV� ZH

VKRXOG VWDUW E\ DOORZLQJ WKH SRVVLELOLW\ WKDW WKH

PDWHUQDO DQG SDWHUQDO DOOHOH PLJKW FRQWURO VRPH�

ZKDW GLIIHUHQW DVSHFWV RI EHKDYLRXU� ZKLFK IRU

FRQYHQLHQFH ZH ZLOO FDOO WKH PDWHUQDO DQG SDWHUQDO

SKHQRW\SHV� $Q H[DPSOH RI WKLV ZLOO EH IRXQG EH�

ORZ LQ WKH RYDULDQ WLPH ERPE �([DPSOH ��� 7KHQ

WKH PDWULOLQHDO LQFOXVLYH ILWQHVV HIIHFW LV WKH RYHUDOO

HIIHFW RQ WKH ILWQHVV RI WKH IRFDO LQGLYLGXDO RI DQ

LQFUHDVH LQ WKH DFWLYLW\ RI WKH IRFDO PDWULOLQHDO DO�

OHOH DQG RI DOO LWV ,%' FRSLHV� 1RZ LPDJLQH WKDW WKH

PDWULOLQHDO DQG SDWULOLQHDO DOOHOH LQWHUFKDQJH SKH�

QRW\SLF HIIHFWV� VR WKDW WKH SDWULOLQHDO DOOHOH FRQ�

WUROV WKH PDWHUQDO SKHQRW\SH� 7KHQ WKH PDWULOLQHDO

H[FOXGHG ILWQHVV HIIHFW LV WKH RYHUDOO HIIHFW RQ WKH

ILWQHVV RI WKH IRFDO LQGLYLGXDO RI DQ LQFUHDVH LQ WKH

DFWLYLW\ RI WKH IRFDO SDWULOLQHDO DOOHOH DQG RI DOO LWV

,%' FRSLHV� ZKHQ WKHVH FRQWURO WKH PDWHUQDO SKH�

QRW\SH� 6LPLODUO\ WKH SDWULOLQHDO H[FOXGHG ILWQHVV

HIIHFW ��� LV WKH RYHUDOO HIIHFW RQ WKH ILWQHVV RI WKH

IRFDO LQGLYLGXDO RI DQ LQFUHDVH LQ WKH DFWLYLW\ RI WKH

IRFDO PDWULOLQHDO DOOHOH DQG RI DOO LWV ,%' FRSLHV�

ZKHQ WKHVH FRQWURO WKH SDWHUQDO SKHQRW\SH�

,I WKH PDWULOLQHDO LQFOXVLYH DQG H[FOXGHG ILWQHVV

HIIHFWV GR QRW VKDUH FRPPRQ VLJQ� WKDW VLJQDOV D
GLVDJUHHPHQW EHWZHHQ WKH PDWULOLQHDO DQG SDWULOLQ�

HDO DOOHOH LQ WKH IRFDO LQGLYLGXDO RYHU FRQWURO RI WKH
PDWHUQDO SKHQRW\SH DQG ZH VD\ WKDW WKHUH LV PDWHU�

QDO SDUHQWDO DQWDJRQLVP� 7KLV KROGV LI mŴ∆ DQG

pmŴ ×∆ GR QRW VKDUH FRPPRQ VLJQ �WKDW LV� WKH\

KDYH RSSRVLWH VLJQV RU LI RQH LV ]HUR DQG WKH RWKHU

QRQ�]HUR�� 6LPLODUO\ LI WKH SDWULOLQHDO LQFOXVLYH
DQG H[FOXGHG ILWQHVV HIIHFWV GR QRW VKDUH FRPPRQ
VLJQ� ZH VD\ WKDW WKHUH LV SDWHUQDO SDUHQWDO DQWD�

JRQLVP�
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$W DQ XQLPSULQWHG ORFXV� WKH PDWHUQDO DQG SD�

WHUQDO SKHQRW\SHV PXVW EH WKH VDPH DQG WKH PDWUL�

OLQHDO H[FOXGHG ILWQHVV HIIHFW ZLOO HTXDO WKH SDWUL�

OLQHDO LQFOXVLYH ILWQHVV HIIHFW� DQG WKH SDWULOLQHDO

H[FOXGHG ILWQHVV HIIHFW ZLOO HTXDO WKH PDWULOLQHDO

LQFOXVLYH ILWQHVV HIIHFW� ,Q WKLV VSHFLDO FDVH� SDUHQ�

WDO DQWDJRQLVP LV SUHVHQW ZKHQHYHU SDWULOLQHDO DQG

PDWULOLQHDO LQFOXVLYH ILWQHVV HIIHFWV GR QRW VKDUH

FRPPRQ VLJQ� $QG DW DQ LPSULQWHG ORFXV� LI PDWUL�

OLQHDO DQG SDWULOLQHDO FRHIILFLHQWV RI UHODWHGQHVV DUH

LGHQWLFDO� 5LP  5LS� IRU DOO L DQG WKHUH FDQ EH QR

SDUHQWDO DQWDJRQLVP�

�� 7KH G\QDPLFV RI JHQRPLF LPSULQWLQJ

7KH V\VWHP ��� LV FRQVLGHUHG D FRPSHWLWLYH G\�

QDPLF V\VWHP DQG D JHQHUDO WUHDWPHQW RI VXFK V\V�

WHPV LV JLYHQ LQ +LUVFK DQG 6PDOH ������� )RU WKLV

UHDVRQ� ZH ZLOO RPLW PXFK RI WKH IRUPDOLVP LQ WKH

SURRIV RI WKH UHVXOWV WKDW IROORZ� $ JLYHQ IORZ� RU

HYROXWLRQDU\ WUDMHFWRU\� RI WKH SKDVH�SODQH GLDJUDP

RI ��� WUDFHV WKH HYROXWLRQDU\ KLVWRU\ RI D SRSXOD�

WLRQ� WKDW LV� LW GHVFULEHV KRZ WKH DYHUDJH OHYHO RI

H[SUHVVLRQ RI WKH PDWHUQDOO\ DQG SDWHUQDOO\ GHULYHG

DOOHOHV� mŷ DQG py � FKDQJH ZLWKLQ D SRSXODWLRQ

RYHU WLPH� 7KH DERYH 3URSRVLWLRQ DOORZV XV WR

DQDO\]H WKHVH G\QDPLFV LQ WHUPV RI WKH LQWHUDFWLRQ

EHWZHHQ WKH VHOHFWLRQ QXOOFOLQHV XP DQG XS� 7KHUH

DUH WKUHH FDVHV WR H[DPLQH� ,Q WKH ILUVW FDVH WKH

VHOHFWLRQ QXOOFOLQHV FRQWDLQ WKH VDPH SRLQWV� LQ WKH

VHFRQG FDVH WKH\ DUH GLVWLQFW DQG GR QRW LQWHUVHFW�

DQG LQ WKH WKLUG FDVH WKH\ DUH GLVWLQFW EXW LQWHUVHFW

DW D ILQLWH QXPEHU RI SRLQWV�

&DVH �

:H EHJLQ E\ H[DPLQLQJ WKH G\QDPLFV RI ��� XQGHU

WKH FRQGLWLRQV WKDW XP DQG XS FRQWDLQ WKH VDPH

SRLQWV� 8QGHU WKHVH FRQGLWLRQV WKH SKDVH SODQH

GLDJUDP ZLOO KDYH WKH IRUP RI )LJXUH �� +HUH XP  

XS  X IRUPV D FRQWLQXRXV VHW RI HTXLOLEULXP SRLQWV

WKDW GLYLGH WKH SKDVH SODQH LQWR WZR GLVWLQFW UH�

JLRQV� ,Q 5HJLRQ ,� ZKLFK LV WKH RSHQ VHW RI DOO

SRLQWV LQVLGH X � ZH KDYH jy !� IRU ERWK M DQG LQ

5HJLRQ ,,� ZKLFK LV WKH RSHQ VHW RI DOO SRLQWV RXW�

VLGH X � ZH KDYH jy �� IRU ERWK M� :H FDQ FRQFOXGH

WKDW DOO HYROXWLRQDU\ WUDMHFWRULHV DSSURDFK WKH VHW X

RI HTXLOLEULXP SRLQWV DV GHSLFWHG LQ )LJXUH ��

:H QRZ WXUQ RXU DWWHQWLRQ WR HYROXWLRQDU\ VWD�

ELOLW\� 6XSSRVH WKH SRSXODWLRQ LV DW WKH HTXLOLEULXP

SRLQW S RQ X EXW WKDW WKH SRSXODWLRQ PHDQ LV SHU�

WXUEHG WR D SRLQW T FORVH WR S� :LOO WKH SRSXODWLRQ

HYROYH EDFN WR WKH HTXLOLEULXP SRLQW S"

'UDZ D VPDOO UHFWDQJOH FRQWDLQLQJ ERWK S DQG T

ZLWK VLGHV SDUDOOHO WR WKH D[HV DQG WKH OHIW XSSHU

FRUQHU DQG ULJKW ORZHU FRUQHU O\LQJ RQ X �)LJ� �$��

7DNLQJ DOO SRLQWV O\LQJ RQ WKH ERXQGDU\ DQG WKH

LQWHULRU RI VXFK D UHFWDQJOH \LHOGV D SRVLWLYHO\ LQ�

YDULDQW FORVHG VHW 3� 7KXV WKH IORZ WKDW EHJLQV DW

T PXVW UHPDLQ LQVLGH WKLV UHFWDQJOH IRU DOO WLPH�

DQG LW IROORZV WKDW D IORZ WKDW EHJLQV QHDU S PXVW

VWD\ QHDU S� +RZHYHU� LW QHHG QRW UHWXUQ WR S Î

WKHUH DUH SRLQWV T DUELWUDULO\ QHDU S DERXW ZKLFK DQ

LQYDULDQW VHW FDQ EH GUDZQ ZKLFK GRHV QRW FRQWDLQ

),*� �� 7KH PDWHUQDO DQG SDWHUQDO VHOHFWLRQ QXOOFOLQHV IRUP D

FRQWLQXRXV VHW RI HTXLOLEULXP SRLQWV WKDW GLYLGH WKH SKDVH

SODQH LQWR WZR GLVWLQFW UHJLRQV� $OO HYROXWLRQDU\ WUDMHFWRULHV

DSSURDFK WKH VHW X RI HTXLOLEULXP SRLQWV

),*� �� 7KH VHW X RI HTXLOLEULXP SRLQWV LV QHXWUDOO\ VWDEOH� $� $

IORZ WKDW EHJLQV DW T PXVW UHPDLQ LQVLGH WKH UHFWDQJOH IRU DOO

WLPH� DQG LW IROORZV WKDW D IORZ WKDW EHJLQV QHDU S PXVW VWD\

QHDU S� %� +RZHYHU� LW QHHG QRW UHWXUQ WR S Ì WKHUH DUH SRLQWV T

DUELWUDULO\ QHDU S DERXW ZKLFK DQ LQYDULDQW VHW FDQ EH GUDZQ

ZKLFK GRHV QRW FRQWDLQ S
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S �)LJ� �%�� :H FRQFOXGH WKDW WKH VHW X RI HTXLOLE�

