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S.1 Axiomatic Foundation for Regular Service Rates

As defined in the text, for each £ € N, y, represents the maximal service rate that any set
of k agents may receive. By definition, p, is nondecreasing in k since if p;, > p,, for k < m,
we can simply redefine j,, = y,.. In this sense, we view pu = (i )ren as “effective” maximal
service rates. !

Below we provide a more primitive definition of FCFS based on the concept that the
priority must be assigned greedily to maximize the service rates for earlier arriving agents.
Under regularity of yu, this definition will then produce the formula we presented in the main
paper as the definition of FCFS.
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Allndeed, we can characterize p as arising from more primitive service constraints. Say there are upper
bound constraints (¢ )y for each group of k agents. We do not impose any condition on (¢ )k, except that
there exists B > 0 such that ¢ < B for all k£ and it is nondecreasing. The effective service rate pu,, for n
agents can be defined as the value:
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FCFS: Specifically, for each k € N, we define the service rates (¢ ;... ¢z,) € RY that
agents in the queue of k length receive under FCFS.

To begin, let Q, = R’i, and consider a sequence of the following problems:

In step j € [k] 2 {1, ..., k}, we choose

(e Q; = arg max Y g

subject to
> 6 < py Y € [K],VS C [K] s..|S| = m.
i€S
In words, the first agent’s service rate is maximized subject to the constraint that he
can never receive more than p, the maximal service rate any single agent can ever receive.
Taking that as constraint, we next maximize first and second agents’ service rate now only
subject to 1, the maximal total service rate that any two agents can ever receive, and so on.
The FCFS service rates (g ;, -, gy ;) are then defined to be an optimal solution for step
k—i.e., an element of (). While it is in principle possible that @) has multiple elements, it
is easily seen that @) is a singleton. We let p} denote the maximized value of [C}]. Next,
observe that, for any i < k, k', we have Qi = G ;- Hence, we henceforth write ¢; for g ;.
We now derive the optimal solution (q}) e explicitly. The resulting formula will resemble
the one we defined for the service rates under FCFS.

Lemma S1. Fix k. The optimal value of [C}] is yif, where uj =y, and for j = 2,..., k,

wy = 1oy mindpy — Gy 50— G}

Agent j € [k] receives service rates ¢ = p} — pj_;, which is nonincreasing in j, for j = 1, ...k,
where 11 = 0.

Proof. The proof is inductive. First, it is trivial to note that uj = p, is indeed the value of
[CY] and ¢} = puf = pf — pf. Suppose next that p} is the value of [Cf] for alli =1,...,j — 1,
and these steps pin down ¢ := pf — ;. We make several observations: (i) Since p is the
value of [C}] fori=j—2,j—1,any ¢ € Q1 has ¢ < pij | —pj o =¢qj , forall £ >j—1.
(Suppose to the contrary that g, > Wj—1 — W for some g € @1, then swapping ¢;_1 and
qe between j — 1 and £ is feasible and strictly improves the value of [C7 ], a contradiction.)
(ii) By construction, we have uf < p, for all i = 1,..., 7 — 1. (iii) By construction, we have
qi < g for i’ <i < j—1 (which follows from the fact that y; — 5, is nonincreasing in j.).

Consider problem [C7]. We will argue that its value is given by the formula p} = pj_; +
min{j; — p 4, j_1 — ptj_o}, and it pins down ¢; = pj — pj ;. To this end, note first that
the value p; of [C}] cannot exceed:

pj—y +min{p; — p g, 15 — pioo}-

To see this, simply observe that the above term can take two values, either pu; or uj_; +
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Wy — It _o. Since, by definition of [C}], uj < p; the result holds in the former case. Since
by (i) above g, < pi5_) — pij_, for all £ > j —1 for any ¢ € @;_1, and since, by definition, the
value of [C7] equals pf ; + ¢}, the result also holds in the latter case.

We next prove that the value is actually attained. Construct ¢ such that ¢; = ¢ for
all e < j—1, ¢ = p; —pj; and ¢; = 0 for all 4 > j + 1. Note that, since puj — pi, is
nonincreasing in ¢, ¢; < ¢; for all ¢ < j. Take any S C [k] such that |S| = ¢ < j. Then,

S @< di=pp <

i€s i€l

where the first inequality follows from (iii) and the second follows from (ii). Next, take any
S C [k] such that |S| = k. Then,

D @<y di= w5 <uy

i€s i€lj]

where the first follows from (iii) and the fact that ¢; < ¢ for all i < j, and the second
follows from our prior observation that the value p} of [CF] must be smaller than ;. Lastly,
it is trivial that ), ¢ ¢i < py, for any S with |S| = ¢, where ¢ > j. We thus conclude ¢ € Q;
and yj is the value of [C7]. n

It is easy to verify that the optimal solution (gj);cp is unique. More importantly, one
can see that the solution coincides with the service rate we define for FCF'S in the main text,
provided that FCFS is work conserving. To see this note from Lemma S1 that 3,4, ¢ = pj.
Hence, if FCFS is work conserving, we must have uj = p,, for each k (since pf < u, for each
k). In that case, we get qj = pb; — pbj_1, precisely as we defined in the text.

