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Abstract

We investigate solutions to the TAP equation, a phenomenological implementation of the Theory of the
Adjacent Possible. Several implementations of TAP are studied, with potential applications in a range of
topics including economics, social sciences, environmental change, evolutionary biological systems, and the
nature of physical laws. The generic behaviour is an extended plateau followed by a sharp explosive divergence.
We find accurate analytic approximations for the blow-up time that we validate against numerical simulations,
and explore the properties of the equation in the vicinity of equilibrium between innovation and extinction. A
particular variant, the two-scale TAP model, replaces the initial plateau with a phase of exponential growth,
a widening of the TAP equation phenomenology that may enable it to be applied in a wider range of contexts.

1 Introduction

The Theory of the Adjacent Possible (TAP) [1] is
the notion that the near-future outcomes of some de-
velopmental process are limited by the objects that
already exist. The objects under study might be
physical (molecules, gene sequences, species, etc.) or
conceptual (patents, memes, songs, etc.) The TAP
equation provides a simple model for the adjacent
possible by counting the ways that new objects can
be generated from combinations of existing objects.
It allows for an efficiency in creation, so that not all
possible new objects are realised at each stage. It
is assumed that at each timestep, new objects can
be created from any combination of the existing ob-
jects, while some fraction of existing objects expire
(extinction or obsolescence). It is therefore a model
of combinatorial innovation [2].

The number of such objects Mt at time t is then
governed by the TAP equation [3, 4]

Mt+1 = Mt(1− µ) +

Mt∑
i=2

αi

Å
Mt

i

ã
. (1)

Here the αi are a set of decreasing constants account-
ing for the increasing difficulty in linking up larger
numbers of elements, the final term is the com-

binatorial combinations of existing elements, and
0 ≤ µ < 1 is the extinction rate of existing objects.
As it stands Eq. (1) is not quite well-defined due to
Mt not being constrained to be an integer, but this
can be fixed either by analytic interpolation (for in-
stance replacing factorials by Gamma functions) or
stochasticity [4].

The equation permits dramatically-explosive be-
haviour, much faster than exponential, because not
only do the combinatoric terms rapidly become vast,
but so too does the number of terms in the summa-
tion. Indeed typical solutions grow so rapidly as to
effectively diverge to infinity in a finite time. Tech-
nically they do not diverge at a finite point in time
as every term in the summation is finite, despite the
number of combinations soon becoming unimagin-
ably large. But this can be considered an artefact of
the discretisation and we will see that any analytic
approximation to the solution diverges in a finite
time, as seen in Ref. [4]. We refer to this divergence
as ‘blow-up’.

The TAP equation is under active investigation as
a possible model for a variety of processes. Koppl et
al. [5] study three different phenomena: the explo-
sive recent growth of GDP per capita, the rapidly-
developing diversity of manufactured goods, and the



family tree of US patent applications. In Ref. [6] we
consider TAP as a model for an evolving state space
in the Universe due to emergent laws associated with
the appearance of life. Generally, it may be applica-
ble to the collection of phenomena — termed ‘The
Great Acceleration’ [7] or even the ‘Technological
Singularity’ — that indicate an ongoing sharp peak-
ing of the effect of humanity on its environment.

In this article we obtain a series of new mathemat-
ical results for several variants of the TAP equation,
that may be relevant across all its applications.

2 Solving the TAP equation

We now explore solutions to the TAP equation, both
analytically and numerically, for various versions of
the equation. The solutions depend on the initial
number of elements M0, the extinction rate µ, and
the parameters needed to define the αi.

First we make a couple of technical observations.
For our results in this section we start the sum in
Eq. (1) at i = 2, not i = 1 as in Steel et al. [4],
in order that the pre-existing elements are not du-
plicated at each step. However, in an alternative
view including the i = 1 term allows for new items
to be created through evolution from a single start-
ing point, and we study this and other TAP vari-
ants in Section 4. More significantly, we note that
Steel et al.’s stochastic implementation is not a dis-
cretisation of the TAP equation itself, because it re-
quires a calculational timestep to be small to keep
the creation probabilities below unity; it is a stochas-
tic discretization of a continuum approximation to
the original equation. Their numerical analysis also
makes the further assumption of a fixed upper limit
(usually imax = 4) in the summation. As we deal di-
rectly with the discrete TAP equation, we see some
detailed differences in results.