ULXP SRLQWV LV RQO\ QHXWUDOO\ VWDEOH DQG WKDW WKHUH

FDQ EH HYROXWLRQDU\ GULIW DORQJ WKLV OLQH�

,Q WKH DERYH FDVH� WKH GLUHFWLRQ RI VHOHFWLRQ LV

LGHQWLFDO IRU PDWHUQDO DQG SDWHUQDO H[SUHVVLRQ�

8QHTXDO H[SUHVVLRQ RI WKH WZR DOOHOHV� LQFOXGLQJ

FRPSOHWH LQDFWLYDWLRQ RI RQH DOOHOH� LV D WKHRUHWLFDO

SRVVLELOLW\� 7KLV PLJKW DULVH DV D UHVXOW RI JHQHWLF

GULIW DORQJ WKH OLQH RI QHXWUDO HTXLOLEULXP� $ PRUH

SODXVLEOH VFHQDULR ZRXOG LQYRNH D FKDQJH RI VHOHF�

WLYH UHJLPH� IURP RQH LQ ZKLFK WKH QXOOFOLQHV ZHUH

QRQ�LGHQWLFDO WR RQH LQ ZKLFK WKH\ FRLQFLGH� ,I

SUHYLRXVO\� WKHUH KDG EHHQ PRQRDOOHOLF H[SUHVVLRQ

DV D UHVXOW RI GLIIHUHQWLDO VHOHFWLRQ� WKLV TXDOLWDWLYH

SDWWHUQ RI H[SUHVVLRQ PLJKW EH PDLQWDLQHG DIWHU WKH

FKDQJH RI VHOHFWLYH UHJLPH �0RRUH DQG 0LOOV�

������

&DVH �

6XSSRVH QRZ WKDW WKH VHOHFWLRQ QXOOFOLQHV XP DQG XS
GR QRW LQWHUVHFW� VR WKDW RQH LV RXWVLGH WKH RWKHU�

8QGHU WKHVH FRQGLWLRQV WKHUH H[LVWV QR SRLQW

),( pm yy WKDW LV VWDWLRQDU\ IRU ERWK D PDWHUQDOO\

DQG D SDWHUQDOO\ GHULYHG DOOHOH� :H VKRZ WKDW XQGHU

WKHVH JHQHUDO FRQGLWLRQV +DLJÑV ������ ÓORXGHVW

YRLFH SUHYDLOVÔ SULQFLSOH REWDLQV Î RQH RI WKH WZR

JHQHV UHPDLQV FRPSOHWHO\ LQDFWLYH ZKLOH WKH RWKHU

RSHUDWHV DW LWV RSWLPDO OHYHO� 7KH JHQH WKDW UHPDLQV

DFWLYH LV WKH RQH ZKRVH QXOOFOLQH LV IDUWKHVW IURP

WKH RULJLQ� )RU H[DPSOH� VXSSRVH XS OLHV RXWVLGH XP
�)LJ� ��� :H VKRZ EHORZ WKDW XQGHU WKHVH FRQGL�

WLRQV WKHUH H[LVWV D XQLTXH HTXLOLEULXP DW ���α S��

0RUHRYHU� WKLV HTXLOLEULXP LV DV\PSWRWLFDOO\ VWDEOH

DQG LV D JOREDO DWWUDFWRU� 2YHU HYROXWLRQDU\ WLPH�

DOO SRSXODWLRQV ZLOO HYROYH WR WKH HTXLOLEULXP SRLQW

��� αS��

7KH VHW RI SRLQWV ),( pm yy LQ WKH SKDVH SODQH

ZKHUH QHLWKHU 0ˆ =′my QRU 0=py LV GLYLGHG LQWR

WKUHH EDVLF UHJLRQV E\ WKH VHOHFWLRQ QXOOFOLQHV �)LJ�

��� 5HJLRQ , LV WKH VHW O\LQJ EHORZ XP � 5HJLRQ ,, LV

WKH VHW O\LQJ EHWZHHQ XP DQG XS DQG 5HJLRQ ,,, LV

WKH VHW O\LQJ DERYH XS �

:H EHJLQ E\ REVHUYLQJ WKDW DOO HYROXWLRQDU\

WUDMHFWRULHV RI 5HJLRQV , DQG ,,, PXVW HYHQWXDOO\

HQWHU 5HJLRQ ,,� 6LPSO\� ZH KDYH WKDW 0ˆ ≥′my DQG

0>py IRU DOO SRLQWV ),( pm yy LQ 5HJLRQ , DQG LWV

ERXQGDU\� ZLWK HTXDOLW\ LII ( ) mpm uy,y ∈ � 6LPL�

ODUO\� IRU DOO SRLQWV ),( pm yy LQ 5HJLRQ ,,, DQG LWV

ERXQGDU\� 0ˆ <′my DQG 0≤py � ZLWK HTXDOLW\ LII

ppm uyy ∈),( �

1RZ� RQFH DQ HYROXWLRQDU\ WUDMHFWRU\ KDV HQ�

WHUHG 5HJLRQ ,, LW ZLOO FRQYHUJH WR WKH HTXLOLEULXP

SRLQW ��� αS�� 7KLV LV D UHVXOW RI SDUHQWDO DQWDJR�

QLVP Î 0ˆ <′my DQG 0>py DW DOO SRLQWV LQ WKH

LQWHULRU RI 5HJLRQ ,,� DQG WKLV GULYHV WKH V\VWHP WR

WKH HTXLOLEULXP SRLQW�

,Q D VLPLODU ZD\� ZH REVHUYH WKDW LI XP OLHV RXW�

VLGH XS� WKHQ WKHUH H[LVWV D XQLTXH HTXLOLEULXP DW

�αP� ��� 7KLV HTXLOLEULXP LV DV\PSWRWLFDOO\ VWDEOH

ZLWK DOO HYROXWLRQDU\ WUDMHFWRULHV FRQYHUJLQJ WR LW�

,Q WKLV FDVH� XQOLNH &DVH �� SDUHQW�VSHFLILF PRQR�

DOOHOLF H[SUHVVLRQ LV D QHFHVVDU\ RXWFRPH RI WKH

PRGHO�

$Q LPSRUWDQW JHQHUDO FODVV RI PRGHOV DUH WKRVH

LQ ZKLFK ILWQHVV LV JLYHQ E\ D IXQFWLRQ

:�<��<��Ù�<Q�� ZKHUH <L  \LP � \LS LV WKH WRWDO

OHYHO RI JHQH H[SUHVVLRQ LQ WKH LWK LQGLYLGXDO� 7KH

PRGHOV RI 0RFKL]XNL HW DO� ������� +DLJ �������

,ZDVD HW DO� ������� .RQGRK DQG +LJDVKL �������

DQG PXOWLSOH SDWHUQLW\ PRGHO RI ([DPSOH � �VHH

EHORZ�� EHORQJ WR WKLV FODVV� ,Q VXFK PRGHOV� WKH

FRQGLWLRQV IRU jW∆  � LQYROYH RQO\ WKH VXP mŷ
� py � KHQFH DOO OHYHO FXUYHV RI WKH jW∆ DQG WKHUH�

IRUH RI WKH jy PXVW EH VWUDLJKW OLQHV RI VORSH Î��

7KXV WKH VHOHFWLRQ QXOOFOLQHV ZLOO KDYH VORSH Î�

DQG ZLOO EH JLYHQ E\ WKH HTXDWLRQV�

mppm

mmpp

ŷŷ:u

ŷŷ:u
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),*� �� 7KH SDWHUQDO VHOHFWLRQ QXOOFOLQH OLHV RXWVLGH WKH PDWHU�

QDO VHOHFWLRQ QXOOFOLQH� 7KHUH H[LVWV D XQLTXH HTXLOLEULXP DW

���αS�� 7KLV HTXLOLEULXP LV DV\PSWRWLFDOO\ VWDEOH DQG LV D

JOREDO DWWUDFWRU
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,W IROORZV WKDW WKH QXOOFOLQHV DUH HLWKHU LGHQWLFDO

WKURXJKRXW WKHLU OHQJWK �&DVH ��� RU FRQWDLQ QR

FRPPRQ SRLQWV �&DVH ��� ,I WKH\ DUH LGHQWLFDO� DQG

LI DOVR WKH FRYDULDQFH PDWUL[ LQ ��� LV QRQ�VLQJXODU�

WKH LQFOXVLYH ILWQHVV HIIHFWV DUH ERWK ]HUR RQ WKH

FRPPRQ QXOOFOLQH DQG WKHUH LV QR SDUHQWDO DQWDJR�

QLVP� ,I WKH\ DUH GLVMRLQW� WKHUH ZLOO EH D UHJLRQ

ZKHUH WKH VLJQV RI WKH jW∆ GLIIHU� WKHUH ZLOO EH

SDUHQWDO DQWDJRQLVP� DQG WKH ÓORXGHVW YRLFH SUH�

YDLOV�Ô

&DVH �

1RZ VXSSRVH WKDW WKH VHOHFWLRQ QXOOFOLQHV XP DQG XS
DUH GLVWLQFW DQG LQWHUVHFW� 7KLV LPSOLHV WKDW ILWQHVV

LV D IXQFWLRQ RI ERWK \LP DQG \LS� DQG QRW PHUHO\ RI

WKHLU VXP� )RU VLPSOLFLW\� ZH DVVXPH WKDW WKH WZR

QXOOFOLQHV FURVV WUDQVYHUVHO\ DW D ILQLWH QXPEHU RI

SRLQWV� 8QGHU WKHVH DVVXPSWLRQV� WKH G\QDPLFV RI

��� PD\ EH PXFK PRUH FRPSOLFDWHG WKDQ WKH SUHYL�

RXV FDVHV� ZLWK WKH OHYHO RI FRPSOH[LW\ GHSHQGLQJ

RQ WKH QXPEHU RI LQWHUVHFWLRQV EHWZHHQ WKH QXOO�

FOLQHV� +RZHYHU� LQ UHDOLVWLF FDVHV WKH G\QDPLFV DUH

OLNHO\ WR EH IDLUO\ VLPSOH� ZLWK WKH QXOOFOLQHV LQWHU�

VHFWLQJ RQO\ RQFH� +HUH� ZH SUHVHQW D QXPEHU RI

JHQHUDO UHVXOWV� ,Q WKH GLVFXVVLRQ WKDW IROORZV ZH

WXUQ RXU DWWHQWLRQ WR WKH PRUH VLPSOH FDVHV RI D

VLQJOH LQWHUVHFWLRQ�

:H EHJLQ E\ GLYLGLQJ WKH SKDVH SODQH LQWR IRXU

NLQGV RI UHJLRQV �)LJ� ���

,� 0ˆ >′my � 0>py �

,,� 0ˆ <′my � 0>py �

,,,� 0ˆ <′my � 0<py �

,9� 0>′mŷ � 0<′py �

6HOHFWLRQ LV ÐRSSRVHGÑ ZKHQ my′ˆ � DQG py KDYH

RSSRVLWH VLJQ� DQG ÐFRQJUXHQWÑ ZKHQ my′ˆ � DQG py
KDYH VDPH VLJQ� (TXLOLEULD RFFXU DW DOO SRLQWV

ZKHUH WKH QXOOFOLQHV LQWHUVHFW� DV ZHOO DV DW WKH

SRLQW ��� αS�� ZKHQ XS LQWHUVHFWV WKH py �D[LV OLHV

DERYH XP� DQG WKH SRLQW �αP� ��� ZKHQ XP LQWHUVHFWV

WKH mŷ �D[LV WR WKH OHIW RI XS� :H QRZ WXUQ RXU DW�

WHQWLRQ WR WKH VWDELOLW\ RI WKHVH HTXLOLEULD�

/HW - EH WKH -DFRELDQ PDWUL[ RI WKH V\VWHP RI

HTXDWLRQV ��� HYDOXDWHG DW DQ HTXLOLEULXP S� 7KHQ�

S LV DV\PSWRWLFDOO\ VWDEOH LI DOO HLJHQYDOXHV RI -

KDYH QHJDWLYH UHDO SDUWV�

7KH HLJHQYDOXHV RI -� DUH�
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$Q LQWHULRU HTXLOLEULXP LV DV\PSWRWLFDOO\ VWDEOH LI