Axiomatic Characterization: We now prove that regularity of u is a necessary and
sufficient condition for FCFS to be work-conserving, i.e., Eie[k] Qi = Hy for all k.

Theorem S1. FCFS is work-conserving if and only if u is regular.

Proof. By Lemma S1, for all k£ € N, Zie[k] q; = py, and by feasibility p; < p,. Hence, FCEFS
is work-conserving if and only if p, = p,;, for all £ € N. Thus, it suffices to prove that p is
regular if and only if pj = p,, for all .

To prove the “only if” direction, suppose p is regular. We argue inductively that p; = p,
for all k. First, by definition, uj = uy. Suppose uf = p, for all i € [k — 1]. Then,
fe = Hpor +min{py — g, g — o}

= oy Fmin{uy — gy, ey — o} = s

where the first equality is by definition of u, the second follows from the induction hypoth-
esis, and the last follows from the regularity.

The converse, the “if” direction, follows from the fact that g, — p,_y = pf — i1 = q
and ¢} is nonincreasing in k£ by Lemma S1.



We have focused only on FCFS, but the LCFS can be defined analogously, and a similar
result is obtained.

S.2 Proof of Lemma A.5

We have
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where the first and the last equalities hold by Abel’s formula for summation by parts while the
strict inequality uses the fact that (1) p’ stochastically dominates p; (2) ¢ is a nondecreasing
function and (3) there is £ > 1 such that

K K
D p > prand (k) > (k- 1).
k=kr k=k

S.3 Remaining Proof of Theorem 1

In this section we prove Proposition A.2 which completes the proof of Theorem 1.

S.3.0.1 Existence of a solution in the infinite-dimensional problem

Our problem [P'] can be written as

[P’] maXZpk (1 —a)R+ aV) — aCk]

peEM’

where M’ £ {p € A(Zy) : Yoo Pk [V — Ck] > 0, \ipr > fhey1Pri1, Vh}. We prove the
following result.



Proposition S1. The set of optimal solutions of [P’] is nonempty.

We start by showing that the objective of the optimization problem is upper semi-
continuous (Proposition S2). We endow Z, with the discrete topology and A(Z.) with
the weak topology. Since Z, endowed with the discrete topology is a (separable) metric
space, A(Z,) is metrizable by Prokhorov’s Theorem. We next show that set M’ is compact
(Proposition S3). This enough for our purpose. Indeed, by the Extreme Value Theorem for
upper semi-continuous functions, optimization problem [P’] has an optimal solution.

Proposition S2. The function

S b lip((1 = @)R + aV) — aCk]

k=0
is upper semi-continuous in p € A(Z).

Proof. Consider a sequence {p"} in A(Z,) converging to p*. Since the function k — 1, ((1—
a)R+aV)—aCk is continuous (in the discrete topology) and upper bounded,”*? by Portman-

teau’s Theorem, limsup Y 7o p [11x((1 — @)R 4+ aV) — aCk] < 3777 i [ (1 — ) R+ V') — aCk]
and so we get the upper semi-continuity of our function. n

Proposition S3. Set M’ is compact.

Proof. The proof is based on the two lemmas proved below.

Lemma S2. The set M’ is tight.

Proof. We need to show that for any € > 0, there is n large enough so that any probability
measure p € M’ has Zzoznﬂpk < €. Suppose to the contrary that there is ¢ > 0 and a
sequence {p"}, in M" (which satisfies Y °  pi [11,V — Ck] > 0) such that " . pp > ¢ for
all n. This implies

S k(wV = Ck) = VY piu—C> pp
k=0 k=0 k=0
< supV—-C Y py
k k=n+1
< suppV —Cln+1) > p}
k

k=n-+1
< supp,V —C(n+1)e.
k

Note that for n large enough, using our assumption that sup, p, < +o00, the above term
must be strictly negative. This contradicts the fact that »",> pi (1, V —Ck) > 0 for all n. §

A-2Recall our assumption that y; is uniformly bounded.



Lemma S3. The set M’ is closed.

Proof. To show that M’ is closed, we need to show that it contains all its limit points. Recall
that since A(Z,) is a metric space, p € A(Z;) is a limit point of M’ if and only if there is
a sequence of points in M'"\{p} converging to p. Take any sequence {p"}, in M’ converging
to p*. We need to show that (1) >°.° py(1,V — Ck) > 0 and (2) for all k, \pf, > 4 1P%s1-

(1) >0 pi(1sV — Ck) > 0. Proceed by contradiction and assume that >~ pi (1, V —
Ck) < 0. By Portmanteau’s Theorem, since the function k& — p, V' — Ck is bounded above
(and trivially continuous in the discrete topology), we must have that limsup Y oo, pf (1, V —
Ck) <> 0o Pi(p,V — Ck). Hence, since, by assumption, > ;- pj(1,V — Ck) < 0, it must
be that for n large enough, >~ pi(1,V — Ck) < 0, a contradiction with the fact that
pre M.