Case 1: constant αi

When the αi are equal, αi = α, the sum in Eq. (1)
can be carried out analytically; it is just α times the
sum of the corresponding row of Pascal’s triangle
minus its first two entries, which is 2Mt −Mt − 1.
The TAP equation now becomes

Mt+1 = Mt(1− µ) + α
(
2Mt −Mt − 1

)
(2)

whose behaviour can more or less be read off by com-
paring the relative sizes of the two terms. Except
for special values of µ and α this formula will gen-
erate non-integer values but it can be taken as an
analytic continuation to those values (the continu-
ation allowing both for the combinatoric elements

and the range of the summation being ill-defined for
non-integer Mt).

To see the extraordinarily rapid growth this equa-
tion implies, we first set α equal to 1 and the extinc-
tion µ to zero. Starting with M0 = 2, the sequence
goes like this:

• t = 0, M0 = 2

• t = 1, M1 = 3

• t = 2, M2 = 7

• t = 3, M3 = 27 − 1 = 127

• t = 4, M4 = 2127 − 1 ' 1038

• t = 5, M5 ' 210
38 ' exp(1038) .

Using α = 1 and µ = 0 means we are counting all the
possible combinations that can arise via the adjacent
possible. In later implementations only a subset are
generated.

Only five steps has generated a number much
larger than the number of particles in the observable
Universe! As the number is shifted into the exponent
at each step, a specialist notation for extremely large
numbers known as tetration, described in Section 3,
is required to provide an analytic expression.

Blow-up happens as soon as the second term
dominates the first, so that each step dramati-
cally changes the total, which then massively en-
hances the next addition. This is typically when
Mt 2−Mt < α. If this is already satisfied by M0 at
t = 0 blow-up is immediate, otherwise there is ini-
tially a plateau of slow growth. As a first estimate
of the length of the plateau we might consider the
doubling-time as estimated from the initial growth
rate:

tdouble =
M0

α (2M0 −M0 − 1)
(3)

steps. This is the time for the cumulated effect of
the second term in Eq. (1) to overcome the first,
ignoring extinction and the effects from the growth
of Mt, the latter assumption clearly rendering this
an overestimate.

However we can get a much better and stronger
bound on the blow-up time by considering instead
the time needed to add just one new item to the set.
The insight is that the availability of one new object
immediately at least doubles the accessible options,
since it can be substituted in place of an item in
anything that was previously possible, to create a
new object. Hence the rate of growth is at least
doubled with the addition of a single new item. The
timescale to add one item is a factor M0 smaller than
tdouble:

tadd one =
1

α (2M0 −M0 − 1)
. (4)
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Figure 1: Critical values of µ as a function of the
parameters M0 and α. From top to bottom the con-
tours are µcritical equal to 1, 10−2, 10−4, 10−6. The
shaded region is where extinction equilibrium is im-
possible as it would require µ > 1.

Moreover having added one item it must then take
no more than half as many steps to add the next,
then half again for another, and so on. This se-
ries rapidly converges and hence the result should
diverge to infinity within 2tadd one steps! All that
stops it doing so is that our model consists of dis-
crete steps, at each of which only a finite number
can be added, making infinity unreachable. But in
any continuum implementation of the equation, for
example that of Steel et al. [4], divergence in a finite
time is inevitable.

We see that the doubling time is a very rapidly de-
creasing function of time, at least halving with the
addition of each new item. By comparison exponen-
tial growth, where the doubling time is constant, is
very mild indeed!

We now consider the effect of extinction. For any
M0 and α combination, there is a critical value of
µ above which extinction dominates growth and en-
sures Mt → 0 at late times. Simply comparing the
two terms in Eq. (1), we find

µcritical =
1

tdouble
=
α
(
2M0 −M0 − 1

)
M0

. (5)

Since the extinction rate cannot exceed 1, if this
value exceeds unity we are in a regime where the
initial growth is so rapid that extinction cannot over-
whelm it. Otherwise, for each (α,M0) pair there is
a µcritical value which separates the high µ values
that lead to total system extinction from the low
values where extinction becomes irrelevant at late
times. As the evolution in Mt is unstable about the
constant value it would have for µ = µcritical, consid-
erable fine-tuning is required for extinction to have
a lasting effect. Without this tuning (or in presence

of destabilizing stochastic effects), extinction soon
either dominates, or becomes negligible so that the
result is not much changed from µ = 0. Hence µ is
not a very crucial parameter.

Figure 1 shows Eq. (5) contoured in the (M0, α)
plane. In the upper-right region extinction can never
overcome growth so there is no extinction equilib-
rium, whereas otherwise for a given µcritical the line
divides ultimate extinction in the lower left from
blow-up in the upper right.