7U- � �� DQG 'HW- ! �� 7KHVH DUH WKH VWDQGDUG &66

FRQGLWLRQV SUHVHQWHG LQ $EUDPV HW DO� ������� 6LQFH

0<∂∆∂ jk yW IRU M� N  P� S� LW IROORZV WKDW 7U- LV

DOZD\V OHVV WKDQ ]HUR�

$Q DQDO\VLV RI RXU QXOOFOLQHV UHYHDOV WKDW D YHU�

WH[ ZKHUH WKH VORSH RI XP LV VWHHSHU WKDQ WKDW RI XS
LV DV\PSWRWLFDOO\ VWDEOH �)LJ� ��� 7KDW LV�
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ŷ

ŷ
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ŷ
EXW

),*� �� 7KH PDWHUQDO DQG SDWHUQDO VHOHFWLRQ QXOOFOLQHV DUH
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WKLV LV H[DFWO\ WKH FRQGLWLRQ 'HW- ! �� ,Q WKLV FDVH�

WKHUH LV VWDELOL]LQJ VHOHFWLRQ IRU ELDOOHOLF H[SUHVVLRQ

�VHH ([DPSOH � EHORZ��

2Q WKH RWKHU KDQG� LI DW D YHUWH[� S� WKH VORSH RI

XS LV VWHHSHU WKDQ WKDW RI XP� WKHQ 'HW- � �� ,Q WKLV

FDVH - KDV DQ HLJHQYDOXH ZLWK SRVLWLYH UHDO SDUW DQG

DQ HLJHQYDOXH ZLWK QHJDWLYH UHDO SDUW� DQG WKXV S LV

D VDGGOH �)LJ� ��� 7KH RQO\ RWKHU DV\PSWRWLFDOO\

VWDEOH HTXLOLEULXP LV ��� αS� ZKHQ ��� αS� LV DERYH

XP� RU �αP� �� ZKHQ �αP� �� LV WR WKH ULJKW RI XS� ,Q

WKLV FDVH� WKHUH LV GLVUXSWLYH VHOHFWLRQ RQ SDUHQW�

VSHFLILF H[SUHVVLRQ OHYHOV WKDW ZRXOG IDYRU

PRQRDOOHOLF H[SUHVVLRQ LI WKH QXOOFOLQHV FURVV RQO\

RQFH�

:H ILQLVK RXU SUHVHQWDWLRQ RI WKH JHQHUDO G\�

QDPLFV ZLWK WKH DVVHUWLRQ WKDW HYHU\ HYROXWLRQDU\

WUDMHFWRU\ DSSURDFKHV DQ HTXLOLEULXP SRLQW� +RZ�

HYHU� WKH HYROXWLRQDU\ RXWFRPH PD\ GHSHQG RQ

LQLWLDO FRQGLWLRQV EHFDXVH PXOWLSOH HYROXWLRQDU\

DWWUDFWRUV PD\ H[LVW �IRU SURRI RI WKHVH DVVHUWLRQV

VHH +LUVFK DQG 6PDOH� ������

�� 7KH UHODWLRQVKLS EHWZHHQ WKH VHOHFWLRQ

QXOOFOLQHV DQG WKH VHWV 0ˆ =∆ jW

7KLV UHODWLRQVKLS LV GHSHQGHQW XSRQ WKH REVHUYHG

OHYHO RI JHQHWLF FRYDULDQFH� FPS� 6XSSRVH WKDW WKH

JUDSKV RI WKH IXQFWLRQV 0ˆ =∆ jW DUH GLVWLQFW�

WKRXJK WKH\ PD\ LQWHUVHFW� 7KHQ WKHUH DUH WKUHH
SRVVLELOLWLHV� 7KH ILUVW LV WKDW WKH PDWHUQDO DQG SD�
WHUQDO H[SUHVVLRQ OHYHOV FDQ HYROYH LQGHSHQGHQWO\

DQG FPS  �� ,Q VXFK FDVHV� WKH VHOHFWLRQ QXOOFOLQHV

DQG WKH JUDSKV 0ˆ =∆ jW FRLQFLGH DQG WKXV UHSUH�

VHQW RSWLPDO OHYHOV RI H[SUHVVLRQ IRU PDWHUQDOO\ �M
 P� DQG SDWHUQDOO\ �M  S� GHULYHG DOOHOHV� 7KH
VHFRQG SRVVLELOLW\ LV WKDW WKH PDWHUQDO DQG SDWHUQDO

OHYHOV DUH SRVLWLYHO\ FRUUHODWHG� FPS ! � DQG WKH
FRYDULDQFH PDWUL[ LV QRQ�VLQJXODU� ,Q WKLV FDVH� WKH

VHOHFWLRQ QXOOFOLQHV DUH ORFDWHG EHWZHHQ WKH JUDSKV

RI WKH IXQFWLRQV 0ˆ =∆ jW � DQG WKH QXOOFOLQHV QR

ORQJHU UHSUHVHQW RSWLPDO OHYHOV RI H[SUHVVLRQ IRU

PDWHUQDOO\ DQG SDWHUQDOO\ GHULYHG DOOHOHV� )RU H[�
DPSOH� FRQVLGHU D UHJLRQ GHWHUPLQHG E\ WKH JUDSKV

0ˆ =∆ jW � IRU ZKLFK WKH FXUYH 0ˆ =∆ mW OLHV RXW�

VLGH WKH FXUYH 0ˆ =∆ pW � $W VXFK D SRLQW DQ LQ�

FUHDVH LQ PDWHUQDO H[SUHVVLRQ ZLOO LQFUHDVH PDWUL�
OLQHDO LQFOXVLYH ILWQHVV EXW GHFUHDVH SDWULOLQHDO

LQFOXVLYH ILWQHVV� %RWK VHOHFWLRQ QXOOFOLQHV ZLOO UXQ
WKURXJK WKLV UHJLRQ DQG HDFK RQH UHSUHVHQWV D VHW RI

VWUDWHJLHV WKDW �SHUIHFWO\ EDODQFHV� WKH PDWHUQDOO\
DQG SDWHUQDOO\ GHULYHG VHOHFWLYH SUHVVXUHV IURP WKH
SRLQW RI YLHZ RI WKDW DOOHOH� 7KH QXOOFOLQHV� KRZ�

HYHU� ZLOO EH GLVWLQFW� WKLV EDODQFH LV QRW WKH VDPH
IURP WKH SHUVSHFWLYH RI WKH PDWHUQDOO\ DQG SDWHU�

QDOO\ GHULYHG DOOHOHV� 7KH WKLUG SRVVLELOLW\ LV WKDW
WKH FRYDULDQFH PDWUL[ LQ ��� LV VLQJXODU� DQG WKH
QXOOFOLQHV PXVW FRLQFLGH Î WKHUH ZLOO EH QR UHJLRQV

LQ WKH SKDVH SODQH ZKHUH VHOHFWLRQ LV RSSRVHG� 7KLV

ZLOO RFFXU� IRU H[DPSOH� ZKHQ ∆\P  N∆\S IRU VRPH
FRQVWDQW N!��

1RQ�]HUR FRYDULDQFHV DUH D FRQVWUDLQW RQ SHUIHFW

DGDSWDWLRQ� $Q DOOHOH WKDW EURNH WKHVH FRQVWUDLQWV

FRXOG DFKLHYH KLJKHU UHODWLYH ILWQHVV WKDQ D FRQ�

VWUDLQHG DOOHOH� 7KHUHIRUH� ORQJ�WHUP VHOHFWLRQ DW

ORFL VXEMHFW WR SDUHQWDO DQWDJRQLVP PLJKW EH H[�

SHFWHG WR UHGXFH WKH JHQHWLF FRYDULDQFH WHUP�

:KHWKHU VHOHFWLRQ RQ WKH UHVW RI WKH JHQRPH PLJKW

VRPHWLPHV RSSRVH WKLV SURFHVV LV D TXHVWLRQ GH�

VHUYLQJ IXUWKHU VWXG\�

),*� �� $Q LQWHULRU HTXLOLEULXP LV DV\PSWRWLFDOO\ VWDEOH LI WKH

VORSH RI XP LV VWHHSHU WKDQ WKDW RI XS�

),*� �� $Q LQWHULRU HTXLOLEULXP LV D VDGGOH DQG WKXV XQVWDEOH LI

WKH VORSH RI XS LV VWHHSHU WKDQ WKDW RI XP
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�� ([DPSOHV

:H QRZ WXUQ RXU DWWHQWLRQ WR WKUHH ELRORJLFDO VFH�

QDULRV ZLWK GLIIHUHQW G\QDPLFV� )RU VLPSOLFLW\� ZH

DVVXPH IRU WKH UHPDLQGHU RI WKH SDSHU WKDW WKH DG�

GLWLYH JHQHWLF FRYDULDQFH EHWZHHQ mŷ DQG py LV

]HUR �FPS  �� � ,Q WKLV FDVH WKH QXOOFOLQHV XM DUH

VLPSO\ WKH VHWV jW∆  �� :H ORRN DW WKUHH H[DP�

SOHV� ,Q ([DPSOHV � DQG �� WKH QXOOFOLQHV KDYH QR

LQWHULRU FURVVLQJ� DQG WKH VWDEOH HTXLOLEULXP LV RQ

WKH ERXQGDU\� ,Q ([DPSOH � WKHUH LV D VLQJOH G\�

QDPLFDOO\�VWDEOH LQWHULRU FURVVLQJ�

([DPSOH �� 0XOWLSOH SDWHUQLW\

:H FRQVWUXFW D VLPSOH FRPSHWLWLRQ PRGHO IROORZ�

LQJ 7D\ORU DQG )UDQN ������ LQ ZKLFK HDFK IHPDOH

PDWHV ZLWK H[DFWO\ Q PDOHV� 'XULQJ GHYHORSPHQW�

OLWWHUPDWHV FRPSHWH IRU PDWHUQDO UHVRXUFHV DQG DQ

LQGLYLGXDOÑV ILWQHVV GHSHQGV XSRQ LWV UHODWLYH FRP�

SHWLWLYH DELOLW\� ,Q WKH VLPSOHVW FDVH� DQ LQGLYLG�

XDOÑV GHPDQG IRU UHVRXUFHV LV SURSRUWLRQDO WR WKH

WRWDO DPRXQW RI JURZWK IDFWRU SURGXFHG� <  \P �

\S� VXFK WKDW DQ LQGLYLGXDO HPSOR\LQJ VWUDWHJ\ < LQ

D VLE�JURXS ZLWK DYHUDJH VWUDWHJ\ = WDNHV D SURSRU�

WLRQ <�= RI WKH UHVRXUFHV DYDLODEOH IRU GHYHORS�

PHQW� 0RUH SUHFLVHO\� LI *�=� GHQRWHV WKH DYHUDJH

ILWQHVV ZLWKLQ D =�JURXS� WKHQ

( ) ( )ZG
Z

Y
Z,YWW ⋅== ���

:H DVVXPH WKDW *�=� LV D FRQFDYH�GRZQ IXQFWLRQ

LQ =� VR WKDW PDUJLQDO JURXS ILWQHVV GHFUHDVHV ZLWK

KLJK OHYHOV RI FRPSHWLWLRQ ZLWKLQ WKH JURXS� )RU

H[DPSOH� DV FRPSHWLWLRQ LQWHQVLILHV� D ODUJHU SUR�

SRUWLRQ RI UHVRXUFHV PLJKW EH ZDVWHG LQ WKH PDLQ�

WHQDQFH RI WKH FRPSHWLWLRQ� DQG IHZHU UHVRXUFHV DUH

DFWXDOO\ DYDLODEOH IRU GHYHORSPHQW� 7KLV ILWQHVV

IXQFWLRQ : KDV EHHQ XVHG SUHYLRXVO\ WR PRGHO

YLUXOHQFH LQ WKH HYROXWLRQ RI SURWRFHOOV DQG SDUD�

VLWHV �)UDQN� ������

7KH LQFOXVLYH ILWQHVV HIIHFWV DUH

∆ Ö�:�
M
= � − 5

M( )*
Ö�<�( )