(2) For all k, A\gp; > pty41P5 - By contradiction, assume that for some k, \epy < gy 19541

Since pj and pj,; converge pointwise to p; and py,,, for n large enough we have \ypj <
Myy 1Py Which contradicts the fact that p™ is in M'. 1

Since M’ is closed and tight, by Prokhorov Theorem, M’ must be sequentially compact.
Since A(Z,) is a metric space, this implies that M’ is compact, as claimed. B

S.3.0.2 Completion of the proof of Proposition A.2

Let M"” be the set of p’s in M’ which exhibits a cutoff policy. That is any p € M" satisfies
for some K, A\ppi = Hpi1Pks1, VE =0, K —1and p, =0 for all k > K + 1. We define the
sequence {p®}x where, for each K, p¥ is an optimal solution of [Py]. If u is regular, we
assume that p* exhibits a cutoff policy which is well-defined by Proposition A.1. In addition,
for each K, we see p/ as a point in R%+ with pX =0 for all k > K + 1. Clearly {p®}x is a
sequence in M”. In the next proposition we show that M” is (sequentially) compact. This
will show that {p®} must have a subsequence converging to a point that exhibits a cutoff
policy. In the sequel, we assume that yu is regular.

Proposition S4. {p®}x must have a subsequence converging to a feasible point p* of [P']
that exhibits a cutoff policy. In addition, p; > 0 for each £ < min argmax; 1,V — Ck.

Proof. For the first part of the statement, it suffices to show that M” is (sequentially)
compact. Since M” is a subset of M’ which is compact (Proposition S3), we only need to
show that M" is closed. Consider a sequence {p"} in M" converging to p*. We show that
p* € M”. Since M’ is (sequentially) compact, we already know that p* € M’. Letting
K be the largest state in the support of p* (which is potentially oo if the support is
unbounded), we proceed by contradiction and assume that there exists kg < K such that
Ako—1Pjy—1 > HiyPh,- Now, simply pick n large enough so that (1) pf > 0 forallk =0, ..., ko+1
and (2) Agy—1PR,_1 > Hg,Ph,- This contradicts the assumption that p" is in M"”. We thus
conclude that p* € M”.

We now show the second part of the statement. We just proved that {p®}x must
have a subsequence converging to a feasible point p* of [P']. We show that p* satisfies



py > 0 for each £ < minarg maxy i,V — Ck. First, we simply observe that for any £ > 0,
min arg maxy, i,V — Ck < minargmax f(k;£).*® Now, we proceed by contradiction and
assume that there is kg < minargmaxy, 1,V — Ck such that py, = 0. Let us assume that
ko is the smallest state satisfying this property, so, in particular, p; ; > 0. This implies
that pj g, < Phy_1Mke—1- Since {p®}x converges to p*, for K large enough, pf i, <
Ph _1Ak—1. Since ky < minarg max f(k;&j ), using single-peakedness of f(-; &%), we must
have f(ko — 1;&5) < f(ko; &) (where we use the notation (pX, &3,) for the saddle point of
the Lagrangian in [P)]). This contradicts Lemma A4, g

Finally, we complete the proof of Proposition A.2 via the following proposition.

Proposition S5. Take any subsequence of {p*}x converging to a limit p*. Then, p* must
be an optimal solution of [P’].

Proof. In the sequel, we let p* be the limit of an arbitrary converging subsequence {p*}x-.
We proceed by contradiction and assume that p* is not a solution to the infinite dimensional
problem. By Proposition S1, we know that there is a solution to this problem. Let us call it
p. By assumption,

> el (L=a)R+aV) —aCk] > Y pilu (1 —a) R+ aV) — aCk]. (A.1)

Now, let us note by p* the distribution p conditional on {0, ..., K}, i.e., pi = 0 for all
k> K + 1 while p& = py /Zszo pr for all £ < K. We claim that

lim > " py [ (L— ) R+aV) —aCkl = pi[u (1 — ) R+ aV) — aCH].
k=0 k=0

Indeed, by construction, for each K,
00 K
> okl (L= ) R+aV) —aCkl = > pi [, (1 — @) R+ aV) — aCk] /Zm .
k=0 k=0 k=0

Taking limits on both sides as K — oo (and using the fact that limg o Z?:o P =1), we
obtain

dim > 5 [ (1= a) R+aV) = aCk] = Y p [ (1 - @) R+ aV) — aCH],

k=0

as claimed.

