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Background

Definition

Define X, be the set of n-tuples of 2 x 2 matrices (Ai,--- , A,) such that
Al---An:Id, AT‘ g(I(C)
considered up to simultaneous conjugation, i.e.

(A1, Ap) ~ (gAig L, gAng™Y),

for all g € SLy(C).
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Braid group action
W“\t-“Ahz i )

@ Fori=1,---,n—1, consider the maps o; : X, — X, given by

(Al"" 7Ai7Ai+1"" 7An) — (A17"' aAiAi+1A71>Ai7"' 7An)-

a
X,
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Braid group action

@ Fori=1,---,n—1, consider the maps o; : X, — X, given by

(Al"" 7Ai7Ai+1"" 7An) — (A17"' aAiAi+1A71>Ai7"' 7An)-

@ The o;'s generate an action of the Artin braid group B, on X, :

,-l k(‘\-"d re(aty o
Oi0j410j = 0j4+10i0j41,

and oo = ojo; whenever | # j + 1.
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Braid group in pictures
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Main result—vague version

b '-c:w“ xr

Upshot so far: action of B, on X,, where each element of the latter is
represented by tuple of 2 x 2-matrices (A1, -+, Ap), Ai € SLy(C).
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Main result—vague version

Upshot so far: action of B, on X,, where each element of the latter is
represented by tuple of 2 x 2-matrices (A1, -+, Ap), Ai € SLy(C).

Theorem (L.-Landesman-Litt)

Assume some A; has infinite order. Then we can classify explicitly all finite
orbits of the B,-action on X,,.
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Infinitely many examples

n=4 B TV X4

1+ x0x3/x1 —x22/x1 (1 —x (1 0
A= ( X3 /x1 1 — xox3/x1 A2 = 0 1 A3 = x1 1)’
AibhsA, - id

X1 = 2cos (M),x2 = 25sin (?),X3 = 2sin (?),

for any «a, 8 € Q.

where
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Infinitely many examples

1+ x0x3/x1 —x22/x1 (1 —x (1 0
Al_( X3 /x1 1— xox3/x1 A2 = 0 1 A3 = x1 1)’

where

X1 = 2cos (M),x2 = 25sin (?),X3 = 2sin (?),

for any «a, 8 € Q.

Can check that these indeed give finite orbits of By...
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QW
%

Consider the Riemann surface X := P!\ {xq,-- -, x,} for distinct x; € C.

Observation

Fix a basepoint x € X. A representation p : m1 (X, x) — SL2 is precisely a
tuple (A1, -+, Ap) such that A;--- A, = Id. These are also known as local
systems on X.
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Consider the Riemann surface X := P!\ {x1,--- , x,} for distinct x; € @é )

Observation

Fix a basepoint x € X. A representation p : m1 (X, x) — SL2 is precisely a
tuple (A1, -+, Ap) such that A;--- A, = Id. These are also known as local
systems on X.

Therefore, X, is the set of isomorphism classes of p : 71(X) — SLy.

T

wak 2 locd 8y Hems X
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Observation

X, is the set of isomorphism classes of p : m1(X) — SLy.

(}
) P \fx.,--»,xh}
Vary X in moduli, i.e. move the points x1, - - , x, around. For X’ near to
X, we also get a representation m1(X’) — SL,. J

>}
On
Going around loops in the moduli space Mg ,, get an action o@
on X,, same as before. J
v,
5 € W(Msu) by =
2 . ‘-
whidl df wect S ths .
X x'
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S Looma. o
. ~ locsd Sysew. o ¥
The finite orbits of the B,-action on X, therefore correspond to certain

special local systems—MCG (mapping class group) finite, or canonical.
l/

Trivial examples: those with monodromy a finite group G C SL;.

A e6 V.
A, A,
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The finite orbits of the B,-action on X, therefore correspond to certain
special local systems—MCG (mapping class group) finite, or canonical.

Trivial examples: those with monodromy a finite group G C SL;.

The same definition works for p : m1(X) — GL,, where ¥ is any Riemann
surface. Very non-trivial examples: conformal blocks of e.g.
Wess-Zumino-Witten CFT.
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The finite orbits of the B,-action on X, therefore correspond to certain
special local systems—MCG (mapping class group) finite, or canonical.

Trivial examples: those with monodromy a finite group G C SL;.

The same definition works for p : m1(X) — GL,, where ¥ is any Riemann
surface. Very non-trivial examples: conformal blocks of e.g.
Wess-Zumino-Witten CFT.

Can we classify all MCG-finite local systems?
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Recall: X =P\ {xq,---x,}.