Numerical results are shown in Figures 2 to 4 and
Table 1 and confirm the validity of the estimates
above. The analytic blow-up estimate in the table is
taken as 2tadd one, which is expected to be an under-
estimate for small values due to the step discretiza-
tion, and an overestimate for large values as it un-
derestimates the increase in growth rate (especially
for small M0). This is indeed what is seen.

Note that as far as the initial M0 is concerned, the
shape of the curve is universal, i.e. the evolution on-
wards from a given value of Mt matches what would
be obtained if that value were chosen as the initial
condition M0.

The lower part of the table explores some values
of the extinction in the vicinity of the critical value
for a particular case, showing that even a strong
fine-tuning close to the critical value does not sub-
stantially prolong the period before blow-up. Steel
et al. demonstrated that in stochastic models set up
close to the instability point, there can be random
selection between ultimate blow-up or extinction [4].
Devereaux has recently demonstrated the difficulties
of controlling this type of instability in an economic
context via policy decisions [8].

Case 2: Power-law α

It is reasonable to expect that α is a decreasing func-
tion of the index i, indicating the difficulty of merg-
ing greater numbers of objects to create new ones.
A simple parametrisation of this is [4]

αi =
α

ai−1
, (6)

such that each additional element to be combined
reduces the success rate by a factor of a.1 At least
until the vicinity of blow-up when discretisation ef-
fects become important, the α parameter is essen-
tially degenerate with the units of the timestepping,
provided the extinction is also suitably scaled. For
instance if we choose e.g. α = 0.1 we simply get ten
times as many outputs from the code in reaching the
same ultimate outcome. It would hence be natural

1Steel et al.’s simulations use a = 100, but also cut the
sum off at imax = 4.
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Figure 2: Varying α with no extinction and M0 = 2
— the number of steps to blow-up is inversely pro-
portional to α. From top to bottom α = 1, 10−2,
and 10−4. In all figures we omit the last-computed
point before computational overflow, to avoid com-
pression of the y-axis scale.

to now set it to one, but for completeness we retain
α for now.

The summation can still be done analytically, now
equalling α times

a

ñÅ
1 +

1

a

ãMt

− 1

ô
−Mt . (7)

to give

Mt+1 = Mt(1− µ) + αa

ñÅ
1 +

1

a

ãMt

− Mt

a
− 1

ô
.

(8)
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Figure 3: Changing extinction at fixed α = 10−2 and
M0 = 2 — large enough µ bends the curve down to
zero. From top to bottom µ = 0, 10−3, and 10−2.

This is structurally very similar to the original ver-
sion, which is recovered for a = 1. Note also that in
an expansion of the round brackets for small 1/a, the
two leading terms are cancelled by the other terms
in the square bracket, so the leading term from the
summation is order 1/a, showing how its introduc-
tion slows the growth rate.

The crude estimate of the number of steps to dou-
ble, following Eq. (3), is now

tdouble =
M0

αa
î
(1 + 1/a)

M0 −M0/a− 1
ó ; (9)

' 2a

α(M0 − 1)
for a�M0. (10)

The large a limit shows that the timesteps to double
grows linearly with a, so reducing the combinatorial
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Figure 4: As the lower panels of Figure 2, but now
with M0 = 10.

efficiency does not qualitatively change the outcome.
Once again the critical extinction rate is given by
µcritical = 1/tdouble.

We again examine what happens when we add a
single item. The time required to do so is bounded
above by

tadd one =
tdouble
M0

. (11)

While Mt � a the growth rate is increased by a
factor (Mt+1)/(Mt−1) each time one item is added,
but the series sum depends on the starting Mt value
and also at some point Mt will become of order a
invalidating the above approximation. For large a
the series sums to M0. We thus conclude that

tblow−up 'M0tadd one '
a

α(M0 − 1)
for a�M0 ,

(12)
so that for a given M0, the plateau length grows
roughly proportional to a. In general a numerical
analysis is needed to generate accurate results, which
we have carried out. Some evolutions are shown in
Figure 5, and we tabulate some results in Table 2.