A3Straightforward algebra show that s,V — C(k + 1) > p,V — Ck if and only if yy,y — p, > C/V.
Similarly, given £ > 0, we have that f(k+1;£) > f(k;€) if and only if py, —py, > C/[(1 —a)/(a+ &) + V].
Hence, whenever p, V' — Ck is strictly increasing from & to k + 1, so is f(k;§). Since by Lemma A.3, these
functions are single-peaked, we must have min arg maxy, V' — Ck < min arg max f(k; £).
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Now, using Equation (A.1), for K large enough, we must have

S okl (L—a)R+aV) —aCk] > > pilu (1—a)R+aV) —aCkl+e  (A2)
k=0 k=0

for some £ > 0. Now, since {p®}x converges weakly to p*, by Proposition S2,

hm supr,,C t (1 —a) R+ aV) — aCk] §Z (1—a)R+aV)—aCk].
k=0 k=0

Hence, we must have that for K large enough,

> pilm (I—a)R+aV)—aCkl+e> > pf [ (L—a)R+aV)—aCk].  (A.3)
k=0 k=0

Using Equation (A.2) and (A.3), we conclude that for K large enough,

Y 0 [ (L= @) R+aV) —aCk] > Y pf i (1 = @) R+ aV) — aCH].
k=0 k=0

This contradicts the fact that pX is an optimal solution of [P}] since p¥ is feasible in this
problem. &

S.4 Proofthat FCFS with no information satisfies (/).
Recall that policy (¢*, I*) stands for FCFS queueing rule and the no information (beyond
recommendations) rule.

Lemma S4. The queueing/information policy (¢*, I*) satisfies (ICj).

Proof. Recall the optimality of the cutoft policy means z; =1 for all £k =0, ..., K* — 2 and
xp =0 forall k > K* — 1, and y; , = 2;, = 0 for all (k, /). Substitute these into (/). Use
the resulting equations to rewrite (l)

7= =t ye=1,. K
Eizlpiﬂi

An agent’s expected payoff when joining the queue after being recommended to do so is:

vV — C«Z~0 =V — CZk lpk:uk: Th
ZZ o

Zk | Pik
=V — =l Tk
D is1 Pl
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K*

_<—Z ! )szmkV—kC),

K .
i=1Pili ) =1

where the first equality is from the preceding observation and the second equality follows
from Lemma 1. Since Y0 pr; > 0, (ICy) holds if and only if (/R) holds.

S.5 Proof of Lemma 2 when K = oo.

We first derive the infinite system of ODEs in terms of agents’ belief of occupying queue
position ¢ =1, ..., 00 at time ¢. It follows from (2), together with ¢ = u; — p;_;, that

Stbdt _ (1 - l{edt)% + uedt%H

At - + o(dt).
Zfil 75(1 — g;dt)
M _ (1-— ,ukdt)%C + ,Lbkdt%H o ﬁc o(dt)
dt dt Y72, Ai(1 — grdt) b~ dt

(1 — p,dt)7; + :ukdt:ﬁc—&—l _ 7_2 o(dt)

dt [1—dt > g dt — dt

(1 — pdt)y) + ety i | oldt)
dt [1 —dt 37 ik — Ni—l)] dt dt

_ (1 — pgdt) 5 + py,dtVyq — 5, [1 —dt 377 i — :U“ifl)} i o(dt)
dt [1 —dt Zfil %(Mi - :ui—l)] dt
_ Vi 1T+ % [y T = i1 n o(dt)
[1 —dty 2, i (s — N’i—l)} dt

Letting dt — 0, we obtain: for all £ € N|

% = — e + ,uk%cﬂ + 7

Z%(Nz - Mi—l)] = (3, (A4)

=1

and let f 2 (fi)ren. The following proposition states that, given an initial condition, this
system of ODEs has a unique solution.

Proposition S6. For any initial condition in A(N), there is a unique solution to the system
of ODEs given by (A.4).

Proof. Let X be the set of sequences in ¢'-space endowed with ¢'-norm. As is well-known,
this is a Banach space. Clearly, A(N) C X. Further, we can see that f maps from X to X.



Indeed, for any 7' € X :

LFEO = D 1G]

o0

= |-kt Ve +
k=1

Z%(Ni_ﬂi—ﬁ”
Z\—MMHZWMHHZ Vi [Z% = M- 1”
< nZ!ﬁlemH\m(zm\) (zm\) <o

k=1

IN

where we recall that i = sup,jy, < oo and use the fact that 4° € X. Hence, we have
(3 € X.

Lemma S5. Consider the restriction of f defined as follows f : U — X where U £
Hartisr € X0 Y02 o] < 14+ e} € X, for some € > 0, is an open set containing
A(N). Mapping f (restricted to U) is Lipschitz continuous.

Proof. Indeed, for any 4 and 4" in U,

o0

IFE) = F@N = D 1HE) = f(3)]

< Z | =tk + V] Z }Mk%ﬂ - Mk’?kﬂ‘
k=1 k=1
+_§£: 5@ [2{:6&( My — Hy— 1] __7% [2{:7@ My — 1]‘
k=1 i=1
< ) mA =Tl + Zuk |Fes1 = Tt

k=1 k=1
o

—|—maX{Z 1731 (i = #i1), Z 173l (s — 1)} Z Ve = Vil
i=1 k=1

i=1
< plly =All+ el =9+ @ +e)nly -1

Thus, f restricted to U is Lipschitz continuous with Lipschitz constant equal to (3 +€). §