Algebro-geometric reformulation of MCG-finiteness
A local system V on X is MCG-finite if and only if there exists a diagram
- universed V\'P“‘w“

'P |

X‘—>5—> Co’,,
l l - l .d,mat P
pc_>M MOn V‘IP >

:fmre Erle
such that V extends to a local system V on C:

Vg  the o egiv fo provime fwen . D
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Simplest non-trivial case of this question

B QA X

When n = 4, the question is equivalent to finding all algebraic solutions of
Painlevé VI. \/(f)

d?y 1 /1 1 1 dy\? /1 1 1\ dy
dt2—2<y+y_1+y_t> <dt) ‘<t+t_1+y_t>dt
yly =1y —t) t—1 5t(t—1)}

t
TR -1y {2“3 TR (v Rl prpy
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History of PVI

LECONS

LA THEORIE ANALYTIQUE

N m \ ADODIN TR 1
EQUATIONS DIFFERENTIELLES
PROFESSEES A STOCKHOLM
(Septembre, Octobre, Novembre 1895) SUR LES EQUATIONS DIFFERENTIELLES DU SECOND ORDRE

ET DU PREMIER DEGRE DONT LINTEGRALE GENERALE EST
SUR LINVITATION DE S. M, LE OI DE SUEDE ET DE NORWEGE A POINTS CRITIQUES FIXES.

M. P. PAINLEVE

PARIS,

LIBRAIRIE SCIENTIFIQUE A. HERMANN

(a) Painlevé’'s Stockholm lectures (b) Gambier's work on Painlevé equations

Figure 1
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History of PVI

@ Painlevé studied several non-linear ODEs with a special property “only
movable singularities are poles". Due to a calculation error, hiss list
did not include PVI, which was later added in by his student Gambier;
the solutions are known as Painlevé transcendants. ~ Qu.g s

Porleve s
e4s

Josh Lam (Humboldt University, Berlin) Dynamics on character varieties and Hod; November 24, 2023 14 /27



History of PVI

@ Painlevé studied several non-linear ODEs with a special property “only
movable singularities are poles". Due to a calculation error, hiss list
did not include PVI, which was later added in by his student Gambier;
the solutions are known as Painlevé transcendants.

@ Discovered independently by Richard Fuchs, whose point of view is the
modern one: they govern isomonodromic deformations of linear ODEs.

> Paless V|

(a) Paul Painlevé (b) Richard Fuchs
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Main result—precise version

Theorem (L.-Landesman-Litt)

Suppose (A1, -+ ,Ap) corresponds to a MCG-finite rank two local system
Vpon X =P\ {x, - ,x,}, with an A; of infinite order, and
SLy-monodromy. Then it is of one of two possible types:
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Main result—precise version

Theorem (L.-Landesman-Litt)

Suppose (A1, -+ ,Ap) corresponds to a MCG-finite rank two local system
VponX =P\ {xi, - ,x,}, with an A; of infinite order, and
SLy-monodromy. Then it is of one of two possible types:

Q it is of pullback type, i.e. for all X € Mo, the local system is f*V’

where f : X — D, D is a fixed curve, and V' a fixed local system on
D
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Main result—precise version

Theorem (L.-Landesman-Litt)

Suppose (A1, -+ ,Ap) corresponds to a MCG-finite rank two local system
VponX =P\ {xi, - ,x,}, with an A; of infinite order, and
SLy-monodromy. Then it is of one of two possible types:
Q it is of pullback type, i.e. for all X € Mo, the local system is f*V’
where f : X — D, D is a fixed curve, and V' a fixed local system on
D ~ wudle Cnviltson- T e "’""’f.
@ V is of the form MC,(U), where U is a local system of finite
monodromy on X, with monodromy a comp/ex reflection group.

\ X L,Ae: - ﬁo,n@ X' @ Kﬁlm e “—
l é Gl
PE B’»M.,,.glr. f(;, p.t .,Lomsym__,tg,:‘c;f“
~ ‘,Kﬁﬂr- X
)
Vi Y xdy [ e e
e V‘F A ° owmncte. Wik R - oo
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Main result—precise version

Theorem (L.-Landesman-Litt)

Suppose (A1, -+ ,Ap) corresponds to a MCG-finite rank two local system
VponX =P\ {xi, - ,x,}, with an A; of infinite order, and
SLy-monodromy. Then it is of one of two possible types:
Q it is of pullback type, i.e. for all X € Mo, the local system is f*V’
where f : X — D, D is a fixed curve, and V' a fixed local system on
D
@ V is of the form MC,(U), where U is a local system of finite
monodromy on X, with monodromy a complex reflection group.