3 Late-time TAP

The late-time behaviour of the TAP equation is
striking for its rate of growth. Taking the simplest
case of Eq. (2), for sufficiently-large Mt we simply

Values Numerical Analytic
M0 α µ
2 1 0 5 2
2 10−2 0 85 200
2 10−4 0 7800 20000
2 10−2 10−3 94 200
2 10−2 10−2 Never Never
10 10−2 0 4 0.2
10 10−4 0 20 20
2 10−2 4× 10−3 167 —
2 10−2 4.9× 10−3 327 —
2 10−2 4.99× 10−3 504 —
2 10−2 4.999× 10−3 686 —

Table 1: Blow-up times for the constant αi model,
numerical versus analytic estimate. The final blow-
up is defined in numerical runs as the first t where
Mt > 1010, while the analytic estimate is 2tadd one.
Below the line is an investigation of the regime where
µ is in the vicinity of the critical extinction rate
µcritical, which is 0.005 for those α and M0 values,
showing that even a highly-tuned initial extinction
rate does not much delay blow-up.

Values Numerical Analytic
M0 a µ
2 1 0 5 1
2 10 0 18 10
2 100 0 144 100
2 1000 0 1392 1000
6 10000 0 3600 2000
10 10 0 5 1
10 100 0 25 11
10 1000 0 216 111
100 10000 0 206 100

Table 2: Blow-up times for the varying αi model,
with α = 1. The analytic estimate is Eq. (12), whose
proportionalities with a and M0 are clearly seen in
the numerical results.

have
Mt+1 ' α2Mt . (13)

At every step the current value is shifted into the
exponent, leading to a solution in the form of an
exponential tower

Mt = 1010
1010

. .
.

. (14)

This is the mathematical operation of tetration, for
which various mathematical notations exist. The
exact number of 10s in the solution, and the power
which ultimately appears at the top of the tower, de-
pends on how many steps were taken before the so-
lution entered this limiting phase and at what value.
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Figure 5: Power-law combinatoric suppression at
fixed α = 1, M0 = 2, and zero extinction. From
top to bottom a = 10, 100, and 1000 (compare also
to the top panel of Figure 2 which is the same with
a = 1). The time to blow-up is linear with a (for
a > M0).

Despite the extraordinary vastness of these num-
bers, they are all necessarily finite as the terms in
the sums at each step are all finite. This appears to
be at odds with our earlier assertion that the dou-
bling time at least halves with each new item cre-
ated, which implies a divergence in a finite time. The
apparent paradox is resolved by a breakdown when
the doubling time becomes less than the timestep.
While the discrete equation cannot diverge, any con-
tinuum approximation to it (or to which it is an ap-
proximation) necessarily diverges in a finite time as
shown in Ref. [4].

4 TAP equation variants

4.1 The two-scale TAP equation

Our main results have taken the combinatorial sum
in equation (1) to start at i = 2, with i = 1 be-
ing omitted to avoid replicating the already-existing
objects. However this may not be appropriate in
all contexts, because the i = 1 term can represent
significant evolution from a single object. Examples
include modifications of an invention motivated only
by that invention and not others, or single mutations
in DNA caused by radiation damage or transcription
error. A new design for a beyblade, for example,
may be devised solely to remove a shortcoming of
a previous model. Indeed earlier works on the TAP
equation typically include the i = 1 term [3, 4, 5],
though often accompanied also by an upper cut-off
at moderate i, perhaps of order 4.

Simply including the i = 1 term with the same
coefficient α does not lead to any substantial dif-
ferences, for example equation (2) just loses the
Mt from the final bracket leading to slightly faster
growth. But for some highly-complex items, muta-
tions of single sources is likely to be the dominant
evolutionary driver; e.g. dogs evolve through genetic
mutations and through breeding with other dogs,
not because their genome is successfully merged with
that of a coffee bean that they happened to chew.
This general idea motivates a study of TAP in the
form

Mt+1 = Mt(1− µ) + α1Mt +

Mt∑
i=2

α

Å
Mt

i

ã
, (15)

where α1 is the rate of evolution from individual ob-
jects and α � α1 is the multi-object combination
rate from before, now highly suppressed relative to
the evolution term. We see immediately that the
evolution rate is perfectly degenerate with the ex-
tinction µ, hence all results go through as before, ex-
cept that we are now motivated to consider α1 > µ
that corresponds to the previously-impossible case
of anti-extinction.

Within this regime, rather than a plateau followed
by an explosion, we expect an initial exponential
phase [as (Mt+1 −Mt) ∝ Mt], until the blow-up is
initiated by Mt reaching a sufficient value to over-
come the suppression of the combinatoric term by
the small α. Figure 6 confirms this. It is notable
that the exponential portion of the curve is very ac-
curately so, and hence gives essentially no warning of
the impending sharp transition to the TAP blow-up.