In order to complete the proof of Proposition S6, let us consider the system of ODEs
given by (A.4) where the vector field f is the mapping from X to X. Since f is bounded and,
by Lemma S5, Lipschitz continuous on A(N) and A(N) is positively invariant, existence and
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uniqueness of a solution for our system of ODEs with initial condition in A(N) follows from
Picard-Lindelof Theorem on Banach spaces.A'4 ]

In the sequel, we consider solutions to the system of ODEs when the entry rule z* is
“truncated” to 2%, i.e., where z& =z} = 1 forall k < K and zF = 0 otherwise. We show that
solutions to the system of ODEs under the truncated cutoff policy (2, y*, 2*) approximate
solutions to the system under the original cutoff policy (z*, y*, 2*). More specifically, we let
A5 (t) = (75 (t))rew denote a solution to the system given by (A.4)

when 7° = 75(0) £ (75 (0))rex where 72 (0) is an agent’s belief of entering the queue with
position k& at ¢+ = 0 under the truncated cutoff policy.*® Meanwhile, 7°(t) = (77°(t))ren
denotes a solution to this system of ODEs when 7% = 5°°(0) £ (7(0))ren where 75°(0) is
an agent’s belief of entering the queue with position k at ¢ = 0 under the original cutoff
policy. We show that solution % converges to solution 7°° when K goes to infinity.

Lemma S6. The solution % converges pointwise to the solution ¥, i.e., for each ¢ > 0,
Aim (155 () = 3> (@)]] = 0.
—00

Proof. The following two steps prove the lemma.

Step 1. [[7%(0) = 3(0)|| = 0 as K — oc.

Proof. We know that for all £ = 2, ..., K : 5(0) = HZ ,TIFE(0) = Hf:g f\jjﬁ{((O), where
we used ( 9), while 75(0) = 0 for £ > K + 1. In addition, we know that ﬁo(O) =

1,2 . *(0) and S22, [12, 2"*1%"(0) — 1 where our convention is that []l_, - *i 21,
Thus,

. 1

Y1°(0) =

Zk IHZ 2;;:1

Note that this implies that > .-, 1

zQu
1
Zk 1Hz 2N _1

Note that |1 (0) — 45°(0)| — 0 as K increases. We have

A1(0) =

155(0) = 3= = > |7(0) =7(0)]

A4Recall that a subset S of X is positively invariant if no solution starting inside S can leave S in the
future.
A5Note that 4 (0) = 0 for all k > K.
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k=1 k=K+1
K k 5\ k 5\ 00
i—1 i—1 ~ 00 0o
= > 11 Fo-1] FO)]+ > R0
=1 |im2 Pi—1 i Hi—1 k=K+1

Since |1 (0) = 37°(0)| — 0 as K — o0, Y _pe; e, 211 < oo, and Y7 o [52°(0)] goes to
0 as K — o0, the result follows. 1

Step 2. For each t > 0,
lim > 35 (6) — ()] = 0.
k=1

K—o0

Proof. By Gronwall’s inequality,
|77 () = 3= (@)]| < e ||57(0) = 5(0)],

where, by Lemma S5, C' = [i(3 + ¢) is the Lipschitz constant for the Lipschitz continuous
function f restricted to open set U = {{x)}x>1 € X : > o, |zx] < 1+ ¢e}. The result then
follows from Step 1. &

We now complete the proof of Lemma 2 when K = oo with the following lemma.
Lemma S7. 7°(t) <0 for all ¢ > 2 and ¢, where r°(t) = 35°(¢t) /772, (t) for all £ > 2.
Proof. Recall from Equation (B.8) in the main text that the system of ODEs is given by

Feo(t) = 1) (ttemy — pre — pey73° () + perisa (1))

for all ¢ > 2. Suppose to the contrary that fl?o(t) > 0 for some ¢ and t. We already proved
in Appendix B.2 (in the main text) where K < oo that

ff(t) = Tt{{(t) (ﬂéfl = My — Mefﬂ“f(t) + Mﬂ"iﬁl(t)) <0

for all K < oo, ¢ and t. To show a contradiction, it is enough to prove that

rf(t) (Wq — My — qurf(t) + Mﬂz{il(t)) — () (Wq — g — prp_17y7 () + Hﬂ”ﬁl(t))
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as K — oco. To this end, it suffices to show that 7/ (¢) and r[(t) converge respectively to
ry°(t) and 733, (t). It follows from Lemma S6 that for each k :

lim i (t) = 73°(t).

K—o0

By assumption 37°(0) > 0 for all k, so

~ K X 00
lim Tf(t) = lim :Y; (*) = :yci (*) = r;°(t)
K—roo Koo gyt (1) 472 (t)

Similarly,

. K 00
[%gnoo T (t) = rigs(t),

which completes the argument.

S.6 Generalization of Naor (1969)

In this section, we generalize Naor (1969)’s classic result (obtained for the M /M /1 queue) to
our more general Markov process:agents would have excess incentives to queue under FCFS
with full information. Since the designer can simply stop excessive queueing, this means that
FCFS with a full information rule, denoted 77, can be used to achieve the optimal cutoff
policy.