� Ö�<�
+ 5

M
′ *� Ö�<�( ) ���

ZKHUH pm yyY += DQG 5M LV WKH DYHUDJH M�

UHODWHGQHVV RI WKH VLE JURXS WR WKH IRFDO LQGLYLGXDO�

$ VLPSOH PRGHO IRU JURXS ILWQHVV ZLWK GHFUHDV�

LQJ PDUJLQDO UHWXUQ LV *�=�  =��ÎE=�� ,Q WKLV FDVH�

WKH RSWLPDO OHYHO RI H[SUHVVLRQ � jW∆  �� IURP

WKH SHUVSHFWLYH RI WKH PDWHUQDOO\ �M P� DQG SDWHU�

QDOO\ �M S� GHULYHG JHQHV LV JLYHQ E\ =  

��E���5M�� 8QGHU WKLV VLPSOH PDWLQJ VWUXFWXUH WKH

FRHIILFLHQWV RI UHODWHGQHVV DUH 5P  ��� DQG 5S  

���Q� 6LQFH ILWQHVV LV D IXQFWLRQ RI WRWDO DPRXQW RI

JURZWK IDFWRU� ZH KDYH DQ H[DPSOH RI FDVH $

DERYH� :LWK VWULFW PRQRJDP\ �Q ��� WKH UHODWHG�

QHVV FRHIILFLHQWV DUH LGHQWLFDO� 5P  5S � WKH QXOO�

FOLQHV FRLQFLGH� DQG WKHUH LV QR SDUHQWDO DQWDJR�

QLVP� )RU Q ! �� WKH QXOOFOLQHV DUH GLVMRLQW DQG WKH

V\VWHP LV SDUHQWDOO\ DQWDJRQLVWLF� ,Q VXFK FDVHV�

SDWHUQDOO\ GHULYHG DOOHOHV SUHIHU KLJKHU OHYHOV RI

GHPDQG WKDQ PDWHUQDOO\ GHULYHG DOOHOHV �)LJ� ��

DQG ZH REVHUYH WKDW WKH ÓORXGHVW YRLFH SUHYDLOVÔÎÎ

WKH PDWHUQDOO\ GHULYHG DOOHOH EHFRPHV LQDFWLYH DQG

WKH SDWHUQDOO\ GHULYHG DOOHOH RSHUDWHV DW LWV SUH�

IHUUHG OHYHO RI H[SUHVVLRQ� 7KH RSSRVLWH SDWWHUQ RI

LPSULQWLQJ LV SUHGLFWHG IRU GHPDQG LQKLELWRUV �+DLJ

DQG :LONLQV� ������

:KHQ ILWQHVV LV D IXQFWLRQ RI WKH IRUP

:�<��<��Ù�<Q�� WKH QXOOFOLQHV DUH VWUDLJKW OLQHV RI

VORSH Î� DQG FDQQRW FURVV� +RZHYHU� QXOOFOLQHV FDQ

FURVV LI ILWQHVV LV D IXQFWLRQ RI ERWK \LP DQG \LS� DQG

QRW VLPSO\ D IXQFWLRQ RI WKHLU VXP� )RU H[DPSOH�

),*� �� ,Q FDVH RI PXOWLSOH SDWHUQLW\� WKH QXOOFOLQHV DUH GLVMRLQW

DQG WKH V\VWHP LV SDUHQWDOO\ DQWDJRQLVWLF� ,Q WKLV FDVH� SDWHU�

QDOO\ GHULYHG DOOHOHV SUHIHU KLJKHU OHYHOV RI GHPDQG WKDQ PD�

WHUQDOO\ GHULYHG DOOHOHV DQG ZH REVHUYH WKDW WKH �ORXGHVW YRLFH

SUHYDLOV�Î WKH PDWHUQDOO\ GHULYHG DOOHOH EHFRPHV LQDFWLYH DQG

WKH SDWHUQDOO\ GHULYHG DOOHOH RSHUDWHV DW LWV SUHIHUUHG OHYHO RI

H[SUHVVLRQ
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VRPHWLPHV DQ DOOHOH PD\ EH H[SUHVVHG RQ LWV RZQ

ZLWKRXW D SDUWQHU� ,I VR� LGHQWLFDO LQFUHPHQWV RI

PDWHUQDO RU SDWHUQDO H[SUHVVLRQ PD\ QRW KDYH

LGHQWLFDO HIIHFWV RQ ILWQHVV� ∂:�∂\LP ≠ ∂:�∂\LS�
6XFK PLJKW EH WKH FDVH LI ORVV�RI�IXQFWLRQ PXWD�

WLRQV RFFXU LQ DQ DOOHOHÑV SDUWQHU RU LI WKH DOOHOH LV

H[SUHVVHG LQ SRVW�PHLRWLF JHUP FHOOV� 6XFK ZLOO

DOVR RIWHQ EH WKH FDVH IRU ;�OLQNHG DOOHOHV VXEMHFW

WR UDQGRP ; LQDFWLYDWLRQ EHFDXVH PDWHUQDO DQG

SDWHUQDO DOOHOHV DUH WKHQ H[SUHVVHG LQ GLIIHUHQW

FHOOV�

([DPSOH �� 7KH RYDULDQ WLPH ERPE

9DUPX]D DQG 0DQQ ������ SURSRVHG WKDW WKH LQDF�

WLYDWLRQ RI PDWHUQDOO\�GHULYHG DOOHOHV DW JURZWK�

IDFWRU ORFL KDV HYROYHG DV D GHIHQFH DJDLQVW RYDULDQ

WURSKREODVW GLVHDVH �IRUPDOO\ PRGHOOHG E\ ,ZDVD HW

DO�� ������ 0DWHUQDO VLOHQFLQJ LV SUHGLFWHG EHFDXVH�

IRU D JLYHQ OHYHO RI JURZWK IDFWRU� IHPDOH JHUP

FHOOV DUH PRUH YXOQHUDEOH WR PDOLJQDQW WUDQVIRUPD�

WLRQ WKDQ DUH PDOH JHUP FHOOV� 9DUPX]D DQG

0DQQÑV K\SRWKHVLV� DQG WKH PRGHO RI ,ZDVD HW DO�

������� ERWK DVVXPH D VWULFW GHSHQGHQFH EHWZHHQ

DQ DOOHOHÑV OHYHO RI H[SUHVVLRQ LQ D SDUHQWÑV JHUP

OLQH �L�H� DIWHU LPSULQWV DUH UHVHW� DQG LWV SDUHQW�

VSHFLILF OHYHO RI H[SUHVVLRQ LQ VXEVHTXHQW RII�

VSULQJ�

$V LQ ([DPSOH �� WKH IRFDO LQGLYLGXDO LV DQ RII�
VSULQJ ZLWKLQ D OLWWHU� :H PRGLI\ RXU FRPSHWLWLRQ

PRGHO WR LQFOXGH DQ DGGLWLRQDO IDFWRU WKDW GHVFULEHV
WKH UHGXFWLRQ LQ ILWQHVV RI WKH IRFDO LQGLYLGXDO IURP

WKH GHYHORSPHQW RI RYDULDQ WURSKREODVW GLVHDVH�
7KH QHLJKERUKRRG RI HIIHFW LQFOXGHV SRVW�PHLRWLF

JHUP FHOO WXPRUV WKDW DFW WR UHGXFH WKH IRFDO LQGL�
YLGXDOÑV SUREDELOLW\ RI VXUYLYDO �RYDULDQ WHUDWRPDV
DUH GHULYHG IURP RRF\WHV WKDW KDYH DOUHDG\ XQGHU�

JRQH PHLRVLV ,� /LQGHU HW DO�� ������ +DOI RI WKHVH
WXPRUV ZLOO KDYH H[SUHVVLRQ OHYHO \P� DQG WKH RWKHU

KDOI ZLOO FDUU\ WKH PRWKHUÑV RWKHU DOOHOH� DQG ZLOO
KDYH DQ H[SHFWHG H[SUHVVLRQ OHYHO Ö�\�P � :H DVVXPH

WKDW WKH UHGXFWLRQ LQ VXUYLYDO GXH WR RYDULDQ WUR�

SKREODVW GLVHDVH LQFUHDVHV DV PDWHUQDO JHUP FHOO
H[SUHVVLRQ LQFUHDVHV� )RU VLPSOLFLW\� ZH ZLOO UHSUH�
VHQW WKLV HIIHFW RQ VXUYLYDO E\ D IDFWRU�

( )[ ]22 ˆexp mm yy +α− � 6LPLODUO\� UHGXFHG VXUYLYDO

IURP WHVWLFXODU JHUP FHOO WXPRUV FRXOG EH UHSUH�

VHQWHG E\ D IDFWRU ( )[ ]22 ˆexp pp yy +β− � EXW ZH ZLOO

IROORZ 9DUPX]D DQG 0DQQ LQ DVVXPLQJ β LV QHJOL�

JLEOH DQG HIIHFWLYHO\ ]HUR� 7KXV� WKH ILWQHVV RI WKH
IRFDO LQGLYLGXDO EHFRPHV�
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DQG WKH LQFOXVLYH ILWQHVV HIIHFWV DUH
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ZKHUH WKH 5M DUH WKH UHODWHGQHVVHV EHWZHHQ VLEV� DV

DERYH� DQG WKH ODVW WHUP LQ mW∆ LV PXOWLSOLHG E\

WKH UHODWHGQHVV RI WKH IRFDO LQGLYLGXDO WR LWVHOI

ZKLFK LV �� ,Q WKH FDVH RI VLQJOH SDWHUQLW\ �Q  ���

5P  5S� DQG WKH VHOHFWLRQ QXOOFOLQHV LQWHUVHFW DW ���

αS� �)LJ� ��� 7KLV LV WKH RQO\ HTXLOLEULXP SRLQW DQG

LV HYROXWLRQDULO\ VWDEOH� ,Q UHJLRQ ,, RI WKH SKDVH

SODQH �)LJ� ��� GHFUHDVHG H[SUHVVLRQ RI PDWHUQDOO\

LQKHULWHG DOOHOHV LQFUHDVHV PDWULOLQHDO LQFOXVLYH

ILWQHVV EXW GHFUHDVHV SDWULOLQHDO H[FOXGHG ILWQHVV�

EHFDXVH RI WKH DV\PPHWULF UHODWHGQHVV RI JHUP FHOO

WXPRUV WR WKH IRFDO LQGLYLGXDO� 7KXV� LQ WKLV UHJLRQ�

PDWULOLQHDO DQG SDWULOLQHDO LQFOXVLYH ILWQHVV HIIHFWV

KDYH RSSRVLWH VLJQ� EXW VLQFH PDWULOLQHDO DQG SDWUL�

OLQHDO UHODWHGQHVVHV DUH DOZD\V HTXDO� WKHUH LV QR

SDUHQWDO DQWDJRQLVP�

),*� �� ,Q WKH RYDULDQ WLPH ERPE� ZLWK VLQJOH SDWHUQLW\� WKH

VHOHFWLRQ QXOOFOLQHV LQWHUVHFW DW WKH SRLQW ���αS�� 7KLV LV WKH

RQO\ HYROXWLRQDU\ HTXLOLEULXP DQG LW LV G\QDPLFDOO\ VWDEOH
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,Q WKH SUHVHQFH RI PXOWLSOH SDWHUQLW\ �Q ! ��� 5P