Remark

The MCG-finite rank two local systems of pullback type are very
constrained, and have been classified by Diarra—these only exist for n < 6.
Also previously studied by Kitaev and Doran. ( mc S~ to ?")J
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Main result-explanation

Theorem (L.-Landesman-Litt)

Suppose (A1, -, Ap) corresponds to a MCG-finite rank two local system
VponX =P\ {x, - ,x,}. Then it is of one of two possible types:
@ V is of pullback type, or

@ V is of the form MC, (U), where U is a local system of finite
monodromy on X, with monodromy a finite complex reflection group.
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Main result-explanation

Theorem (L.-Landesman-Litt)

Suppose (A1, -, Ap) corresponds to a MCG-finite rank two local system
VponX =P\ {x, - ,x,}. Then it is of one of two possible types:
@ V is of pullback type, or

@ V is of the form MC, (U), where U is a local system of finite
monodromy on X, with monodromy a, complex reflection group.

Definition

An_element of A € GLn(C) is a pseudo-reflection if A— Id has rank one.

A finite complex reflection group G C GLp(C) is a finite group generated
by pseudo-reflections.

dibedill P © aly
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Main result-explanation

Theorem (L.-Landesman-Litt)

Suppose (A1, -, Ap) corresponds to a MCG-finite rank two local system

VponX =P\ {x, - ,x,}. Then it is of one of two possible types:
@ V is of pullback type, or

@ V is of the form MC, (U), where U is a local system of finite
monodromy on X, with monodromy a complex reflection group.

Definition

An element of A € GLy(C) is a pseudo-reflection if A — Id has rank one.
A finite complex reflection group G C GLy(C) is a finite group generated
by pseudo-reflections.

Classified by Shephard-Todd: infinite family G(m, p, n), and 34 exceptional
ones, e.g. W/(Esg), icosahedral group, Valentiner's group...
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Examples of MCG-finite local systems

(14 x0x3/x1 —x22/x1 (1 —xq (1 0
Al_( X3 /x1 1 — xox3/x1 A2 = 0 1 As = x 1)’

where
X1 = 2C0s (M)Jz = 2sin <%),X3 = 2sin (%),

for any a, 8 € Q.
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Examples of MCG-finite local systems

(14 x0x3/x1 —x3/x1 (1 —xq (1 0
Al_( X3 /x1 1 — xox3/x1 A2 = 0 1 As = x 1)’

where

X1 = 2C0s (M) Xp = 2sin <%) X3 = 2sin (%),
for any o, 8 € Q. W?‘ O( Mcklu)) pedgeld  wu-ods4

These examples correspond to dihedral groups inside GLN(C), and are the
same as those first constructed by Yang-Zuo. We also found several other
examples, e.g. corresponding to icosahedral group Hz C GLs.
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Previous work

There is a huge amount of literature on finding and classifying finite braid

group orbits on X, especially the case of n = 4. In this case, X4 may be
written as

X2+ y?+ 22 4 xyz =ax+ by + cz+d.
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Previous work

There is a huge amount of literature on finding and classifying finite braid
group orbits on X, especially the case of n = 4. In this case, X4 may be
written as

X2+ y?+ 22 4 xyz =ax+ by + cz+d.

This surface (with parameters a, b, c, d fixed) goes back to Fricke and
Klein, and the dynamics was studied by Markoff. Various aspects of this
dynamical system were studied by Goldman, Cantat-Loray,
Bourgain-Gamburd-Sarnak, etc.

Algebraic solutions to PVI were found by Andreev-Kitaev, Boalch, Doran,
Kitaev, Dubrovin-Mazzocco, Hitchin..., and recently shown to be complete
by a computer search by Lisovvy-Tykhyy.
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Previous work on algebraic solutions to PVI
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Digression: more algebraic geometry

Definition

A local system V is of geometric origin if there exists a family of (smooth
proper) varieties 7 : Y — X, and /, such that V is a summand of R'x,C
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Digression: more algebraic geometry

Definition

A local system V is of geometric origin if there exists a family of (smooth
proper) varieties 7 : Y — X, and /, such that V is a summand of R'x,C

We can classify all rank two local systems on the generic P* \ {x, - ,x,}
of geometric origin, assuming one local monodromy A; has infinite order.
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Digression: more algebraic geometry

Definition
A local system V is of geometric origin if there exists a family of (smooth
proper) varieties 7 : Y — X, and /, such that V is a summand of R'x,C

We can classify all rank two local systems on the generic P* \ {x, - ,x,}
of geometric origin, assuming one local monodromy A; has infinite order.

v

Again, our classification splits into two types: pullback solutions, and
middle convolution.

\
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So, what is middle convolution?

Mcx =p' X, — X o
° /nuuﬁ‘w( b:) Kata i ‘30'5 ‘ X l?—{ > '(] — C‘“‘

e Some kid f Kervel Aressfoens,
anelogons o Tonries Hrenfran

. Fa»-c., ferng - J On exohc Tensor
?nd“".‘ o s‘wtﬁ,)

I _
¢ Us Tewe mwedtony o X
Mcx Ly s -
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Sketch of proof of main Theorem

@ An MCG-finite rank two local system can be extended to a local
system V on a cover of Cg , = Mop.
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Sketch of proof of main Theorem

@ An MCG-finite rank two local system can be extended to a local
system V on a cover of Cg , = Mop.