Proposition S7. Suppose a = 1 and p is regular. Then, FCFS with full information, I*7,
implements the optimal cutoff outcome (z*, y*, p*).

Proof. Consider FCFS with full information. We need to show that (IC}) holds for all
t > 0. With the full information rule, we only need to show that (/Cj) holds. By Lemma 1,
condition (ICj) can be written as:

V—OMEZO:)ukV—CkZO (A.5)
k

for all £ < K*. In the sequel, we let K7 be the largest integer satisfying (A.5). We know
that, by regularity of u, k — p,V — Ck is single-peaked (by Lemma A.3 for @« = 1 and
¢ =0). Hence, K is well-defined (i.e., finite) given our assumption that s, is uniformly
bounded. In addition, Equation (A.5) holds at state k if and only if k& < K. Hence, it is
enough for our purpose to show that K* < K7,

Proceed by contradiction and assume that the optimal cutoff policy p*, which we recall
solves [P’], puts strictly positive weight on k& > K7. Note that, using again the fact that
k +— p,V — Ck is single-peaked, for any such k, u,V — Ck < 0. Now, build p’ such that
p,, = 0 for all k > K and p|, = Zp; for all k < K¥'T where Z > 1 is set so that the sum of p),
is equal to 1. Given that p* satisfies (5’) and given that, by construction, p /p}._, = pi/pj_;
for all £ < K, we must have that p’ also satisfies (5’). Compared to p*, distribution p’
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removes all weight on negative values and, for each positive value, increases its weight. This
must strictly increase the value of the objective. It remains to show that p’ satisfies (/7).
The value of the objective must be positive under p* (recall that the dirac mass on 0 brings
a value of the objective of 0), and so the value of the objective must be positive under p’ as
well. Given that o = 1, this implies that (/1) is satisfied. §

S.7 Formal Arguments for Dynamic Matching with Over-
loaded Lists

In this section, we explain how our results can be obtained in the setting with overloaded
waiting-lists as proposed by Leshno (2019). Consider an infinite discrete time horizon model
where at each period a number of agents are waiting on a wait-list. Each period ¢ begins
with arrival of an item which can be of two types, either A with probability p, or B with
probability up = 1 — p, independently across periods. Period ¢ ends when the item is
assigned to an agent. Agents can be either type a or § each with probability u, and
pg =1—p,. Type a agents prefer A items to B items while type 3 agents prefer B over A.
Agents’ non-preferred item is referred to as a mismatched item. As in our main setting, all
agents are infinitely lived, risk neutral, and incur a common linear waiting cost C' > 0 per
period until they are assigned. Opting out of the waiting-list is assumed to be equivalent to
never getting assigned and entails a utility of —oo. An agent’s value of being assigned an
item is V' if the item is his most preferred and value 0 if assigned a mismatched item. As we
already mentioned in the main text, since agents prefer to receive a mismatched item over
never being assigned, taking a mismatched item for an agent could simply be intrepreted as
choosing an outside option.

A mechanism decides at each date, to which agent waiting on the list is assigned the
arriving item. As in Leshno (2019), we restrict our attention to buffer-queue mechanisms
where a separate buffer-queue is held for each item. A (B) items arriving are assigned to the
agents waiting on the A (B) buffer-queue if it is non-empty and to agents on the waiting-list
otherwise. Those, agents from the wait-list can either accept the A (B) item or refuse. If
they refuse a A (B) item, these agents are identified as 5 («) type agents and enter the B
(A) buffer-queue. The buffer-queue mechanism specifies the queueing discipline (i.e., how to
prioritize agents within the buffer-queue) and so uses positions within the buffer-queue to
decide who gets assigned the arriving item. In addition, a buffer-queue mechanism specifies
the maximum number of agents in each buffer queue, say K4 (Kp) for the A (B) buffer-
queue. Any buffer-queue mechanism induces a stochastic process over the number of agents
in each buffer-queue. Note that at each date, one of the two buffer-queues must be empty.
Hence, we can think of the state space as {—Kp,...,—1,0,1, ..., K4} where k£ > 0 means that
the B buffer-queue is empty and that there are k agents in the A buffer-queue. The invariant
distribution of this process is denoted by p = (p_k4, ---, P—1, Po, 1, ---, Pk, ) and characterized
in Leshno (2019). The stochastic processes induced by buffer-queue mechanisms are not
birth-death processes. Hence, our results do not directly apply to the environment under
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study. However, in the sequel, we explain how these can be adapted.

The social planner’s goal is to allocate items to maximize total utility. We follow Leshno
(2019) and assume that the waiting-list is “overloaded”, i.e., no mechanism will ever ex-
haust the waiting-list. In this context, any allocation reduces total waiting costs by the
same amount. Hence, the social planner can ignore waiting costs when comparing different
allocations and his goal boils down to minimizing misallocations under incentive constraints.