≠ 5S� WKH VHOHFWLRQ QXOOFOLQHV GR QRW LQWHUVHFW DQG

WKH G\QDPLFV FRQIRUP WR FDVH � �)LJ� �� DQG SD�

UHQWDO DQWDJRQLVP LV SUHVHQW DV LQ ([DPSOH ��

,Q WKH SUHYLRXV WZR H[DPSOHV WKH VHOHFWLRQ QXOO�

FOLQHV HLWKHU GLG QRW FURVV RU LQWHUVHFWHG DW WKH

ERXQGDU\ RI WKH SKDVH SODQH� 6XSSRVH RQ WKH RWKHU

KDQG WKDW WKHUH LV D VLQJOH LQWHULRU FURVVLQJ RI WKH

QXOOFOLQHV� 7KLV ZLOO EH DQ LQWHULRU HTXLOLEULXP RI

WKH G\QDPLFDO V\VWHP WKDW PLJKW EH VWDEOH �)LJ� ���

RU XQVWDEOH �)LJ� ��� :H KDYH KDG GLIILFXOW\ ILQGLQJ

D PDWKHPDWLFDOO\ VLPSOH H[DPSOH RI WKH XQVWDEOH

FDVH� 2QH SRVVLELOLW\ ZRXOG EH WR PRGHO DOOHOLF

H[FOXVLRQ� VD\ IRU LPPXQRJOREXOLQ κ�FKDLQV �0RV�

WRVODYVN\ HW DO�� ������ ,Q WKLV FDVH� WKHUH LV D VH�

OHFWLYH DGYDQWDJH IRU DQ LQGLYLGXDO % FHOO WR H[�

SUHVV RQO\ RQH RI WKH �UHDUUDQJHG� DOOHOHV DW D ORFXV�

DQG RQH FRXOG LPDJLQH WKH FKRLFH RI ZKLFK DOOHOH

WR LQDFWLYDWH EHLQJ EDVHG RQ SDUHQWDO RULJLQ� +RZ�

HYHU� LQ IDFW� WKHUH LV DQ HIIHFWLYHO\ UDQGRP FKRLFH

RI ZKLFK DOOHOH WR LQDFWLYDWH LQ HDFK FORQDO OLQHDJH�

$QRWKHU SRVVLELOLW\ ZRXOG EH WR PRGHO WKH HIIHFWV

RI GHOHWHULRXV PXWDWLRQ XQGHU HLWKHU VWULFW RU SDUWLDO

GRPLQDQFH �+XUVW� ������ ,I WKH UHGXFWLRQ LQ ILWQHVV

UHVXOWLQJ IURP GHOHWHULRXV PXWDWLRQ LV VHYHUH� WKHQ

WKHUH ZLOO EH D VHOHFWLYH DGYDQWDJH IRU DQ LQGLYLG�

XDO WR H[SUHVV RQO\ RQH RI WKH DOOHOHV DW WKH ORFXV RI

LQWHUHVW� 7KLV RFFXUV EHFDXVH ZKHQ RQO\ RQH RI WKH

WZR DOOHOHV LV DFWLYH� WKHQ KDOI RI WKH WLPH WKH PX�

WDWLRQ ZLOO RFFXU DW WKH VLOHQW DOOHOH� DQG WKH GHOHWH�

ULRXV HIIHFWV ZLOO QRW EH IHOW� +RZHYHU� WKHUH LV QR

JUHDWHU DGYDQWDJH IRU KDYLQJ D PDWHUQDOO\ VLOHQW RU

SDWHUQDOO\ VLOHQW DOOHOH� $JDLQ� WKH FKRLFH RI ZKLFK

DOOHOH WR LQDFWLYDWH LV HIIHFWLYHO\ UDQGRP� ([DPSOH

�� EHORZ� SURYLGHV D FDVH RI D VWDEOH LQWHULRU HTXL�

OLEULXP�

([DPSOH �� /RVV�RI�IXQFWLRQ PXWDWLRQV

:H ILQLVK E\ SUHVHQWLQJ DQ H[DPSOH LQ ZKLFK WKHUH

LV D VWDEOH LQWHULRU HTXLOLEULXP SRLQW WR ZKLFK DOO

HYROXWLRQDU\ WUDMHFWRULHV FRQYHUJH� 0RFKL]XNL HW

DO� ������ GHPRQVWUDWHG WKDW ORVV�RI�IXQFWLRQ PX�

WDWLRQV PLJKW DFW WR GLVFRXUDJH SDUHQW�VSHFLILF

DOOHOH LQDFWLYDWLRQ� 7KH LGHD KHUH LV WKDW WKH FRVW RI

D ORVV�RI�IXQFWLRQ PXWDWLRQ ZLOO� RQ DYHUDJH� EH

OHVV WR LQGLYLGXDOV LQ ZKLFK ERWK DOOHOHV DUH H[�

SUHVVHG HTXDOO\� WKDQ WR WKRVH LQ ZKLFK RQH RI WKH

DOOHOHV LV H[SUHVVHG DW D KLJKHU OHYHO WKDQ WKH RWKHU�

:H QRZ LQFRUSRUDWH WKLV VFHQDULR LQWR RXU PRGHO�

/HW T EH WKH IUHTXHQF\ RI ORVV�RI�IXQFWLRQ PX�

WDWLRQV ZLWKLQ WKH SRSXODWLRQ RI JDPHWHV� 5HDOLVWL�

FDOO\� T ZLOO FKDQJH DV SDUHQW�VSHFLILF H[SUHVVLRQ

OHYHOV DW WKH ORFXV HYROYH� EXW IRU VLPSOLFLW\ ZH

DVVXPH WKDW LW LV FRQVWDQW� :H ZLOO DVVXPH WKDW

IHPDOHV DUH PRQRJDPRXV� ZLWK HDFK PDWLQJ SUR�

GXFLQJ D VLQJOH ]\JRWH VR WKDW FRPSHWLWLRQ DPRQJ

VLEOLQJV LV DEVHQW� ,Q WKLV FDVH� WKH LQFOXVLYH ILWQHVV

IXQFWLRQ: LV

( ) ( )++−= pm yyGqW 00
21

( ) ( )[ ]pm yGyGqq 00)1( +−+ ���

7KH PDWULOLQHDO �M P� DQG SDWULOLQHDO �M S� LQ�

FOXVLYH ILWQHVV HIIHFWV DUH�

( ) ( ) ( )jj yGqqYGqW ˆ)1(ˆ1ˆ 2 ′−+′−=∆ ����

ZKHUH pm yyY += � 7KH PDWHUQDOO\ DQG SDWHUQDOO\

GHULYHG DOOHOHV DUH XQGHU WKH VDPH VHOHFWLYH SUHV�

VXUHV DQG DV D UHVXOW WKH SKDVH�SODQH GLDJUDP LV

V\PPHWULF WKURXJK WKH OLQH pm yy = � 7KH PDWHUQDO

�M P� N S� DQG SDWHUQDO �M S� N P� VHOHFWLRQ QXOO�

FOLQHV DUH�

( ) kj yq
b

y ˆ1
1

ˆ −−= � ����

),*� ��� ,Q FDVH RI ORVV�RI�IXQFWLRQ PXWDWLRQV WKH PDWHUQDOO\

DQG SDWHUQDOO\ GHULYHG DOOHOHV DUH XQGHU WKH VDPH VHOHFWLYH

SUHVVXUHV DQG DV D UHVXOW WKH SKDVH�SODQH GLDJUDP LV V\PPHWULF

WKURXJK WKH OLQH \P  \S� ,Q VXFK FDVHV� WKHUH LV D VLQJOH VWDEOH

LQWHULRU HTXLOLEULXP SRLQW WR ZKLFK DOO HYROXWLRQDU\ WUDMHFWRULHV

FRQYHUJH
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7KH SKDVH�SODQH GLDJUDP LV VKRZQ LQ )LJXUH ���

7KHUH LV D VLQJOH VWDEOH LQWHULRU HTXLOLEULXP SRLQW WR

ZKLFK DOO HYROXWLRQDU\ WUDMHFWRULHV FRQYHUJH� 7KH

VWDELOLW\ RI WKLV HTXLOLEULXP SRLQW IROORZV IURP WKH

IDFW WKDW WKH VORSH RI WKH PDWHUQDO QXOOFOLQH XP LV

VWHHSHU WKDQ WKDW RI WKH SDWHUQDO QXOOFOLQH XS�

0RFKL]XNL HW DO� ������ PRGHOOHG WKH HIIHFWV RI

PXOWLSOH SDWHUQLW\ �SRO\DQGU\� DQG ORVV�RI�IXQFWLRQ

PXWDWLRQV VLPXOWDQHRXVO\ WR H[DPLQH ZKHWKHU ORVV

RI IXQFWLRQ PXWDWLRQ FRXOG DFW WR SUHYHQW ORVV RI

PDWHUQDO H[SUHVVLRQ LQ SDUHQWDOO\ DQWDJRQLVWLF

V\VWHPV� 7KH\ IRXQG WKDW LQ WKH DEVHQFH RI SRO\DQ�

GU\ WKH VHOHFWLYH SUHVVXUHV RQ PDWHUQDOO\ DQG SD�

WHUQDOO\ GHULYHG DOOHOHV DUH V\PPHWULF DQG WKH (66

LV IRXQG DORQJ WKH OLQH pm yy = � +RZHYHU� DV WKH

IUHTXHQF\ RI SRO\DQGU\ LQFUHDVHV� WKH SDWHUQDO

VHOHFWLRQ QXOOFOLQH PRYHV DZD\ IURP WKH RULJLQ� $V

D UHVXOW WKH HTXLOLEULXP SRLQW VKLIWV IURP WKH OLQH

pm yy = � PRYLQJ DZD\ IURP WKH mŷ ÎD[LV DQG

WRZDUGV WKH py ÎD[LV� ,I SRO\DQGU\ LV VXIILFLHQWO\

UDUH �UHODWLYH WR WKH UDWH RI ORVV�RI�IXQFWLRQ PXWD�

WLRQ�� WKHQ� DW HYROXWLRQDU\ HTXLOLEULXP� ERWK WKH

PDWHUQDOO\ DQG SDWHUQDOO\ GHULYHG DOOHOHV ZLOO UH�

PDLQ DFWLYH� ZLWK WKH PDWHUQDOO\ GHULYHG DOOHOH

H[SUHVVHG WR D OHVVHU GHJUHH WKDQ WKH SDWHUQDOO\

GHULYHG DOOHOH� +RZHYHU� LI SRO\DQGU\ LV VXIIL�

FLHQWO\ FRPPRQ� WKH VHOHFWLRQ QXOOFOLQHV ZLOO QRW

FURVV DQG D PDWHUQDOO\ VLOHQW (66 ZLOO EH REVHUYHG�

/RVV�RI�IXQFWLRQ PXWDWLRQV SURYLGH D VHOHFWLYH

IRUFH WKDW IDYRXUV ELDOOHOLF H[SUHVVLRQ� +RZHYHU�

WKH OHYHO H[SUHVVLRQ QHHG QRW EH V\PPHWULF DQG LW

LV SRVVLEOH WKDW HLWKHU D PDWHUQDOO\ RU SDWHUQDOO\

VLOHQW (66 LV REVHUYHG GHVSLWH WKH FRVWV RI IXQF�

WLRQDO KHPL]\JRVLW\� 7KH REVHUYHG RXWFRPH GH�

SHQGV XSRQ WKH UHODWLYH VWUHQJWK RI WKH GLVUXSWLYH

VHOHFWLYH IRUFH �H�J� SDUHQWDO DQWDJRQLVP� ZKHQ

FRPSDUHG WR WKH REVHUYHG UDWH RI PXWDWLRQV�

6SHQFHU DQG :LOOLDPV ������ DOVR VHH 6SHQFHU�

����� QRWHG WKDW WKLV VHOHFWLYH IRUFH ZDV YHU\