@ A remarkable theorem of Corlette-Simpson: V is either pulledback
from a curve, or it is of geometric origin (or both)
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Sketch of proof of main Theorem

@ An MCG-finite rank two local system can be extended to a local
system V on a cover of Cg , = Mop.

@ A remarkable theorem of Corlette-Simpson: V is either pulledback
from a curve, or it is of geometric origin (or both)

@ We can check that the first type is precisely those classified by Diarra
("pullback solutions"), so the interesting case is those of geometric
origin.
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Sketch of proof of main Theorem

@ An MCG-finite rank two local system can be extended to a local
system V on a cover of Cg , = Mop.

@ A remarkable theorem of Corlette-Simpson: V is either pulledback
from a curve, or it is of geometric origin (or both)

@ We can check that the first type is precisely those classified by Diarra
("pullback solutions"), so the interesting case is those of geometric
origin.

We can find character x such that MC, (V) is unitary, and the same is true
of all of its Galois conjugates.
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Sketch of proof of main Theorem

@ An MCG-finite rank two local system can be extended to a local
system V on a cover of Cg , = Mop.

@ A remarkable theorem of Corlette-Simpson: V is either pulledback
from a curve, or it is of geometric origin (or both)

@ We can check that the first type is precisely those classified by Diarra
("pullback solutions"), so the interesting case is those of geometric
origin.

We can find character x such that MC, (V) is unitary, and the same is true
of all of its Galois conjugates.

This implies U := MC, (V) has finite monodromy, as the monodromy of
the sum @, U7 is discrete and contained in a compact (unitary) group.
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Sketch of proof of main Theorem

@ An MCG-finite rank two local system can be extended to a local
system V on a cover of Cg , = Mop.

@ A remarkable theorem of Corlette-Simpson: V is either pulledback
from a curve, or it is of geometric origin (or both)

@ We can check that the first type is precisely those classified by Diarra
("pullback solutions"), so the interesting case is those of geometric
origin.

We can find character x such that MC, (V) is unitary, and the same is true
of all of its Galois conjugates.

This implies U := MC, (V) has finite monodromy, as the monodromy of
the sum @, U7 is discrete and contained in a compact (unitary) group.
Finally, can analyze the local monodromies to see that the finite group
must be a complex reflection group.
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A few words on the condition of infinite local monodromy
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Conclusions and open questions

We classified all rank two MCG-finite local systems on P\ {xq,--- ,x,},
assuming one of the A;'s has infinite order.
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Conclusions and open questions

We classified all rank two MCG-finite local systems on P\ {xq,--- ,x,},
assuming one of the A;'s has infinite order.

@ Our results recover those of Dubrovin-Mazzocco, and gives almost a
conceptual classification of algebraic solutions to PVI.
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Conclusions and open questions

We classified all rank two MCG-finite local systems on P\ {xq,--- ,x,},
assuming one of the A;'s has infinite order.

@ Our results recover those of Dubrovin-Mazzocco, and gives almost a
conceptual classification of algebraic solutions to PVI.

@ Our result can also be thought of as the classification rank two
representations of certain finite index subgroups of the braid group
Bni1.
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Conclusions and open questions

We classified all rank two MCG-finite local systems on P\ {xq,--- ,x,},
assuming one of the A;'s has infinite order.

@ Our results recover those of Dubrovin-Mazzocco, and gives almost a
conceptual classification of algebraic solutions to PVI.

@ Our result can also be thought of as the classification rank two
representations of certain finite index subgroups of the braid group
Bni1.

@ Some combinatorics left to do, to analyze all complex reflection
groups...
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Conclusions and open questions

@ How to get rid of the condition of A; having infinite order? Suffices to
show: any rank two MCG-finite local system on P\ {xq,--- ,x,}, such
that every simple closed loop has finite order, is of finite monodromy.
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Conclusions and open questions

@ How to get rid of the condition of A; having infinite order? Suffices to
show: any rank two MCG-finite local system on P\ {xq,--- ,x,}, such
that every simple closed loop has finite order, is of finite monodromy.

e Higher rank local systems?
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Conclusions and open questions

@ How to get rid of the condition of A; having infinite order? Suffices to
show: any rank two MCG-finite local system on P\ {xq,--- ,x,}, such
that every simple closed loop has finite order, is of finite monodromy.

e Higher rank local systems?

@ We studied MCG-finite points here. What about MCG-finite
subvarieties of X7
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Thank you for your attention!
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