So far the setup is the same as Leshno (2019). However, Leshno (2019) assumes that
upon entering a buffer-queue, agents are informed of the length of the buffer queue and,
hence, perfectly know their positions in that queue at all subsequent periods. We, however,
depart from the full information rule. We allow similar information policy as in previous
sections and, hence, impose similar obedience constraint, i.e., we require that conditional
on the information released to agents, any agent recommended to join a buffer-queue or to
stay in that queue must have an incentive to follow that recommendation. Consistently with
what we proved in previous sections, we will show that FCFS with no information is optimal.
Under FCFS with no information, the obedience constraints for the two buffer-queues can
be written as follows. For agents recommended to enter the A buffer-queue:

Ky
V—CY A = 0,5t >0
/=1

where 7} stands for an agent’s belief on having position £ in the A buffer-queue after spending
t periods on this buffer-queue while 7; is the expected waiting time induced by the policy
of an agent having position ¢ in the A buffer-queue. A similar condition applies to agents
recommended to join the B buffer-queue.

Intuitively, if one wants to minimize misallocations, the problem of deriving the opti-
mal buffer-queue mechanism reduces to finding the maximal size of an incentive-compatible
buffer-queue mechanism. These maximal sizes K% and K7}, for buffer-queues A and B re-
spectively, are identified in Leshno (2019). In the sequel, we show that under FCFS with
no information, when the size of the buffer-queues are set to these maximal sizes, obedience
constraints are satisfied at all ¢ > 0.

Theorem S2. Assume that the maximal sizes of buffer-queues are given by K7 and Kj.
FCFS with no information satisfies the obedience constraints.

In the full information context, Leshno (2019) proves that FCFS is not optimal among
incentive compatible buffer-queue mechanisms and, further, that it can be dominated by
SIRO. SIRO is not incentive compatible when the maximal sizes of buffer-queues are set to
K% and K3.%° Hence, Theorem S2 not only shows that FCFS becomes optimal with a no
information policy but it also shows that FCFS under no information outperforms SIRO
under full information. Further, one can show that, under the no information policy, STRO
may violate obedience constraints for ¢ > 0.

A6STRO is not optimal in general but it is optimal within belief-free incentive compatible mechanisms. We
observe that, trivially, FCFS is belief-free incentive compatible in Leshno (2019)’s terminology.
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We prove that FCFS with these sizes of buffer-queues is incentive compatible under the
no information policy. Our argument parallels that of Theorem 2. Indeed, we first prove that
the obedience constraints hold at t = 0. In a second step, we show that the likelihood ratio of
beliefs about being in queue position ¢ cersus being in queue position £—1 after spending time
t on the queue.declines as t increases, meaning one’s belief about getting served improves
over time under FCFS with no information proving that the obedience constraints hold at
all t > 0.

In order to prove both of these results, the lemma below stating that the likelihood ratio
r) does not depend on ¢ is helpful. Leshno (2019) defines an extended Markov chain to
describe the evolution of the number of agents in the buffer-queues both across periods and
within a period and characterizes the invariant distribution of the process. Upon entering
the A buffer-queue at a date ¢, an agent knows that a B item arrived and holds some beliefs
over the number of agents who are ahead of him (including those who entered before him
at the current date ¢). Conditional on a B item arriving, Leshno (2019)’s characterization
states that the ratio of the likelihood of having ¢ agents over the likelihood of having ¢ — 1

agents in the A-queue is a constant equal to Z_Z This yields the lemma below whose proof
is provided for completeness.*”
~0
Lemma S8. Under FCFS with no information, we have r) = % = Z_Z forall ¢ =2,..., K 4.
£—1

Proof. Recall that our goal here is to show that the likelihood ratio r¢ of beliefs of agents
entering the A-buffer queue does not depend on ¢. A symmetric argument clearly holds for
agents entering into the B-buffer queue.

Let M be the size of the main queue at ¢t = 0 (i.e., the date at which the agent enters into
the A buffer-queue) and recall that there are caps K4 and K on the A-buffer and B-buffer
queues. For a given a-type agent, we compute the probability 79 that he gets position ¢ in
the A-buffer queue conditional on the agent entering into the A-buffer queue,

l
1 =0
§ PeltpyiHa
=0

K V4
SN penpni

(=1 ¢'=0

Yo =

for all £ =1, ..., K4. The probability that there are ¢’ agents in the A-queue at the begining
of the period is py. Given that there are ¢ agents in the A-queue, the event that the agent
enters in the A-queue and has position ¢ in this buffer-queue corresponds to the joint event
that (1) a B-item arrived (which occurs with probability pg), (2) the agents has queue
position exactly ¢ — ¢ in the main queue and all agents ahead of him in the A-queue and

ATWe simply focus on the likelihood ratio of beliefs of agents entering the A-buffer queue. A symmetric
argument holds for agents entering the B buffer-queue.
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himself are of a-type (which occurs with probability (1/M) x p&*).A® This explains the
numerator. The denominator is simply the sum over ¢ of probabilities in the numerator.

Hence,
4 L Va
pons | pont+ Y pent | sz {1+ Y (42) et
0 _ =1 . v=1
Te = K ¢ - K ¢
S peppnt” SN ponpapnt”
=1 /=0 (=1 0'=0

where the second equality is obtained by Lemma 2 in Leshno (2019) where it is proved that

¢
De = lip <Z_Z) po forall ¢ =1,...,K4.