ZHDN� RI WKH VDPH RUGHU DV WKH PXWDWLRQ UDWH� DQG

ZRXOG XVXDOO\ EH LQVLJQLILFDQW ZKHQ WKHUH LV SRVL�

WLYH VHOHFWLRQ IRU LPSULQWLQJ� ,W VKRXOG EH QRWHG�

KRZHYHU� WKDW WKH PRGHOV RI 0RFKL]XNL HW DO�

������ DQG 6SHQFHU DQG :LOOLDPV ������ FRQVLGHU

JHUP OLQH PXWDWLRQV RQO\� )LWQHVV FRVWV RI

PRQRDOOHOLF H[SUHVVLRQ DVVRFLDWHG ZLWK VRPDWLF

PXWDWLRQV �H�J�� LQFUHDVHG SUHGLVSRVLWLRQ WR FDQFHU�

LV OLNHO\ WR SURYLGH D VWURQJHU VHOHFWLYH IRUFH

DJDLQVW PRQRDOOHOLF H[SUHVVLRQ� EXW WKLV LV \HW WR EH

IRUPDOO\ PRGHOOHG�

�� 'LVFXVVLRQ

+RZ ÓVSHFLDOÔ LV WKH SKHQRPHQRQ RI JHQRPLF

LPSULQWLQJ" $W OHDVW IURP D PDWKHPDWLFDO SRLQW RI

YLHZ� GRHV LW UHTXLUH D VSHFLDO WKHRU\ RU LV LW VLPSO\

DQ LQWHUHVWLQJ YDULDQW RI VWDQGDUG PRGHOV" ,Q JH�

QHWLF WHUPV� ZH KDYH DQ DOOHOH WKDW ILQGV LWVHOI LQ

WZR GLIIHUHQW FRQWH[WV RU PRGHV DQG LV DEOH WR FRQ�

GLWLRQ LWV EHKDYLRXU DFFRUGLQJO\� 6LPLODU H[DPSOHV

FRPH WR PLQG� JHQHV WKDW ILQG WKHPVHOYHV LQ WZR

W\SHV RI LQGLYLGXDOV �PDOH RU IHPDOH�� RU WKH VDPH

LQGLYLGXDO DW GLIIHUHQW WLPHV �\RXQJ DQG ROG�� RU

GLIIHUHQW SKDVHV �VXUYLYLQJ DQG EUHHGLQJ�� RU GLI�

IHUHQW HQYLURQPHQWDO FRQGLWLRQV �IRUHVW DQG ILHOG��

,Q HDFK FDVH� WKH RSWLPDO SDWWHUQ RI H[SUHVVLRQ LQ

RQH PRGH PD\ GLIIHU IURP WKH RSWLPDO SDWWHUQ LQ

WKH RWKHU� ,I WKHVH SDWWHUQV DUH FRQVWUDLQHG WR EH

LGHQWLFDO LQ WKH WZR PRGHV� QDWXUDO VHOHFWLRQ ZLOO

DUULYH DW VRPH FRPSURPLVH EHWZHHQ WKH WZR

PRGHV� D SDWWHUQ RI H[SUHVVLRQ WKDW LV WKH ÓEHVWÔ RQ

DYHUDJH� ,I WKH SDWWHUQV DUH IUHH WR HYROYH LQGH�

SHQGHQWO\� QDWXUDO VHOHFWLRQ ZLOO IDYRXU JHQHV ZLWK

FRQWLQJHQW SDWWHUQV RI H[SUHVVLRQ WKDW HPSOR\ WKH

RSWLPDO SDWWHUQ LQ HDFK PRGH�

,Q RXU HYROXWLRQDU\ PRGHO ZH ZHUH LQWHUHVWHG LQ

WKH HIIHFW RI DQ DOOHOH RQ LWV RZQ FKDQJH LQ IUH�

TXHQF\ ĝ∆ � 7KH DQDO\VLV RI WKH $SSHQGL[ �$� DQG

$�� GHFRPSRVHG WKLV HIIHFW LQWR WZR FRPSRQHQWV�

G[M� DQ DOOHOHÑV HIIHFW RQ H[SUHVVLRQ OHYHO LQ PRGH M�

DQG jW∆ � WKH HIIHFW RI G[M RQ LQFOXVLYH ILWQHVV LQ

PRGH M� 7KH ODWWHU LV� LWVHOI� WKH VXP RI WKH SURGXFWV

RI ∂:�∂\LM� WKH PRGH�M HIIHFW RI JHQH H[SUHVVLRQ LQ
LQGLYLGXDO L RQ WKH ILWQHVV RI WKH IRFDO LQGLYLGXDO�

DQG 5LM � WKH PRGH�M UHODWHGQHVV RI LQGLYLGXDO L WR

WKH IRFDO LQGLYLGXDO� (YROXWLRQDU\ PRGHOV VRPH�

WLPHV UHVWULFW DWWHQWLRQ WR RQO\ RQH PRGH� LPSOLFLWO\

DVVXPLQJ WKDW WKH DOOHOH LV H[SUHVVHG RQO\ LQ WKDW

PRGH DQG WKH G[M LQ WKH RWKHU LV ]HUR �H�J� VH[�

OLPLWHG FKDUDFWHUV�� 6RPHWLPHV WKH PRGHOV DVVXPH

D WUDGHRII EHWZHHQ WKH WZR PRGHV �DQWDJRQLVWLF

SOHLRWURS\�� VR WKDW WKH ∂:�∂\LM PD\ EH RI GLIIHUHQW
VLJQ� )RU H[DPSOH� RQHÑV UHODWHGQHVV WR QHLJKERXUV

PLJKW GLIIHU LQ WKH WZR PRGHV �ZKHQ \RXQJ \RX

DUH PRUH OLNHO\ WR EH ZLWK VLEV� HWF�� VR WKDW GLIIHU�

HQW UHODWHGQHVVHV ZRXOG EH XVHG IRU GLIIHUHQW M� DQG

ZH ZRXOG QHHG D JHQHUDO H[SUHVVLRQ VXFK DV ��� IRU

LQFOXVLYH ILWQHVV�

+DLJ ������ ����D� UHIRUPXODWHG WKH FRQFHSW RI

LQFOXVLYH ILWQHVV XVLQJ FRHIILFLHQWV RI SDUHQW�

VSHFLILF UHODWHGQHVV� $ERYH ZH SURYLGH D JHQHUDO



-� 0� *5((1:22'�/(( HW DO� ���

PDWKHPDWLFDO IUDPHZRUN IRU KLV ÓPDWULOLQHDOÔ DQG

ÓSDWULOLQHDOÔ LQFOXVLYH ILWQHVVHV XVLQJ WKH GLUHFW

ILWQHVV IRUPXODWLRQ RI 7D\ORU DQG )UDQN ������ DQG

D G\QDPLF PRGHO RI FRQWLQXRXV�WUDLW HYROXWLRQ�

7KH GLIIHUHQFH EHWZHHQ WKH LQFOXVLYH ILWQHVV DQG

GLUHFW ILWQHVV IRUPXODWLRQV LV UHDOO\ MXVW RQH RI DF�

FRXQWLQJ� ZKHWKHU WKH IRFDO LQGLYLGXDO LV UHJDUGHG

DV WKH UHFLSLHQW �WKH GLUHFW ILWQHVV DSSURDFK� EHLQJ

DIIHFWHG E\ WKH EHKDYLRXU RI RWKHUV� RU WKH DFWRU

�WKH LQFOXVLYH ILWQHVV DSSURDFK� DIIHFWLQJ WKH ILW�

QHVV RI RWKHUV� ,Q PRGHOV RI JHQRPLF LPSULQWLQJ LW

LV FUXFLDO WR NHHS LQ PLQG ZKLFK DSSURDFK LV EHLQJ

XVHG DV WKH UHODWHGQHVV FRHIILFLHQWV DUH VHOGRP

V\PPHWULF �+DLJ� ����D�� ,Q WKH GLUHFW ILWQHVV DS�

SURDFK� UHODWHGQHVV LV GHWHUPLQHG E\ WDNLQJ D UDQ�

GRP PDWHUQDO RU SDWHUQDO DOOHOH LQ LQGLYLGXDO L DQG

WKHQ FDOFXODWLQJ LWV IUHTXHQF\ LQ WKH IRFDO LQGLYLG�

XDO� )URP D PDWKHPDWLFDO VWDQGSRLQW� WKH GLUHFW

ILWQHVV IRUPXODWLRQ KDV DGYDQWDJHV� EHFDXVH WKH

LQFOXVLYH ILWQHVV HIIHFW LV HDVLO\ REWDLQHG IURP WKH

ÓILWQHVV IXQFWLRQÔ WKDW UHODWHV WKH ILWQHVV RI WKH

IRFDO LQGLYLGXDO WR WKH EHKDYLRXU RI RWKHUV� +RZ�

HYHU� ZH RIWHQ ILQG WKH LQFOXVLYH ILWQHVV DSSURDFK

PRUH LQWXLWLYH� ZLWK LWV HPSKDVLV RQ WKH ILWQHVV RI D

IRFDO JHQH UDWKHU WKDQ D IRFDO LQGLYLGXDO� HVSHFLDOO\

ZKHQ WKH SRSXODWLRQ FRQWDLQV GLIIHUHQW FODVVHV RI

LQGLYLGXDOV�

7KH DXWKRUV DUH QRW LQ WRWDO DJUHHPHQW DERXW WKH

HIILFDF\ RI WKH FRQWLQXRXV�WUDLW PRGHO IRU XQGHU�

VWDQGLQJ WKH HYROXWLRQ RI JHQRPLF LPSULQWLQJ� 7KLV

PRGHO DVVXPHV WKDW D ODUJH QXPEHU RI DOOHOHV DUH

VHJUHJDWLQJ DW D ORFXV DQG WUDFNV VHOHFWLYH FKDQJHV

LQ WKH PHDQ OHYHO RI H[SUHVVLRQ RI D SRSXODWLRQ�

7KLV DSSURDFK� LQ LWV DSSOLFDWLRQ WR WKH HYROXWLRQ RI

JHQRPLF LPSULQWLQJ� ZDV SLRQHHUHG E\ 0RFKL]XNL

HW DO� ������� ,I RQH YLHZV WKH HYROXWLRQ RI JHQRPLF

LPSULQWLQJ DV WDNLQJ SODFH E\ D VHULHV RI VHOHFWLYH

VZHHSV LQ ZKLFK EHWWHU DGDSWHG DOOHOHV DULVH DV QHZ

PXWDWLRQV DQG VXFFHVVLYHO\ UHSODFH OHVV DGDSWHG

DOOHOHV �+DLJ� ������ WKHQ WKH XVH RI YDULDQFHV DQG

FRYDULDQFHV LV VRPHZKDW SUREOHPDWLF� 7KH FRQ�

VWUDLQWV RQ SHUIHFW DGDSWDWLRQ EHFRPH WKH QRQ�

RFFXUUHQFH RYHU HYROXWLRQDU\ RI PXWDWLRQV WLPH

WKDW XQFRXSOH DQWDJRQLVWLF SOHLRWURSLF HIIHFWV� QRW

WKH FRYDULDQFH EHWZHHQ WKH H[SUHVVLRQ LQ GLIIHUHQW

PRGHV RI WKH DOOHOHV FXUUHQWO\ SUHVHQW LQ D SRSXOD�

WLRQ� &RPSOHWH XQDQLPLW\ DQG FRQVLVWHQF\ ZRXOG

VRPHKRZ EH LQDSSURSULDWH LQ D FROOHFWLYH ZRUN RQ

LQWHUQDO FRQIOLFWV� DQG DOO RI XV KDYH IRXQG WKH SUR�

FHVV XVHIXO LQ FODULI\LQJ RXU RZQ LGHDV�

$FNQRZOHGJHPHQWV

:H DUH JUDWHIXO WR 7UR\ 'D\ IRU D QXPEHU RI KHOSIXO FRQYHU�

VDWLRQV� 7KLV UHVHDUFK ZDV VXSSRUWHG E\ D JUDQW IURP WKH 1DWX�

UDO 6FLHQFHV DQG (QJLQHHULQJ 5HVHDUFK &RXQFLO RI &DQDGD�

5HIHUHQFHV

$%5$06� 3�� 0$768'$� +� DQG +$5$'$� <� ������� (YROX�

WLRQDU\ XQVWDEOH ILWQHVV PD[LPD DQG VWDEOH ILWQHVV PLQLPD

RI FRQWLQXRXV WUDLWV� (YRO� (FRO� �����Î����

&+5,67,$16(1� )� %� ������� 2Q FRQGLWLRQV IRU HYROXWLRQDU\

VWDELOLW\ IRU D FRQWLQXRXVO\ YDU\LQJ FKDUDFWHU� $PHU� 1DW�

������Î���

(6+(/� ,� ������� (YROXWLRQDU\ DQG FRQWLQXRXV VWDELOLW\� -�

7KHRU� %LRO� ������Î����

)5$1.� 6� $� ������� .LQ VHOHFWLRQ DQG YLUXOHQFH LQ WKH HYR�

OXWLRQ RI SURWRFHOOV DQG SDUDVLWHV� 3URF� 5� 6RF� /RQG� %

�������Î����

+$,*� '� ������� *HQRPLF LPSULQWLQJ DQG WKH WKHRU\ RI SDU�

HQW�RIIVSULQJ FRQIOLFW� 6HPLQ� 'HY� %LRO� �����Î����

+$,*� '� ������� 3DUHQWDO DQWDJRQLVP� UHODWHGQHVV DV\PPH�

WULHV DQG JHQRPLF LPSULQWLQJ� 3URF� 5� 6RF� /RQG� %

��������Î�����

+$,*� '� ������� 0XOWLSOH SDWHUQLW\ DQG JHQRPLF LPSULQWLQJ�

*HQHWLFV ��������Î�����

+$,*� '� �����D�� 7KH NLQVKLS WKHRU\ RI JHQRPLF LPSULQWLQJ�

$QQX� 5HY� (FRO� 6\VW� ����Î���

+$,*� '� �����E�� *HQRPLF LPSULQWLQJ� VH[ ELDVHG GLVSHUVDO�

DQG VRFLDO EHKDYLRU� ,Q /(&52<� '� DQG 02//(5� 3� �HGV��

(YROXWLRQDU\ 3HUVSHFWLYHV RQ +XPDQ 5HSURGXFWLYH %H�

KDYLRU� $QQDOV RI WKH 1HZ <RUN $FDGHP\ RI 6FLHQFHV

�������Î����

+$,*� '� DQG 75,9(56� 5� ������� 7KH HYROXWLRQ RI SDUHQWDO

LPSULQWLQJ� $ UHYLHZ RI K\SRWKHVHV� ,Q 2+/6621� 5��

+$//� .� DQG 5,7=(1� 0� �HGV�� *HQRPLF ,PSULQWLQJ�

&DXVHV DQG &RQVHTXHQFHV� &DPEULGJH 8QLYHUVLW\ 3UHVV�

&DPEULGJH� SS� ��Î���

+$,*� '� DQG :(672%<� 0� ������� *HQRPLF LPSULQWLQJ LQ

HQGRVSHUP Î LWV HIIHFW RQ VHHG GHYHORSPHQW LQ FURVVHV

EHWZHHQ VSHFLHV� DQG EHWZHHQ GLIIHUHQW SORLGLHV RI WKH

VDPH VSHFLHV� DQG LWV LPSOLFDWLRQV IRU WKH HYROXWLRQ RI

DSRPL[HV� 3KLO� 7UDQV� 5� 6RF� /RQG� % �����Î���

+$,*� '� DQG :,/.,16� -� )� ������� *HQRPLF LPSULQWLQJ�

VLEOLQJ VROLGDULW\� DQG WKH ORJLF RI FROOHFWLYH DFWLRQ� 3KLO�

7UDQV� 5� 6RF� /RQG� % ��������Î�����

+$//� -� *� ������� *HQRPLF LPSULQWLQJ� 5HYLHZ DQG UHOH�

YDQFH WR KXPDQ GLVHDVHV� $P� -� +XP� *HQHW� ������Î����

+,56+� 0� DQG 60$/(� 6� ������� 'LIIHUHQWLDO (TXDWLRQV�

'\QDPLFDO 6\VWHPV DQG /LQHDU $OJHEUD� $FDGHPLF 3UHVV�

6DQ 'LHJR� SS� ���Î����

+8567� /� '� ������� (YROXWLRQDU\ WKHRULHV RI JHQRPLF LP�

SULQWLQJ" ,Q 5(,.� :� DQG 685$1,� $� �HGV�� *HQRPLF ,P�

SULQWLQJ� 2[IRUG 8QLYHUVLW\ 3UHVV� 1HZ <RUN� SS� ���Î

����

+8567� /� '� ������� ,V PXOWLSOH SDWHUQLW\ QHFHVVDU\ IRU WKH

HYROXWLRQ RI JHQRPLF LPSULQWLQJ� *HQHWLFV �������Î����
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,:$6$� <� DQG 320,$1.2:6.,� $� ������� 6H[ VSHFLILF ;

FKURPRVRPH H[SUHVVLRQ FDXVHG E\ JHQRPLF LPSULQWLQJ� -�

7KHRU� %LRO� �������Î����

,:$6$� <� DQG 320,$1.2:6.,� $� ������� 7KH HYROXWLRQ RI

;�OLQNHG JHQRPLF LPSULQWLQJ� *HQHWLFV ��������Î�����

,:$6$� <�� 02&+,=8.,� $� DQG 7$.('$� <� ������� 7KH HYR�

OXWLRQ RI JHQRPLF LPSULQWLQJ� $ERUWLRQ DQG RYHUVKRRW H[�

SODLQ DEHUUDWLRQV� (YRO� (FRO� 5HV� �����Î����

.21'2+� 0� DQG +,*$6+,� 0� ������� 5HSURGXFWLYH LVRODWLRQ

PHFKDQLVP UHVXOWLQJ IURP UHVROXWLRQ RI LQWUDJHQRPLF FRQ�

IOLFW� $PHU� 1DW� �������Î����

/,1'(5� '�� 0&&$:� %� .� DQG +(&+7� )� ������� 3DUWKHQR�

JHQHWLF RULJLQ RI EHQLJQ RYDULDQ WHUDWRPDV� 1� (QJO� -�

0HG� ������Î���

0,&+2'� 5� (� DQG +$0,/721� :� '� ������� &RHIILFLHQWV RI

UHODWHGQHVV LQ VRFLRELRORJ\� 1DWXUH �������Î����

02&+,=8.,� $�� 7$.('$� <� DQG ,:$6$� <� ������� 7KH HYR�

OXWLRQ RI *HQRPLF ,PSULQWLQJ� *HQHWLFV ��������Î�����

0225(� 7� DQG +$,*� '� ������� *HQRPLF ,PSULQWLQJ LQ

0DPPDOLDQ GHYHORSPHQW� $ SDUHQWDO WXJ RI ZDU� 7UHQGV

*HQHW� ����Î���

0225(� 7� DQG 0,//6� :� ������� ,PSULQWLQJ DQG PRQRJDP\�

1DW� *HQHW� ������Î����

026726/$96.<� 5�� 6,1*+� 1�� .,5,//29� $�� 3(/$1'$� 5��

&('$5� +�� &+(66� $� DQG %(5*0$1� <� ������� κ FKDLQ

PRQRDOOHOLF GHPHWK\ODWLRQ DQG WKH HVWDEOLVKPHQW RI DOOHOLF
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UHQWDO LQIOXHQFH RQ WKH JHQRPH� 1DWXUH 5HY� *HQ� ����Î���
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&KDSPDQ DQG +DOO� 1HZ <RUN�
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JHQRPLF LPSULQWLQJ� $QQX� 5HY� *HQ� ������Î����

63(1&(5� +� *� DQG :,//,$06� 0� -� 0� ������� 7KH HYROX�

WLRQ RI JHQRPLF LPSULQWLQJ� 7ZR PRGLILHU�ORFXV PRGHOV�

7KHRU� 3RSXO� %LRO� �����Î���

63(1&(5� +� *�� )(/'0$1� 0� :� DQG &/$5.� $� *� �������

*HQHWLF FRQIOLFWV� PXOWLSOH SDWHUQLW\ DQG WKH HYROXWLRQ RI

JHQRPLF LPSULQWLQJ� *HQHWLFV� �������Î����
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*HQHWLF FRQIOLFWV DQG WKH HYROXWLRQDU\ RULJLQ RI JHQRPLF

LPSULQWLQJ� 7UHQGV (FRO� (YROXW� ������Î����

7+20$6� -� +� ������� *HQRPLF LPSULQWLQJ SURSRVHG DV D

VXUYHLOODQFH PHFKDQLVP IRU FKURPRVRPH ORVV� 3URF� 1DWO�

$FDG� 6FL� 86$ ������Î����

7$</25� 3� '� DQG )5$1.� 6� $� ������� +RZ WR PDNH D .LQ

VHOHFWLRQ 0RGHO� -� 7KHRU� %LRO� ������Î���

7<&.2� %� ������� *HQRPLF LPSULQWLQJ Î PHFKDQLVP DQG UROH

LQ KXPDQ SDWKRORJ\� $P� -� 3DWKRO� �������Î����

9$508=$� 6� DQG 0$11� 0� ������� *HQRPLF LPSULQWLQJ Î

GHIXVLQJ WKH RYDULDQ WLPH ERPE� 7UHQGV *HQ� ������Î����
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)DVWHQ DWWHQWLRQ RQ D UDUH PXWDQW DOOHOH DW WKH LP�
SULQWHG ORFXV� /HW LWV IUHTXHQF\ DW WKH PDWHUQDO DQG

SDWHUQDO ORFXV LQ D UDQGRP LQGLYLGXDO L EH JLP DQG
JLS �WKHVH ZLOO WDNH YDOXHV HLWKHU � RU ��� :H XVH A

WR GHQRWH SRSXODWLRQ�ZLGH DYHUDJH� +HQFH mĝ DQG

pĝ DUH WKH SRSXODWLRQ IUHTXHQFLHV RI WKH PXWDQW

DOOHOH DW WKH WZR ORFL� )RU VLPSOLFLW\� ZH ZLOO DV�
VXPH WKDW WKH DOOHOH KDV QR VH[ VSHFLILF HIIHFWV�

WKHQ WKH IUHTXHQF\ LQ PDWXUH PDOHV DQG IHPDOHV

VKRXOG EH WKH VDPH DQG mĝ  pĝ  ĝ � /HW WKH

PDWHUQDO �M P� DQG SDWHUQDO �M S� OHYHO RI JHQH
H[SUHVVLRQ �WKH SKHQRW\SH� LQ LQGLYLGXDO L EH \LM
DQG OHW WKHVH KDYH SRSXODWLRQ DYHUDJH jŷ � /HW WKH