The timescale to blow-up is readily estimated by
the techniques used earlier in this article.2 Using

2For simplicity we have assumed a single rate αi = α for
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Figure 6: Evolution with α1 = 0.01, α = 10−6 and
no extinction (or more generally any values with
α1 − µ = 0.01 would give the same result). We see
an initial exponential phase that then gets overtaken
by the TAP blow-up.

the same guideline of balancing the contributions to
the evolution, here giving Mt2

−Mt ' α/α1, com-
bined with the exponential growth predicted by the
leading term predicts a blow-up at Mt ' 17 and at
around timestep 210 for the parameters of Figure 6,
in excellent agreement with the full calculation.

4.2 The differential TAP equation

The TAP equation with α = 1 and no extinction
seeks to count all adjacent possibilities. However the
equation regenerates the same items over and over
at each step, so that for instance an object first cre-
ated at step 2 is then duplicated at each subsequent
step from the same constituents. We can correct for
this simply by subtracting off the number of items
created at the previous step. Taking care to retain
the original object set M0 the equation now reads

Mt+1 = M0 +

Mt∑
i=2

Å
Mt

i

ã
. (16)

so that the first term is now always M0 rather than
Mt. This only slightly moderates the growth com-
pared to the original TAP equation, the sequence
for M0 = 2 now being {2, 3, 6, 59, 6 × 1017, ...}, and
hence is not a very interesting alternative.

There’s no simple way to carry out the same pro-
cess for αi < 1 as we would then need to track which
individual objects were actually created at each step
to excise duplicates.

i ≥ 2. We also analysed with a power-law as earlier, but this
cannot extend the time to blow-up significantly since Mt is
already rising exponentially and hence the combinatoric sum
as a double exponential.

4.3 The logistic TAP equation

We mention one further idea which we reserve for
future investigation: the question of whether there
is a logistic TAP equation. In population dynam-
ics, the logistic mapping arises when the birth rate
is moderated by making the parents compete for re-
sources, most simply modelled by adding a −M2

term [9]. This model already shows period doubling
and beautiful deterministic chaos.

A TAP equivalent would be to consider that the
ability to generate and test inventions is limited by
the number of inventors. The goal is to translate
that concept into an M -dependent growth suppres-
sion term in TAP, to see if it can moderate the later
stages of the explosion.

5 Conclusions: it was going
along smoothly, then all of a
sudden it TAPs

The TAP equation is in fact a family of equations,
whose properties can to some extent be tuned to
best fit the circumstances in which it is being ap-
plied. To fully specify it requires us to choose the
range of the index i of the combinatoric term, the
extinction rate µ, and either individual αi for each
term in the sum or a parametrized functional form
that they can be derived from. For most versions
the generic behaviour is a flat plateau, followed af-
ter some time by a sharp super-exponential blow-up
[3, 4]. This ‘hockey-stick’ shape appears to capture
the observed form of a wide variety of phenomena, as
discussed for instance in Ref. [5]. We have provided
accurate analytical formulae for the time to blow-up
for several versions of the TAP equation, and verified
their accuracy via numerical simulations. Our re-
sults complement and extend those of Steel et al. [4]
who analysed a stochastic variant of TAP.

We have also explored a new regime for TAP in
a two-scale variant, so-named because the timescale
for significant evolution from a single object is much
shorter than the timescale to form new objects via
combinations. In this case the initial plateau is re-
placed by a phase of exponential growth, which is
still followed by a blow-up once the combinatoric
timescale is reached.

There are hints in the literature that TAP be-
haviour might describe the ongoing environmental
catastrophes [7]. Ultimately economic development
is what leads to most forms of overexploitation of
the planet, hence if TAP underlies economic devel-
opment, as proposed in Refs. [3, 5], it must also have
a role to play in interpreting environmental and cli-
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matic indicators. If this is correct the implications
are profound, and deeply concerning. Our findings
show that the transition to the TAP blow-up is sud-
den, explosive, and is not foreshadowed by any fea-
tures of the curves until its onset. It is hence essen-
tially impossible to predict in advance the timing of
a TAP blow-up, until it is already underway. This
statement might prove critical for the correct un-
derstanding of the environmental situation we find
ourselves in. Not only that, but TAP demonstrates
potential grave implications for the sustainability of
our species in the short term (meaning the extinc-
tion of the human species in the time range of order
decades), if it is indeed the correct description of
climatic phenomena.
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