To prove the lemma, we note that for all £ =2, ..., K4,

0 _
7“@—~0

l
VA ,
ph4 Y (Z—A) ppit!
=1

—1
Z/
HE D (Z—A) g
=1

)4
A ,
ot () 4 (M) gt
V=2

/-1
[/
pt Y (M) gt
=1

¢ /

e /
P o + (B ) p) + 3 (B2) sl
=2

/-1 o
/-1 E 122 —0'—1
2 + <NA) KUple
=1
l o

(g +pup) + Y (B2) e
=2

{—1
Z/
4 Y (B) et
=1

A-8Note that these agents have never been offered any item. Otherwise, they would have been matched or
they would be in a buffer queue. So, wlog, we can consider that we are drawing their types and positions
only at the current period. Further, we are assuming that each agent believes that the position he holds in
the main queue is a uniform draw over all possible positions.
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Now, we are in a position to prove the first step of our argument, i.e., that obedience
constraints hold at ¢ = 0. (Recall that the maximal sizes of the buffer-queues compatible with
the obedience constraints are denoted K*% and K7}, for buffer-queues A and B respectively).

Proposition S8. Assume that the maximal sizes of buffer-queues are given by K7 and K.
FCFS with no information satisfies the obedience constraints at ¢ = 0.

Proof. In the sequel, we simply focus on the obedience constraint at t = 0 for agents rec-
ommended to join the A buffer-queue. A symmetric argument holds for the other obedience
constraint. The maximal sizes of the buffer-queues satisfying the obedience constraints are
identified in Leshno (2019). In case p, = ji4, it is equal to |2u,¢ | — 1 = Kj for the A
buffer-queue. In case u, # p,, K7 is equal to sup{K € Z, | K + #A“j‘# + T I)(K < Eual-
e} Po —1
HrA

First, it is clear that 7; = ¢/u,. Indeed, an agent in position ¢ in the A-buffer-queue will
have to wait the arrival of £ items A to get matched. Since, at each date, the likelihood that
an item A arrives is p,, the expected waiting time for this agent must be £/p 4.

Case 1: p,, = pt,. Lemma S8 implies that 7) = % for all £ =1,..., K. Hence, we can
A

rewrite the obedience constraint at ¢t = 0 as follows

V-CY yr; = V-C—» —
=1 KA@:l”A
1 K% +1
_ yo—cfati oy
Ha 2

Note that this inequality holds true if and only if K7 < Q%M 4 — 1. Since K7} is an integer,
this is equivalent to K% < |2u,% | — 1 which holds by definition of K7%.

1
for all £ = 1,..., K} and

Case 2: pu,, # ity Lemma S8 implies that 7) = '~7(1)< )

HBao
HA
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where the third equality uses basic properties of power series. Note that this inequality holds
true since Ky =sup{K € Z, | K+ #A“_f“u + (M I;K < %,UA} and since, as proved in Leshno
«@ (07 _1
b

is monotonically increasing in K and goes

(2019), the function K — K + 4+ (La)K_l
HA
to infinity when K grows large.

Finally, we need to show that the obedience constraints hold for all £ > 0. In order to do
so, we simply show that the likelihood ratio decreases over time.

Proposition S9. 7, <) for all ¢t > 0 for all £ € {2, ..., Ka}.

Proof. Note that one can write {74!}, as a function of {7}, as follows

FiH Yot + Vopahta

‘ 'ﬂ,uB + Zfiz ’%

for £ = 1,..., K4 where we recall that 7%, = 0. Indeed, the numerator is the probability
that the agent’s queue position is ¢ after staying in the queue for ¢ + 1 periods. This event
occurs either if (1) the agent has already ¢ — 1 agents ahead of him in the queue at time ¢ and
none of them as well as himself are served at time ¢; or (2) if there are ¢ agents ahead of him
at t and at least one agent ahead of him is served at t. The denominator in turn gives the
probability that the agent has not been served by time £+ 1. Hence, given that an agent has
not been served when period ¢ + 1 starts, the above expression gives the conditional belief
that his position in the queue is ¢ when period ¢ + 1 starts.
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Thus, we obtain

~t41
P Ve
¢ = i1
Ye-1

Yoktg + Vop1tha

Ve—ihp +Feka

fip + Thfia
%MB T+ Ha

for £ =2, ..., K4 where we recall that 7%, = 0. Hence, we have a mapping from r* = {r}},
to r'*t = {ri*'},. Clearly, this mapping is increasing (in the product order). Thus, if we
can show that r; < r) for £ = 2, ..., K4, then the sequence {r}}; will be decreasing for each
(=2, .., K4, and so the proof will be complete.

Fix any £ = 2, ..., K4, we want to show that r} < r?, i.e.,

[p + T kA < 0
1 =Ty
QMB + g

which in turn is equivalent to
0 0
Tog1 STy

The above holds true by Lemma S8 (we recall that % ., =0). &
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