PDWHUQDO DQG SDWHUQDO HIIHFWV G[P DQG G[S RI WKH
PXWDQW DOOHOH EH GHILQHG DV WKH VORSH RI WKH UHJUHV�

VLRQ RI \LP DQG \LS RQ PXWDQW DOOHOH IUHTXHQF\�
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ZKHUH G\LM  \LM Î jŷ LV WKH SKHQRW\SLF GHYLDWLRQ RI

LQGLYLGXDO L GXH WR WKH PXWDQW DOOHOH� DQG εLM KDV
PHDQ ]HUR DQG LV XQFRUUHODWHG ZLWK JLM � :H DVVXPH
WKDW WKH G[M DUH VPDOO Î WKLV LV WKH UHDVRQ IRU XVLQJ

GLIIHUHQWLDO QRWDWLRQ� 7KLV ÓZHDN VHOHFWLRQÔ DV�
VXPSWLRQ LV VWDQGDUG LQ LQFOXVLYH ILWQHVV DUJXPHQWV

DQG ZH ZLOO XVH LW WR VKRZ WKDW LI VHOHFWLRQ FKDQJHV
WKH SRSXODWLRQ ZLGH DOOHOH IUHTXHQF\ E\ DQ DPRXQW

ĝ∆ � WKHQ WKH FKDQJH LQ WKH SRSXODWLRQ PHDQ jŷ LV

JLYHQ E\�

∆ jŷ  ĝ∆ G[M �$��

+HUH DUH WKH GHWDLOV RI WKLV DUJXPHQW�

7KH VORSH G[M RI WKH UHJUHVVLRQ LQ �$�� ZLOO� LQ

JHQHUDO� GHSHQG RQ WKH SRSXODWLRQ PHDQ ĝ �

( ) ijjijij ĝdxgdy ε+=

,I ZH XVH D ÓEDUÔ WR GHQRWH SRSXODWLRQ PHDQ DIWHU

VHOHFWLRQ� WKHQ WKH PHDQ SKHQRW\SH GHYLDWLRQV

EHIRUH DQG DIWHU VHOHFWLRQ DUH ( )gdxgyd jj = � DQG

( )gdxgyd jj = � 7KXV� WKH FKDQJH LQ PHDQ SKHQR�

W\SH LV
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ZKHUH WKH ÓSULPHÔ GHQRWHV GHULYDWLYH RI WKH G[M�

1RZ WKH VHFRQG WHUP LV VHFRQG RUGHU LQ WKH G[M�

,QGHHG WKH GHULYDWLYH RI G[M LV FHUWDLQO\ ILUVW RUGHU

LQ G[M DQG ZH ZLOO VKRZ EHORZ �$�� WKDW ĝ∆ LV DOVR

ILUVW RUGHU LQ WKH G[M� ,W WKHQ IROORZV WKDW �$�� LV

YDOLG WR ILUVW RUGHU LQ WKH G[M �

7R PRGHO WKH SRSXODWLRQ ZLGH FKDQJH LQ IUH�

TXHQF\ RI RXU PXWDQW DOOHOH� ĝ∆ � ZH XVH WKH GLUHFW

ILWQHVV DSSURDFK RI 7D\ORU DQG )UDQN ������ ZKLFK

DGGV XS WKH ILWQHVV HIIHFWV RI QHLJKERXUV RQ D UDQ�

GRPO\ FKRVHQ ÓIRFDOÔ LQGLYLGXDO� /HW L UXQ RYHU WKH

LQWHUDFWLRQ QHLJKERXUKRRG RI WKH IRFDO LQGLYLGXDO

�ZLWK L � IRU WKH IRFDO LQGLYLGXDO��

$VVXPLQJ GLIIHUHQWLDELOLW\ RI WKH ILWQHVV IXQF�

WLRQ :� WKH ILWQHVV RI WKH IRFDO LQGLYLGXDO FDQ WKHQ

EH ZULWWHQ
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ZKHUH WKH VXP LV RYHU WKH IRFDO QHLJKERXUKRRG DQG

WKH SDUWLDO GHULYDWLYHV RI : DUH HYDOXDWHG DW WKH

SRSXODWLRQ PHDQ \LM  jy � /HW J� EH WKH PXWDQW

IUHTXHQF\ DPRQJ WKH JDPHWHV RI WKH IRFDO LQGLYLG�

XDO� :H PDNH DQ DVVXPSWLRQ RI IDLU PHLRVLV ZKLFK

JLYHV XV J�  �J�P � J�S���� $FFRUGLQJ WR 3ULFHÑV

������ FRYDULDQFH WKHRUHP WKH FKDQJH ĝ∆ LQ

SRSXODWLRQ�ZLGH PXWDQW IUHTXHQF\ ĝ GXH WR WKH

GLIIHUHQWLDO HIIHFWV RI ILWQHVV LV JLYHQ E\ WKH HTXD�

WLRQ�
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ZKHUH WKH PDWULOLQHDO �M P� DQG WKH SDWULOLQHDO
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�0LFKRG DQG +DPLOWRQ� ������ 7R REWDLQ �$�� ZH

KDYH XVHG WKH IDFW WKDW FRY�J�� J�M�  FRY�J�� J�� IRU

M  P� S� 7KLV IROORZV IURP WKH IDFW WKDW J�  �J�P �

J�S��� DQG RXU DVVXPSWLRQ �DERYH� WKDW WKHUH DUH QR

VH[�VSHFLILF HIIHFWV�

$ ZRUG LV QHHGHG DERXW QRWDWLRQ LQ �$��� )RU

H[DPSOH� ZK\ KDYH ZH FKRVHQ WR ZULWH WKH GH�

QRPLQDWRU DV FRY�J�� J�M� UDWKHU WKDQ FRY�J�� J��"

5HODWHGQHVV LV D TXRWLHQW RI FRYDULDQFHV Î FRYDUL�

DQFHV EHWZHHQ WUDQVPLVVLRQ HIIHFWLYHQHVV DQG HI�

IHFW RQ EHKDYLRXU� 7KDW LV� IURP WKH SRLQW RI YLHZ

RI DQ DOOHOH WU\LQJ WR SURSDJDWH LWVHOI WKURXJK LWV

HIIHFW� WZR LQGLYLGXDOV DUH JHQHWLFDOO\ VLPLODU LI D

EHKDYLRXUDO FKDQJH LQ RQH LV FRUUHODWHG ZLWK D

FKDQJH LQ WUDQVPLVVLRQ IUHTXHQF\ RI WKH UHOHYDQW

DOOHOH LQ WKH RWKHU� ,Q WKH DERYH DQDO\VLV� J� ZRUNV

DV D WUDQVPLVVLRQ YDULDEOH ZKHUHDV WKH J•M GHWHU�

PLQH EHKDYLRXU�

:LWK WKH PDWHUQDO DQG WKH SDWHUQDO LQFOXVLYH ILW�

QHVV HIIHFWV GHILQHG E\ HTXDWLRQ ���� HTXDWLRQ �$��

WHOOV XV WKDW WKH FKDQJH LQ SRSXODWLRQ�ZLGH IUH�

TXHQF\ RI WKH PXWDQW DOOHOH KDV WKH IRUP
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1RWH WKDW WKH HIIHFW RI WKH DOOHOH RQ LWV IUHTXHQF\ LV

H[SUHVVHG LQ �$�� DV WKH VXP RI WZR WHUPV� RQH IRU

HDFK SDUHQW M� HDFK RI ZKLFK LV WKH SURGXFW RI WZR

IDFWRUV Î WKH HIIHFW G[M RI WKH DOOHOH RQ WKH OHYHO RI

H[SUHVVLRQ� DQG WKH HIIHFW jW∆ RI WKLV H[SUHVVLRQ

RQ LQFOXVLYH ILWQHVV�

3XWWLQJ �$�� DQG �$�� WRJHWKHU� ZH JHW
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)LQDOO\� ZH DUH LQWHUHVWHG LQ WKH UHODWLRQVKLS EH�

WZHHQ G[P DQG G[S � 7KH SRLQW LV WKDW WKHVH PLJKW

QRW EH LQGHSHQGHQW DQG WKDW WKHUH PLJKW EH VRPH

FRUUHODWLRQ DPRQJ WKH SDLUV WKDW DUH SK\VLFDOO\

DWWDLQDEOH� 7R PRGHO WKLV ZH VXSSRVH WKDW WKHUH DUH

D ODUJH QXPEHU RI SRVVLEOH IRUPV RI WKH PXWDQW



,1&/86,9( ),71(66 '<1$0,&6 2) *(120,& ,035,17,1*���

DOOHOH HDFK ZLWK LWV RZQ �G[P� G[S� SDLU DQG SRSXOD�

WLRQ IUHTXHQF\ ĝ DQG ZH VXSSRVH WKDW WKH DYHUDJH

PXWDQW PDWHUQDO DQG SDWHUQDO HIIHFW LV ]HUR�

(� ĝG[M�  � IRU M  P� S ZKHUH ( GHQRWHV WKH H[�

SHFWDWLRQ RYHU DOO PXWDQW DOOHOHV� 7KHQ WKH RYHUDOO

FKDQJH LQ WKH SRSXODWLRQ PHDQ jy LV WKH DYHUDJH

RI �$�� RYHU DOO PXWDQW DOOHOHV� 7R WDNH WKLV DYHU�

DJH� ZH XVH WKH IDFW WKDW IRU HDFK PXWDQW DOOHOH�
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ZKHUH ) LV WKH LQEUHHGLQJ FRHIILFLHQW� +HQFHIRUWK

ZH ZLOO XVH WKH DVVXPSWLRQ WKDW DOO PXWDQW DOOHOHV

DUH UDUH WR LJQRUH WHUPV LQ R� ĝ�� 7KHQ
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DQG WKLV �GLVFUHWH�WLPH� HTXDWLRQ IRUPV WKH EDVLV RI

RXU G\QDPLFDO V\VWHP ���� 7R GR WKLV ZH QRWH WKDW

WKH WLPH VWHS IRU WKH DERYH HTXDWLRQ LV RQH JHQHUD�

WLRQ DQG WKLV LV YHU\ VPDOO LQ WHUPV RI HYROXWLRQ� VR

ZH FDOO LW GW DQG WKHQ ∆(� jy � EHFRPHV G(� jy � DQG

ZH GLYLGH E\ GW WR JHW WKH GLIIHUHQWLDO HTXDWLRQ�

,Q D QXPEHU RI FDVHV RI LQWHUHVW� ILWQHVV : LV D

IXQFWLRQ RI LQGLYLGXDO SKHQRW\SH < DQG VLE�JURXS

DYHUDJH SKHQRW\SH = � :  :�<� =� DQG WKHVH LQ

WXUQ DUH VLPSO\ WKH VXP RI PDWHUQDO DQG SDWHUQDO

OHYHOV RI H[SUHVVLRQ <  \�P� \�S DQG =  ]P� ]S  

(L�\LP� \LS� ZKHUH WKH H[SHFWDWLRQ (L LV RYHU WKH VLE

JURXS� ,Q WKLV FDVH WKH LQFOXVLYH ILWQHVV HIIHFW ���
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ZKHUH 5M  (L�5LM� LV DYHUDJH UHODWHGQHVV EHWZHHQ

WZR VLEV �ZLWK UHSODFHPHQW��


